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Abstract. In this work we demonstrate the possibility of category tiyeo provide a compact method of encoding mathe-
matical isostructures in a uniform way. In this way we canstied a category of isogrouér\p, a category of vector isospaces
Vect, a category of topological vector isospad’@\ﬁc and a category of topological isogrou]ﬁs/pap. These categories
helped us to build a category of Lie-Santilli isogrougGTp too.
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INTRODUCTION

Isomathematics was proposed by Santilli [1] in 1978, andsegbently studied by numerious pure and applied
mathematicians as: S. Okubo, H. Myung, M. Tomber, Gr. TsdgaSourlas, C. Corda, J. Kadeisvili, A. Aringazin,
A. Kirhukin, R. Ohemke, G. Wene, G. M. Benkart, J. Osborn, Bitt8n, J. Lohmus, E. Paal, L. Sorgsepp, D. Lin,
J. Voujouklis, P. Broadbridge, P. Chernooff, J. SniatycRuGuiasu, E. Prugovecki, A. Sagle, C. Jiang, R. Falcon
Ganfornina, J. Nunez Valdes, A. Davvaz, S. G. Georgiev aherst

As a result of these efforts, the new mathematics can be remtstl via the systematic application of axiom -
preservibg liftings, called isotopies, of the totality difstructures in the mathematics: inluding all operatord treir
operations, icluding the isotopic lifting of numbers, ftinal analysis, differential calculas, geometries, topits,

Lie theory and others [2, 3].

Category theory groups together in categories the mathesthabjects with some common structure (e.g., sets,
partially ordered sets, groups, rings, and so forth) anapimropriate morphisms between such objects [4, 5]. These
morphisms are required to satisfy certain properties whietke the set of all such relations ‘coherent’. Given a
category, it is not the case that every two objects have taplbetween them, some do and others don't. For the ones
that do, the number of relations can vary depending on whatbgory we are considering.

DEFINITION 1 A category is a quadruplgOb,Hom,id, o) consisting of:

(CI) a classOb of objects;

(C2) for each ordered paifA, B) of objects a seitiom(A, B) of morphisms;

(C3) for each object A a morphisitia € Hom(A, A), the identity of A;

(C4) a composition law associating to each pair of morphigns Hom(A,B) and g€ Hom(B,C) a morphism
go f € Hom(A,C);
which is such that:

(M1) ho(go f)=(hog)o f forall f € Hom(A,B), g€ Hom(B,C) and he Hom(C,D);

(M2)idgo f = foida = f forall f € Hom(A, B);

(M3) the set¢Hom(A, B) are pairwise disjoint.

1 This work was supported in part by the R. M. Santilli Founofati



CATEGORIES OF ISOGROUPSAND VECTOR ISOSPACES

In[6, 7] we built acategory of |sogr0up@rp which consists of |sogroupsas objectsi.e., we constructed the elements
for each objecG of the categor)Grp asd=al € Grp, where the isounit is defined with the help of an invertible

elemenfT : | = T, calledisotopic elemeniand the new composition law is defined by
(va,be Grp) [asb=aTh]. (1)

satisfying the following axioms:
G.1° For any two elementa andb there exists an element

¢=4ash 2)
G.2° This operation is associative, that is, for any three elds@im, é
(asb)5¢& = a5 (bs¢). (3)
G.3° There exists dsounitf, i. e. an element such that for every elemant *
asi=aTi=atTl=4 (4)
G.4° For each element there exists aymmetric elemerd@ ! such that

—alsa=1I. )
If the isogroupG satisfies in additioAn the axiom
G.5°. For any two element dndb o
45b=Dbs4a (6)
then the isogrous is calledcommutativeor Abelian
And thecategory of isogroup@rp also consists of isohomomorphissG—; G’ between isogroup&s, 3) and
(G,0) as morphisméf ¢ Homg (G G’) where the following property holds:

(va,be G) [f(asb) = f(a)0f(b)). 7)

Thus an isohomomorphism “carries” the composition taen'G to the composition lai on &'. It can be proved
easily, that if category?r\p is a monoid and also a groupoid for the fixed isotopic elerientith the above internal
composition, it can become an |sogr(mpmth unit 1.

Let.s :Grp — Grp and.#’': Grp — Grp be two Santilli functors [6]. Anatural transformanom I =S is
given by the following data: For every obje&tn Grp there is a morphisnia : #(A) — #/(A) in Grp such that for
every morphisnf : A— Bin Grp the following diagram is commutative
SA) T IA)
s L

J(B) B 7'(B).

Commutativity means that the isotopic eleméhtsave to satisfy the following equations i.e., the followtamposi-
tions of morphisms are equa¥ (f) x aa = Gg*.#'(f). The morphismgia, A € Ob(Grp), are called theomponents
of the natural transformatiod .
LetV be a vector isospace over the isofié1¢B, 7]. A category of vector isospace)/ﬁac\t consists of vector isospaces
V as objects equipped with a new external operatiarhich is such to verify all the axioms for a vector isospacs, i
V1.1° - 5° Addition of vectors satisfies axion@ 1 — 5° for a commutative isogroup;
V11.1° For any vectok and any isoscala¥ there exists a vector

(Va,eF) (Vx,yeV)[y=aox; (8)



called the product af by & ;
V11.2° Multiplication by | does not change a vector:

(VxeV)[lox=xol =x]; 9)
VI3 Multiplication of vectors by isoscalars is distributivettivrespect to addition of isoscalars:
(Va,BeF) (VxeV) [(a+B)ox)=aox+Box]; (10)
V11.4° Multiplication of vectors by isoscalars is distributivettvirespect to addition of isovectors:
(Va,eF) (YXyeV) [ado(Xx+y)=aox+Boy]; (11)
ViI.5° Multiplication of vectors by isoscalars is associative:
(Va,Bel) (vxeV) [Go(Box)=(axPB)oX]; (12)

V111.1° There exist n linearly independent vectors;

Vi Any n+ 1 vectors are linearly dependent.
And the category of vector isospaceﬁac\t also consists of isocontinuous isolinear transformatiasmsnorphisms
If € Homy, (IA,iB):

f:V—Vv, (13)
between vector isospacésandV’ over the same isofielil which preserve the sum and isomultiplication, i.e., which
are such that A A A

(Va,,Bel) (vx,yeV) [f(Gox+Boy)=aof(x)+Bof(y). (14)

CATEGORIES OF TOPOLOGICAL ISOGROUPSAND VECTOR ISOSPACES

Let T be a topological vector isospace over the isoﬂfEIpB]. A mapping from a topological vector isospateonto
a topological vector isospad€ is calledisocontinuousf for each neighborhooW (X') of a pointx' in T’ there is a
neighborhoodl () of the corresponding pointif T such that the images of all pointstin'X) belong toV (%).

A category of topological vector isospac?ée/pv\ec consists of topological vector isospac‘Esas objects, which
satisfy the following axioms:

T.1° The union of a finite number of closed subsets is closed;

T.2° The intersection of arbitrary many closed subsets is closed

T.3° The whole vector isospa@is a closed set;

T.4° The empty set 0 is a closed set.
And thecategory of topological vector isospac‘égp%c also consists of isocontinuous isolinear transformatams
morphismd f € Honlro/p\Tec(rA’ iB):

f:7T—T, (15)

between topological vector isospadA'eand'f’ over the same isofielfl which preserves the sum and isomultiplication,
i.e., which is such that

(Va,,Bel) (vx,yeT) [f(Gox+Boy)=dof(x)+Bof(y)] (16)

The isonatural topology in the isofieldl, with closed and open sets defined as in usual real iso-Calcoan be
specified by the countable system of neighborhoods comgisfithe intervals with rational ends.

A bijection fromT ontoT’ which is isocontinuous together with its inverse bijecti®nalled aisohomeomorphism
in this case the topological vector isospateandT’ are calledsohomeomorphic

Topological isospaces each point of which has a neighbatiemhomeomorphic to the Euclidean isospace [9]
endowed with its natural topology are calledlimensional topological isomanifolas n-isomanifolds



In [8] we built acategory of topological isogroup'&)/pap which consists of topological isogrouﬁ/s\s as objects
i.e., we reconstruct a set of elements for each oﬂf@hbf the categoryl'@ap as a set of elements is said to be a
topological isogroupf

TG.1° This set have to be an isogroup (see (2)—(5));

TG.2° This set have to be a topological vector isospacefsﬂa?e—fA");

TG.3° The isogroup operations > @5%, X — X 6 &@ andX — X1, wherea is a isoscalar, are isocontinuous
mappings from this topological vector isospace onto itself

And the category of topological isogroup'ﬁﬁp also consists of isocontinuous isohomomorphisms as mor-
phisms.

CATEGORY OF LIE-SANTILLI ISOGROUPS

The most important for isogeometry are topological isogsothat are alstopological n-isomanifoldsThese topo-
logical groups are called-dimensionalie-Santilli isogroups

DEFINITION 2 A category of Lie-Santilli isogroupsEG\rp consists of Lie-Santilli isogroups as objects, and isoho-
momorphisms as morphisms.

DEFINITION 3 A Lie-Santilli algebra can be defined as an object A/m:t the category of vector isospaces over a
|sof|eIdIF of characteristic not 2, together with a morphism] : A@ A — A where® refers to the monoidal product
of Vect]@, such that

[]o(id+T1an) =0, [,]o([,]®id)o(id+0+0a?) =0,

wheret(a®b) ;= b®a ando is the cyclic permutation braidingd ® Ta a) * (Taa®id).

The mapping from a category of Lie-Santilli groung\rp to a category of Lie-Santilli aIgebrd@Tg is
functorial, which implies that isohomomorphisms of Lier8li groups lift to isohomomorphisms of Lie-Santilli
algebras, and various properties are satisfied by thisdiftit commutes with composition, it maps Lie-Santilli
subgroups, kernels, quotients and cokernels of Lie-Siagtdups to subalgebras, kernels, quotients and cokernels
of Lie-Santilli algebras, respectively. The funct#twhich takes each Lie-Santilli group to its Lie-Santilli elgra and
each isohomomaorphism to its isodifferential one is faitlafud exact.

When we use Lie-Santilli groups in physics to describe sytnynere think of each element 6f the groupG as
a “process”. The elemeiitcorresponds to the “process of doing nothing at all”. We aammose processeg;sandh
—dohand theng=— and get the produgoh. Crucially, every procesg ¢an be “undone” using its invergg ¥, So:
in contrast to a Lie-Santilli group, which consists of aistabllection of “things”, a category of Lie-Santilli grosp
consists not only of objects or “things” but also morphisnisali can viewed as “processes” transforming one thing
into another. Similarly, in a 2-category, the 2-morphisias be regarded as “processes between processes”, and so on.
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