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Abstract

In this article we define Santilli’s Lie isotopic

powe series and investigate it for absolutely and

uniformly convergence and differentiability.
Index Terms: evolution, isotopic, Lie.

1 Introduction

Numerous aspects help the bradening of the scat-
tering theory to incorporate non - Hamiltonian
effects, effects which can not be represented using
the conventional Hamiltonian. Following decades
of research this incorporated required the con-
struction by various authors of a new mathemat-
ics, well known as isomathematics and proposed
by Santilli [2] in 1978, subsequently studied by
the same author and numerious pure and applied
mathematicians as: S. Okubo, H. Myung, M.
Tomber, Gr. Tsagas, D. Sourlas, J. Kadeisvili,
A. Aringazin, A. Kirhukin, R. Ohemke, G. Wene,
G. M. Benkart, J. Osborn, D. Britten, J. Lohmus,
E. Paal, L. Sorgsepp, D. Lin, J. Voujouklis, P.
Broadbridge, P. Chernooff, S. Guiasu, E. Prugov-
ecki, A. Sagle, C. Jiang, R. Falcon Ganfornina,
J. Nunez Valdes, A. Davvaz, and others.

As a result of these efforts, the new mathe-
matics can be constructed via the systematic ap-
plication of axiom - preservibg liftings, called iso-
topies, of the totality of the mathematics of quan-
tum mechanics, inluding all its operators and all

its operations, icluding the isotopic lifting of num-
bers, functinal analysis, differential calculas, ge-
ometries, topologies, Lie theory and others [3],
[4], [5]. In [6] is shown that the isotopies can
be very easly constructed using the application
of nonunitary transforms to the totality of the
formalism of the conventional scattering theory.

The physical needs for isomathematics have
been indicated in [6], and consists in the necessity
for a representation of non-Hamiltonian scatter-
ing effects in a form that is invariant over time so
as to admit the same numerical predictions under
the same conditions at different times. Follow-
ing the study of all possible alternatives, the lat-
ter condition required the representation of non-
Hamiltonian scattering effects with an axiom —
preserving generalization of the trivial (positive-
de

nite) unit of quantum mechanics i = 1 into
the most general possible (positive-deffinite as
a condition to characterize an isotopy), integro-
differential operator I which is as positive - def-
inite as +1, functional depending of local vari-
ables, that is assumed to be the inverse of the
isotopic element T

+130 — I(t,r,p,a,E,...) = lASO

and it is called Santilli isounit. Santilli intro-
duced a generalization called lifting of the con-
ventional associative product ab into the form

ab —s axb=aTb



called isoproduct for which:

for every element a of the field of real num-
bers, complex numbers and quaternions.

The Santilli isonumbers are defined as fol-
lows: for given real number or complex number
or quaternion a,

with isoproduct

axb=aTb=a=Tb
T

If @ # 0 the corresponding isoelement of % will

be denoted with a=* or I £ a.

On more technical grounds, the nonconser-
vative character of the events implies the inap-
plicability of Lie’s theory with the familiar time
evolution of a (Hermitean) operator A

dA
i— =[A,H|=AH - HA
dt
in favor of Santilli’s Lie-isotopic time evolution,
which is presented firstly in [7] of 1978)

dA

i =|AH) = ATH — HTA,

where T is a second operator(generally indepen-
dent from, and non - commutating with H), char-
acterizing the nonunitarity of the theory. Let X
and Y be complex Banach spaces. With £(X,y)
we will denote the space of linear bounded oper-
ators C: X — Y.

Let A, T and H € L(X,y) and

% — —i(ATH — HTA).

Our aim here is to be investigated the serties

dA 1 d?A
A(O) + 7(0)11} + EW

dt
The series (1.1) will be called Santilli’s Lie iso-
topic power series.

(0)yw? +---.  (L.1)

2 Convergence of Santilli’s Lie
isotopic power series

Firstly we will deduct the general term of (991.1).
We have

=4 (%)

= —i(4ATH - HT4)
- (—z'(ATH — HTA)TH
_HT(—i)(ATH — HTA))

= (—i)*((ATH — HTA)TH

—HT(ATH — HTA)),
SA 2A
o4 =1(%4)

- —i(dQATH . HTd2A)

o L
= —i((—i)2((ATH — HTA)TH
—HT(ATH — HTA))TH
—HT(—i)*(ATH — HTA)TH
—HT(ATH — HTA)))

— (—i)3((ATH — HT A)(TH)?
—HT(ATH — HTA)TH
—HT(ATH — HTA)TH
+(HT)2(ATH — HTA))

= (—i)3((ATH — HTA)(TH)?
—2HT(ATH — HTA)TH

+(HT)2(ATH — HTA)),



— —i((—i)3((ATH — HT A)(TH)?
—2(HT)(ATH — HTA)TH
+(HT)2(ATH — HTA))TH
—(—i)3(HT)((ATH — HT A)(TH)?
—2(HT)(ATH — HTA)TH
+(HT)2(ATH — HTA)))

= (—i)*((ATH — HTA)(TH)?
—2HT(ATH — HTA)(TH)?
+(HT)2(ATH — HT A)(TH)
—(HT)(ATH — HTA)(TH)?
+2(HT)2(ATH — HTA)TH
—(HT)3(ATH — HTA))

— (—i)*((ATH — HTA)(TH)?
—3(HT)(ATH — HT A)(TH)?
+3(HT)2(ATH — HTA)(TH)
—(HT)3(ATH — HTA))

3

= (—i)* Zi:()( 5k >(HT)’“(ATH

—HTA)(TH)3~*,

We suppose that for some natural number n we

have
d"A

e

n—1

L ) (—1)*(HT)*(ATH

=
—HTA)(TH)"=F,
We will prove that

antla
dtn+1

n

= (—i)n ! ZZ:O ( I ) (—1)k(HT)k(ATH

—HTA)(TH) .

Really,
d"tlA _ 4 (d"A
dtn ¥ T dt \ dtn

_ [ dMA d"A
— —i(GATH ~ HT %)

—i(Crsin et (0, ) wmrars
—HTA)(TH)" 1k

\n n—1 k n—1 k
~irarssyeus (1) e

—HTA)(TH)"—l—’f)

= (—i)nt (((ATH — HTA)(TH)»
—(HT)(ATH — HT A)(TH)">

‘...

(=) Y (HT)"Y(ATH — HTA))TH
~HT((ATH — HTA)(TH)""
—(HT)(ATH — HT A)(TH)">

oo (S1) N (HT) T (ATH — HTA)))



= ()" ((ATH — HTA)(TH)"

_ n
n—1

) (HT)(ATH — HT A)(TH)"!

H(—1)(HT)"(ATH — HTA))

n

S (1 ) ears

—HTA)(TH)" .

From here and induction principle follows that
for every natural n we have

d"A
dtm

p =n—1 n—1
= (1) kzo(*l)k < n—1—k
—HTA)(TH)" 1=k,
Let
An

—i)" n—1 n—1
(n!) k_O(_l)k( n—1—k

—HTA)(TH)"~'~%(0),
A° = A(0)..

We note that when we write C(0) we have in
mind that the operator C' acts on the zero ele-
ment of X.

Now we will investigate the series

o

g(w) = A"w",

n=0

(2.1)

where w is a complex variable. If |w| > 1 then we
will make the change w; = w — 1 and therefore
|wi] = Jw—1] > |w|—1>0.

Let © be the set of all w for which the se-
ries (2.1) is convergent. The set €2 is not empty
because 0 € .

) (HT)*(ATH

For r > 0 and zy € Q we will denote with
Sy(xg) the ball

Sp(xo) ={z € C: |z — x| <r}.

Theorem 2.1. Let wy # 0 and wy € Q. Then
Slwo(0) C Q and in every ball S,.(0), 0 < r <
|wol, the series (2.1) is absolutely and uniformly
convergent.

Proof. Since wy € €2 then the series > 2 A™w
is convergent. From the properties of convergent
series we have that lim,_,. A"wg = 0. From
here we conclude that the sequence {A™w{}2
is bounded. Therefore there exists a constant
M > 0 such that

[|A"wl|| < M for VneN.

Let w € Sju,|(0). Then |w| < |wo| and

[ Amwn| = || 4mwg 22
n n
= |2 [ Ayl < M|z
0 wo

and from here

oo o0 w n
3 llAmwn < MZ‘—‘ < oo
n=0 n=0 Wo

) (HT)*(ATH If |w| <7

HAnwn” — HAHT’R%

n

= r{[A™|

w
T

< [wol™[|A™|

w
po

= || amwg)]|2]"
0

w
T

Consequently
o0 oo w n
S llAmer| < Y| 5| < oo,
n=0 n=0

i.e. the series (2.1) is absolutely and uniformly
convergent. O



With R we will denotre the radius of con-
vergence of (2.1).

From the definition of radius of convergence
of power series we have

R = sup |w|.
weR

Also,
1. If R =0 then Q = {0}.

2. If R = oo then the series (2.1) is convergent
in all complex plane.

3. From Cauchy - Hadamard formula we have
- 1
Tty ool [A7[[7
Theorem 2.2. Let A, T, H € L(X,y), ||T|| >
0, [|H|| > 0. Then

1

R> —i—n.
2|[T[l[| H]|

Proof. We have
1A

[l (L, ) ok

n—1-—
“(ATH — HTA)(TH)» %1 H

n—1

sxo (L0 Ly ) et

—HTA)(TH)"~1=]]

n—1

<xio( "7y ) e rars

—HTA)|||[(TH)"~'=]]

n—1

<o < n1—k ) \((HT)*(ATH

—HTA)||||TH|[*1*

n—1
<o ("7 L )iz
_HTA||TH|

00 n—1
Zk—o(n—l—kj

HITHAIDT||" |||

) |HT|[*(||ATH|

n—1
Z:?_()(n—l—k

AT A==t

) IHIFT I LA

00 n—1
— iz (")

= 2"|| AT [[H]I"™,

i.e.

[[A™[] < 2"[|Al[|[T|["|HI]"™,
from here

[[A™|[= < 2||T|[[|H[[||All
therefore

[e— )
T 1
< 2[[T|[] | H [[limp —s oo || A [ = 2[|T|[| H]|-

From here and Cauchy - Hadamard formulae we
conclude that

1 1
R=— _ > .
lim,, 00| [A7| = — 2[|T/|[H]]

O

Theorem 2.3. If there exist positive constants
M and l such that

|A™[] < M, I"



Proof. 1t is enough to be proved that the series
(2.1) is uniformly bounded for [w| < 7

Let
|lwll =g < 1.
Then
[A"w" || = |w["|[A™[| < |w["M:l" = Maq",
therefore
[ A’fwkH < Yo [ ARwt|
< M1 Zk 0 q Ml < 0.
O
Theorem 2.4. Let
S AMt =3 " A"w" in Sgr(0).  (22)
n=0 n=0
Then
A" =A™ for VYn e NU{0}.

Proof. Since w = 0 € (2 then, after we put w =0
in (2.2) we get
A% = A°.

From here and (2.2) we obtain

ZAkwk:Zflkwk in Sgr(0),
k=1 k=1
from where
o ARwFTt =3 ARwETl in SR(0). (2.3)
k=1 k=1

We put w = 0 in the last equality and we have
Al = A

From here and (2.3)

ZAkkl

and etc. O

ZAk =1 in  Sg(0)

k=2

Theorem 2.5. The function g is a continuous
function in Sgr(0).

Proof. Let p € (0, R) and w,wy € Sg(0). Then
Zn 1 Alw™ Zf:l

" - wg)

g(w) — g(wo) = Amwg
=2 A(w
= > ol A™(w — wo) (W™t + w"Pwg
g,

therefore

llg(w) —
+oFwy 1)H

<Yl A (w = wo) (Wt + w"Pwg + - -
= > oi 1A [[w = wol[w" ™" 4+ w™ 2w + -
<oy A [[lw = wol (Jw|™ =t + Jw]™ 2wy
A+ [P

< 3ol A |Jw — wol (o™ + p"2p
b

=Yoo e A,

ie.

—g(wo)[] <Y mp" M| A"[[Jw—wol. (2.4)

n=1

llg(w)

Now we will prove that the series Y~ np" "t A"
is uniformly convergent for every p € (0, R). Let
p € (0, R) is arbitrary chosen and fixed. Let also
p € (p,R). Then, since p < R then the series
Yoo A™p™ is uniformly convergent, from where
lim,,_,., A"p"™ = 0 and therefore the sequence
{p"A™}52, is a bounded sequence. Consequently

there exists a positive constant Ms such that

[|A™]|p" < My for VneN.

g(wo)|| = HZOO A™(w — wo) (W™t + w"2wg

+uwg |

S wlT



From here

n
S mllAT [t = S0 ml|A L (2)

M n—1
<=7 Y net ”(%) :
Let ¢4 = %. Then ¢; < 1 and
[y narpn || < 52 llnan |

< oo nllAnen

n—1
Mo 00 P
S "(E)
_ My o] n—1
=7 n=1 "1
Let by = kq¥™!. Then
: b : (k+1ay
limg 00 % = limg_ 00 qu711
1

=lmy oo g =1 < 1.

Consequently the series > oo ng}'~" is conver-
gent and then

o0

c(p) ==Y _nl|A"||p" " < oo.

n=1

Since p € Sr(0) was arbitrary chosen then
the series > >° | nA"p"~! is uniformly convergent
for every p € Sg(0).

From (2.4) we obtain

llg(w) = g(wo)l| < c(p)lw —wol. (2.5)

Let € > 0 be arbitrary chosen and fixed. Let

Corollary 2.6. The series

o0

Z nAnwnfl

n=1
is a convergent series in Sgr(0).

Proof. Let |lw| < R and p € (Jw|, R). Then % <
1 and from here and the proof of the previous
Theorem we have

[ narwn =t < 202 naren |

= 2o nllAM[Jw[*

= % n|An|pn-t el

pn—l

< sy AT < oo,

Because w € Sg(0) was arbitrary chosen we con-

clude that >~°° | nA™w" ™! is convergent in Sg(0).

O

Theorem 2.7. The function g is differentiable
function in Sr(0).

Proof. For w € Sg(0) we define the function
u(w) = Z nA"w" L,
n=2
For w,w; € Sr(0) we have

g(w)—g(w1)
w—wi

— 1 0 N, T o n,,n—1
T w—wy (Zn:2A we = Zn:2A w )

oo n, n—1
Zn:Q nA wy

— u(w1)

also § = 175 Then if |w—wp| < 4, from (2.5), = w—lw1 S AW — wh) = 30, nAMw !
we get
oo nw"—wy oo n. n—1
€ = Zn=2 A w—w - Zn=2 nA wy
w)—g(wo)|| < c(p)|w—wo| < c(p)d = c¢(p)——— < e. !
[lg(w)—g(wo)l| < c(p)|lw—wol| < c(p) (P)1+C(p) o
=S A”(w B H nw"_l),

Since € > 0 was arbitrary chosen and for it we Lin=2 w=w !
find § = §(e) > 0 such that form |w —wp| < § we je.
have ||g(w) — g(wo)|| < € we conclude that g is a . . .
continuous function at wo. g(w) — g(w1) —u(wy) = Z An(w —w —

Because wg € Sgr(0) was arbitrary chosen w—uw o w—w

then g is a continuous function in Sg(0). O

(2.6)

n—1

).



We will note that for w,w; € S,(0) and from (2.8) we have

S — ™ = n(n — 1)(w - w) s=glon) )|
2.7)
X fol(l = 0)((1 = O)wy + fw)"~2d6. = H(w —wi) > n(n—1)A"
Really, )
— —0)wy w)" 2

e D X Jy (1= 0)((1 = O)ws + )"~
X (1= 0)((1 = B)wy + fw)"~2d6 < Jw—wn| 252y n(n — 1) |47
=n(n —1)(w —w) X (1= 0)((1 = 0wy + ew)HdoH
X fo (1= 0) (w1 + 0(w — wy))"~2d0 = Jw — wi | X%, n(n — 1)]]A|

=n(n—1) X ‘f(}u —0)((1 - O)wy + Qw)"*QdG‘

x [F1-0 wy + 0(w — wy))* 2d(wy + 0(w — wy oo
Jo (= Ofeon+ 8w =)l + 00 =) 52 nn - 4

= nfo (1 —0)d(w; + O(w — wy))" 1 " fol(l —0)[((1 — O)wy + Gw) 2| d6

0=1

=n(1 = 0)(wi + 0w —w))" | = w—wi| 307, n(n — 1)[|A"|
+n fol(wl +0(w —wy))" " tdf X fol(l —O)|(1 — 0wy + Ow|"~2do
= —nw} ! < Jw—wi| 32,2, n(n — D] A"]

= [N (w4 0w — w1))" d(wy + O(w — wy)) X [0 (1= 0)((1 — 8)|wi]| + Olw])"~2d0

= —nu?! < w —wi| o0l n(n — 1)[|A™|
=1 Y= 0)(1—0)p+0p)"2d0

bt (o 0w —w))| < Jo (1= 6)(@ =)+ 0)
B . = |w —wi| 32,2, n(n —1)||A™]

= o — Wy
. . X [y (1—6)p"2df
Now we apply (2.7) in (2.6) and we obtain

< |w —wn| 3207 n(n = DA 2,

1.€.
= (w—w1)zzc:1 n(n_ l)An (2'8) HM —u(’LU1)H

w—wi

(2.9)

1 n—2
< Jo (1= 0)((1 = B)wr + 6u)™7db. < Jw = w1 5y nln = DA™ |p" 2

Let p € (0, R) is arbitrary chosen and fixed. Then Now we will prove that for every p € (0, R) the
series >, n(n — 1)A"p"~? is a convergent se-



ries. Really, let p € (0, R) is arbitrary chosen and
fixed. and let also p € (p,R). Since 0 < p < R
then the series Y~ , A”p" is a convergent series.
Therefore lim,,_,,, A"p" = 0 and from here the
sequence {A"p"}° | is a convergent sequence.
Consequently, there exists a positive constant M3
so that

[|A"||p" < M3 for Vn eN.

Therefore
| nn = nann |
< Yol lln(n = 1)A™p" 2|
= Yoo n(n = 1)[|A™][p" 2
oo nllzn(p n-2 ~2
= g nn = DA (2)

< MyR2S" n(n — 1) (g)niz,

ie.

HZ:,O:2 n(n — 1)A"p"‘2H
. (2.10)
< MzR2S"™  n(n—1) (g) .
We put
_Pp
g2 = =.
p
Then, using (2.10), g2 < 1 and
|
(2.11)
< MaR2Y"2 ,m(n —1)gy 2.
Let
dp =n(n—1)gy 2
Then
1
lim, o0 dzrl =lim,,__, %

=g lim, Z—ﬂ =qo < 1.

Consequently >, n(n — 1)gy~" is convergent
and from (2.10) the series 7, n(n—1)A"p" 2

is convergent. Because p € (0, R) was arbitrary
chosen then the series Y -, n(n — 1)A"p" % is
convergent for every p € (0, R). Therefore

(oo}

= 3l = 47" < o0

for every p € (0, R). From (2.9) follows that

—g(w)

[R5
—wq

(wn)|| < clp)lw—wi] (212)
for every p € (0,R). Let ¢ > 0 be arbitrary
chosen and fixed. Let also § = m. Then
from |w — ws| < § we have

H g(w)—g(w1) _
w—w1

uwn)|| < ealp)fw — wr] < e2(p)9

=c(p) = 1+01(p) <€

for every p € (0,R). Because ¢ > 0 was arbi-
trary chosen and for it we found 6 = d(¢) > 0 so

gw)=g(wi) _

that from |w — wy| < § we have ‘ o

)|
tiable function at wy and ¢'(w1) = u(wi). Since
wy € Sr(0) was arbitrary chosen then the func-
tion g is a differentiable function in Sr(0) and
for every w € Sg(0) we have ¢'(w) = u(w). O

< € then the function g is a differen-

Using induction one can prove
Corollary 2.8. g € C*(Sr(0)).

Theorem 2.9. Let > 7 A" be absolutely con-
vergent series to 0. Then

lim g(w) =0.
1w

T—Tw “<oo

w—)lw‘

Proof. Without loss of generality we will consider
the case when w — 1 and 0 < ‘f:lﬂ < 0.
Then |w| < 1 and there exists a positive

constant M, such that

1wl

0< < M,. (2.13)

1—Jw| =

Let

n

> AR n=0,1,2,....

k=0

P" =



Then the sequence {P™}5°; is a convergent se-
quence.

AP =pO AF =pF Pl k=12, ..
We put .
Sp(w) = ZAkwk.
k=0
Then
sp(w) = A"+ Alw + A%w? + - + A"
= PV + (P! — PYw + (P? — P)w?
+o (P = PP
= P(1 —w) + PY(w — w?) + P*(w? — w?)
oo PN T — T 2) 4 PR
= P°(1 —w) + Plw(l —w) + P2w?(1 — w)
4+ PPl (1 —w) + Prw™,

ie.
n—1
Sp(w) = (1 —w) Z Pruw® + Pra™.
k=0

(2.14)

Since Yy, A™ is an absolutely convergent series
to 0 then for |w| < 1 we have lim,,__, o, P"w™ =0
and from (2.14)

gw) = lim_sp(w) = (1-w) Y Prwk. (2.15)
k=0

n—-aoQ

Let € > 0. Then there exists m € N such that
[|P™| < e for every n > m.

We choose w so that to satisfy (2.13) and
|1 — w| < e. From here

5, Pror| < S 1Pl

(2.16)
"

<ed oo |w" = 61“_"'

w|*
From (2.13) we have

w] =1 <1 —w| < My(1 = [w]),

from where
] < My(1 = Juw]) +1.
Since |w| < 1 then
w]™ < Jw| < My(1 = |w]) +1
and from (2.16) we obtain

SS] n,,n My(1-|w])+1
Hzn:m Py €

1—fw]

<

= EM4—|— —

1—|w|

From the last inequality we get

|a—w) s, Pron

S |]. —’LU|<€M4+ ﬁ)

= Mye|l — w| + e‘ll:lﬂ

< M46‘]. — U}‘ + Mye
= M46(1 + |1 — ’LU|)
and from (2.15)

gl = || = w) 52, P

= ||a—w) s Prae

+(1—w) Y2 Pénw"

< 1wl P

|- wy 23, P

< 11— wl | i Pren

+Mye(1+ |1 —w|).
Because € > 0 was arbitrary chosen

g(w) = 0.

<oo

lim
w—s1,w:0< ‘11:‘51
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