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1 Introduction

2 Hyperrings, hyperfields and hypervector spaces

Let H be a non-empty set and ◦ : H ×H → ℘∗(H) be a hyperoperation, where ℘∗(H) is
the family of all non-empty subsets of H. The couple (H, ◦) is called a hypergroupoid. For
any two non-empty subsets A and B of H and x ∈ H, we define A ◦ B =

⋃
a∈A,b∈B a ◦ b,

A◦{x} = A◦x and {x}◦A = x◦A. A hypergroupoid (H, ◦) is called a semihypergroup if for
all a, b, c in H we have (a◦b)◦c = a◦(b◦c). In addition, if for every a ∈ H, a◦H = H = H◦a,
then, (H, ◦) is called a hypergroup. A non-empty subset K of a semihypergroup (H, ◦) is
called a sub-semihypergroup if it is a semihypergroup. In other words, a non-empty subset
K of a semihypergroup (H, ◦) is a sub-semihypergroup if K ◦ K ⊆ K. We say that a
hypergroup (H, ◦) is canonical if

(1) It is commutative;

(2) It has a scalar identity (also called scalar unit), which means that there exists e ∈ H,
for all x ∈ H, x ◦ e = x;

(3) Every element has a unique inverse, which means that for all x ∈ H, there exists a
unique x−1 ∈ H such that e ∈ x ◦ x−1;



(4) It is reversible, which means that if x ∈ y ◦ z, then z ∈ y−1 ◦ x and y ∈ x ◦ z−1.

In [3] there are several types of hyperrings and hyperfields. In what follows we shall
consider one of the most general types of hyperrings.

The triple (R,+, ·) is a hyperring if

(1) (R,+) is a canonical hypergroup;

(2) (R, ·) is a semihypergroup such that x·0 = 0·x = 0 for all x ∈ R, i.e, 0 is a bilaterally
absorbing element;

(3) the hyperoperation “ ·” is distributive over the hyperoperation “+”, which means
that for all x, y, z of R we have:

x · (y + z) = x · y + x · z and (x+ y) · z = x · z + y · z.

Example 1. Let R = {x, y, z, t} be a set with the following hyperoperations:

+ x y z t

x x y z t
y y x t z
z z t {x, z} {y, t}
t t z {y, t} {x, z}

· x y z t

x x x x x
y x y x y
z x x {x, z} {x, z}
t x y {x, z} {y, t}

Then, (R,+, ·) is a hyperring.

We call (R,+, ·) a hyperfield if (R,+, ·) is a hyperring and (R− {0}, ·) is a hypergroup.

Example 2. Let F = {x, y} be a set with the following hyperoperations:

+ x y

x x y
y y {x, y}

· x y

x x x
y x y

Then, (F,+, ·) is a hyperfield.

A Krasner hyperring is a hyperring such that (R,+) is a canonical hypergroup with
identity 0 and · is an operation such that 0 is a bilaterally absorbing element. An exhaustive
review updated to 2007 of hyperring theory appears in [3].

Definition 2.1. Let (R,+, ·) be a hypering. We define the relation Γ as follows:

x Γ y ⇔ ∃n ∈ N,∃(k1, · · · , kn) ∈ Nn and [∃(xi1, · · · , xiki) ∈ R
ki , (i = 1, · · · , n)]

such that

x, y ∈
n∑

i=1

(

ki∏
j=1

xij).



Theorem 2.2. [12, 13] Let (R,+, ·) be a hypering Γ∗ be the transitive closure of Γ.

(1) Γ∗ is a strongly regular relation both on (R,+) and (R, ·).

(2) The quotient R/Γ∗ be a ring.

(3) The relation Γ∗ is the smallest equivalence relation such that the quotient R/Γ∗ be a
ring.

Theorem 2.3. [5] The relation Γ on every hyperfield is an equivalence relation and Γ =
Γ∗.

Remark 1. Let (F,+, ·) be a hyperfield. Then, F/γ∗ is a field. If φ : F → F/Γ∗ is the
canonical map, then ωF = {x ∈ F | φ(x) = 0}, where 0 is the zero of the fundamental
field F/Γ∗.

Let (R,+, ·) be a hyperring, (M,+) be a canonical hypergroup and there exists an
external map

· : R×M → ℘∗(M), (a, x) 7→ ax

such that for all a, b ∈ R and for all x, y ∈M we have

a(x+ y) = ax+ ay, (a+ b)x = ax+ bx, (ab)x = a(bx),

then M is called a hypermodule over R. If we consider a hyperfield F instead of a hyperring
R, then M is called a hypervector space.

Remark 2. Note that it is possible in a hypervector space one or more of hyperoperations
be ordinary operations.

Example 3. Let F be a field and V be a vector space on F . If S is a subspace of V , we
consider the following external hyperoperation: a ◦ x = ax + S, for all a ∈ F and x ∈ V.
Then, V is a hypervector space.

3 Algebra and Hyperalgebra

Definition 3.1. Let (L,+, ·) be a hypervector space over the hyperfield (F,+, ·). Consider
the bracket (commutator) hope:

[ , ] : L× L→ ℘∗(L) : (x, y)→ [x, y]

then L is a Lie hyperalgebra over F if the following axioms are satisfied:

(L1) The bracket hope is bilinear, i.e. [λ1x1 + λ2x2, y] = (λ1[x1, y] + λ2[x2, y]), [x, λ1y1 +
λ2y2] = (λ1[x, y1] + λ2[x, y2]), for all x, x1, x2, y, y1, y2 ∈ L, λ1, λ2 ∈ F ;



(L2) 0 ∈ [x, x], for all x ∈ L;

(L3) 0 ∈
(

[x, [y, z]] + [y, [z, x]] + [z, [x, y]]
)

, for all x, y ∈ L.

Definition 3.2. Let A be a hypervector space over a hyperfield F . Then, A is called a
hyperalgebra over the hyperfield F if there exists a mapping · : A×A→ ℘∗(A) (images to
be denoted by x · y for x, y ∈ A such that the following conditions hold:

(1) (x+ y) · z = x · z + y · z and x · (y + z) = x · y + x · z;

(2) (cx) · y = c(x · y) = x · (cy);

(3) 0 · y = y · 0 = 0;

for all x, y, z ∈ A and c ∈ F .
In the above definition, if all hyperoperations are ordinary operations, then we have

an algebra.

A non-empty subset A
′

of a hyperalgebra A is called a sub hyperalgebra if it is a
subhyperspace of A and for all x, y ∈ A′ we have xy ∈ A′ .

In connection with the explicit forms of the hyperproduct let us consider an associative
hyperalgebra A, with hyperproduct a · b, over a hyperfield F . It is possible to construct a
new hyperalgebra, denoted by A−, by means of the anti-commutative hyperproduct

[a, b] = a · b− b · a =
⋃

x∈a·b
y∈b·a

x− y. (1)

Lemma 3.3. For any non-empty subset S of A, we have 0 ∈ S − S.

Proof. It is straightforward.

Proposition 3.4. A− is a Lie hyperalgebra.

Proof. For all x, x1, x2, y, y1, y2 ∈ L, λ1, λ2 ∈ F ,we have

[λ1x1 + λ2x2, y] = (λ1x1 + λ2x2) · y − y · (λ1x1 + λ2x2)
= (λ1x1) · y + (λ2x2) · y − y · (λ1x1)− y · (λ2x2)
=
(

(λ1x1) · y − y · (λ1x1)
)

+
(

(λ2x2) · y − y · (λ2x2)
)

= [λ1x1, y] + [λ2x2, y],
= λ1[x1, y] + λ2[x2, y],

and similarly we obtain [x, λ1y1 + λ2y2] = (λ1[x, y1] + λ2[x, y2]).
Now, we prove (L2). Since x·x is non-empty, there exists a0 ∈ x·x. hence, −a0 ∈ −x·x.

Thus, 0 ∈ a0 − a0 ⊆
⋃

a∈x·x a− a = x · x− x · x = [x, x].



It remains to show that (L3) is also satisfied. For,

[x, [y, z]] = x · [y, z]− [y, z] · x
= x · (y · z − z · y)− (y · z − z · y) · x
= x · y · z − x · z · y − y · z · x− z · y · x.

Hence,(
[x, [y, z]] + [y, [z, x]] + [z, [x, y]]

)
= x · y · z − x · z · y − y · z · x− z · y · x

+(y · z · x− y · x · z − z · x · y + x · z · y)
+(z · x · y − z · y · x− x · y · z + y · x · z)

= (x · y · z − x · y · z) + (x · z · y − x · z · y)
+(z · y · x− z · y · x) + (y · z · x− y · z · x)
+(y · x · z − y · x · z) + (z · x · y − z · x · y).

By Lemma 3.3, 0 is belong to the right hand of the abobe equality, so 0 ∈
(

[x, [y, z]] +

[y, [z, x]] + [z, [x, y]]
)

.

Definition 3.5. Corresponding to any hyperalgebra A with hyperproduct a·b it is possible
to define an anticommutative hyperalgebra A− which is the same hypervector space as A
with the new hyperproduct

[a, b]A− = a · b− b · a. (2)

A hyperalgebra A is called Lie-admissible if the hyperalgebra A− is a Lie hyperalgebra.

If A is an associative hyperalgebra, then the hyperproduct (2) coincide with (1) and
A− is a Lie hyperalgebra in its more usual form. Thus, the associative hyperalgebras
constitute a basic class of Lie-admissible hyperalgebras.

A Jordan algebra is a (non-associative) algebra over a field whose multiplication sat-
isfies the following axioms:

(1) xy = yx (commutative law);

(2) (xy)(xx) = x(y(xx)) (Jordan identity).

Definition 3.6. A Jordan hyperalgebra is a (non-associative) hyperalgebra over a hyper-
field whose multiplication satisfies the following axioms:

(J1) x · y = y · x (commutative law);

(J2) (x · y) · (x · x) = x · (y · (x · x)) (Jordan identity).



Let A be an associative hyperalgebra over a hyperfield F . It is possible to construct a
new hyperalgebra, denoted by A+, by means of the commutative hyperproduct

{a, b} = a · b+ b · a =
⋃

x∈a·b
y∈b·a

x+ y. (3)

Proposition 3.7. A+ is a Jordan hyperalgebra.

Proof. It is straightforward.

Definition 3.8. Corresponding to any hyperalgebra A with hyperproduct a·b it is possible
to define, as for A−, a commutative hyperalgebra A+ which is the same hypervector space
as A but with the new hyperproduct

{a, b}A+ = a · b+ b · a. (4)

In this connection the most interesting case occure when A+ is a (commutative) Jordan
hyperalgebra.

A hyperalgebra A is said to be Jordan admissible if A+ is a (commutative) Jordan
hyperalgebra.

If A is an associative hyperalgebra, then the hyperproduct (4) reduces to (3) and A+

is a special Jordan hyperalgebra. Thus, associative hyperalgebras constitute a basis class
of Jordan-admissible hyperalgebras.

Definition 3.9. The fundamental relation ε∗ is defined in a hyperalgebra as the smallest
equivalence relation such that the quotient is an algebra.

By using strongly regular relations, we can connect hyperalgebras to algebras. More ex-
actly, starting with a hyperalgebra and using a strongly regular relation, we can construct
an algebra structure on the quotient set. An equivalence relation ρ on a hyperalgebra A is
called right (resp. left) strongly regular if and only if xρy implies that (x+ z)ρ(y+ z) and
(xαz)ρ(y · z) for every z ∈ A (resp. (z + x)ρ(z + y) and (z · x)ρ(z · y) ), and ρ is strongly
regular if it is both left and right strongly regular.

Theorem 3.10. Let A be a hyperalgebra over the hyperfield F . Denote by U the set of all
finite polynomials of elements of A over F . We define the relation ε on A as follows:

xεy if and only if {x, y} ⊆ u, where u ∈ U .

Then, the ε∗ is the transitive closure of ε and is called the fundamental equivalence relation
on A.

Proof. The proof is similar to the proof of Theorem 3.1 in [8].



Remark 3. Note that the relation ε∗ is a strongly regular relation.

Remark 4. In A−/ε∗, the binary operations and external operation are defined in the
usual manner:

ε∗(x)⊕ ε∗(y) = ε∗(z), for all z ∈ ε∗(x) + ε∗(y),
ε∗(x)� ε∗(y) = ε∗(z), for all z ∈ ε∗(x) · ε∗(y),
Γ∗(r) ◦ ε∗(x) = ε∗(z), for all z ∈ Γ∗(r)ε∗(x).

Theorem 3.11. Let A be an associative hyperalgebra over a hyperfield F . Then, A−/ε∗

is a Lie-admissible algebra with the following product:〈
ε∗(x), ε∗(y)

〉
= ε∗(x)� ε∗(y)	 ε∗(y)� ε∗(x). (5)

Proof. By Definition 3.9 and Theorem 3.10, A/ε∗ is an ordinary associative algebra. So,
it is enough to show that it is a Lie algebra with the hyperproduce (5). By Proposition
3.4, A− is a Lie hyperalgebra with the hyperproduct [a, b] = a · b− b · a.

(1) By (L1), for all x1, x2, y ∈ A, λ1, λ2 ∈ F , we have [λ1x1 + λ2x2, y] = λ1[x1, y] +
λ2[x2, y]. Hence,

(λ1x1 + λ2x2) · y − y · (λ1x1 + λ2x2) = λ1(x1 · y − y · x1) + λ2(x2 · y − y · x2),

and so

ε∗
(

(λ1x1 +λ2x2) · y− y · (λ1x1 +λ2x2)
)

= ε∗
(
λ1(x1 · y− y ·x1) +λ2(x2 · y− y ·x2)

)
.

This implies that(
Γ∗(λ1) ◦ ε∗(x1)⊕ Γ∗(λ2) ◦ ε∗(x2)

)
� ε∗(y)	 ε∗(y)�

(
Γ∗(λ1) ◦ ε∗(x1)⊕ Γ∗(λ2) ◦ ε∗(x2)

)
= Γ∗(λ1) ◦ (ε∗(x1)� ε∗(y)	 ε∗(y)� ε∗(x1)) + Γ∗(λ2) ◦ (ε∗(x2)� ε∗(y)	 ε∗(y)� ε∗(x2)).

Therefore, 〈
Γ∗(λ1) ◦ ε∗(x1)⊕ Γ∗(λ2) ◦ ε∗(x2), ε∗(y)

〉
= Γ∗(λ1) ◦

〈
ε∗(x1), ε

∗(y)
〉
⊕ Γ∗(λ2) ◦

〈
ε∗(x2), ε

∗(y)
〉
.

Similarly, for all x, y1, y2 ∈ A, λ1, λ2 ∈ F , we obtain〈
ε∗(x),Γ∗(λ1) ◦ ε∗(y1)⊕ Γ∗(λ2) ◦ ε∗(y2)

〉
= Γ∗(λ1) ◦

〈
ε∗(x), ε∗(y1)

〉
⊕ Γ∗(λ2) ◦

〈
ε∗(x), ε∗(y2)

〉
.



(2) By (L2), 0 ∈ x · x− x · x, so

ε∗(0) = ε∗(x · x− x · x) = ε∗(x)� ε∗(x)	 ε∗(x)� ε∗(x)

=
〈
ε∗(x), ε∗(x)

〉
.

(3) By (L3), we have 0 ∈
(

[x, [y, z]] + [y, [z, x]] + [z, [x, y]]
)

, for all x, y ∈ A. Thus,

ε∗(0) =
〈
ε∗(x),

〈
ε∗(y), ε∗(z)

〉〉
+
〈
ε∗(y), ε∗(z), ε∗(x)

〉〉
+
〈
ε∗(z),

〈
ε∗(x), ε∗(y)

〉〉
.

Theorem 3.12. Let A be an associative hyperalgebra over a hyperfield F . Then, A+/ε∗

is a Jordan-admissible algebra with the following product:⌈
ε∗(x), ε∗(y)

⌉
= ε∗(x)� ε∗(y)⊕ ε∗(y)� ε∗(x). (6)

Proof. By Definition 3.9 and Theoremt1, A/ε∗ is an ordinary associative algebra. So, it
is enough to show that it is a Jordan algebra with the hyperproduct (6). By Proposition
3.7, A+ is a Jordan hyperalgebra with the hyperproduct {a, b} = a · b+ b · a.

(1) By (J1), for all x, y ∈ A, {x, y} = {y, x}. So, ε∗(x · y + y · x) = ε∗(y · x + x · y)
which implies that ε∗(x)� ε∗(y)⊕ ε∗(y)� ε∗(x) = ε∗(y)� ε∗(x)⊕ ε∗(x)� ε∗(y). Thus,⌈
ε∗(x), ε∗(y)

⌉
=
⌈
ε∗(y), ε∗(x)

⌉
(2) By (J2), for all x, y ∈ A,

{
{x, y}, {x, x}

}
=
{
x, {y, {x, x}}

}
. Hence,

ε∗
({
{x, y}, {x, x}

})
= ε∗

({
x, {y, {x, x}}

})
,

which implies that⌈
dε∗(x), ε∗(y)e, dε∗(x), ε∗(x)e

⌉
=
⌈
ε∗(x), dε∗(y), dε∗(x), ε∗(x)ee

⌉
.

This completes the proof.

In the same way it is possible to introduce always in terms of the associative product
the following bilinear form

(a, b) = λa · b+ (1− λ)b · a = λ[a, b] + b · a, (7)



where λ is a free element belonging to the hyperfield F , which characterizes the λ-
mutations A(λ) of A. Clearly, A(1) is isomorphic to A.

In this connection, a more general bilinear form in terms of the associative hyperprod-
uct is given by

(a, b) = λa · b+ µb · a = α[a, b] + β{a, b}, (8)

where λ = α + β and µ = β − α are free elements belonging to the hyperfield F , which
constitutes the basic hyperproduct of the (λ, µ)-mutations A(λ, µ) of A. Clearly, A(1, 0)
is isomorphic to A and A(1,−1) is isomorphic to A−; A(1, 1) is isomorphic to A+ and
A(λ, 1− λ) is isomorphic to A(λ).

Let A be an associative hyperalgebra. We can define another hyperoperation by means
an element T which is denoted by [·, ·]T and is defined by

[·, ·]T : A×A→ P∗(A),
[·, ·]T : (x, y) 7→ [x, y]T = x · T · y − y · T · x. (9)

Proposition 3.13. The hyperoperation [·, ·]T satisfies the following conditions:

(1) 0 ∈ [x, x]T , for all x ∈ A;

(2) 0 ∈
(

[x, [y, z]T ]T + [y, [z, x]T ]T + [z, [x, y]T ]T

)
, for all x, y ∈ T .

Proof. (1) Since x · T · x is non-empty, there exists a0 ∈ x · T · x. hence, −a0 ∈ −x · T · x.
Thus, 0 ∈ a0 − a0 ⊆

⋃
a∈x·T ·x a− a = x · T · x− x · T · x = [x, x]T .

(2) We have

[x, [y, z]T ]T = x · T · [y, z]T − [y, z]T · T · x
= x · T · (y · T · z − z · T · y)− (y · T · z − z · T · y) · T · x
= x · T · y · T · z − x · T · z · T · y − y · T · z · T · x− z · T · y · T · x.

Hence, (
[x, [y, z]T ]T + [y, [z, x]T ]T + [z, [x, y]T ]T

)
= x · T · y · T · z − x · T · z · T · y − y · T · z · T · x− z · T · y · T · x

+(y · T · z · T · x− y · T · x · T · z − z · T · x · T · y + x · T · z · T · y)
+(z · T · x · T · y − z · T · y · T · x− x · T · y · T · z + y · T · x · T · z)

= (x · T · y · T · z − x · T · y · T · z) + (x · T · z · T · y − x · T · z · T · y)
+(z · T · y · T · x− z · T · y · T · x) + (y · T · z · T · x− y · T · z · T · x)
+(y · T · x · T · z − y · T · x · T · z) + (z · T · x · T · y − z · T · x · T · y).

By Lemma 3.3, 0 is belong to the right hand of the abobe equality, so 0 ∈
(

[x, [y, z]T ]T +

[y, [z, x]T ]T + [z, [x, y]T ]T

)
.



Remark 5. If A is an algebra and [·, ·]T : A×A→ A, then we have Lie-Santilli braket.

Definition 3.14. Corresponding to any hyperalgebra A with hyperproduct a · b it is
possible to define aA? which is the same hypervector space asA with the new hyperproduct

[a, b]A? = a · T · b− b · T · a. (10)

A hyperalgebra A is called Lie-Santilli-admissible if the hyperalgebra A? is a Lie hyperal-
gebra.

Corollary 3.15. If A is an associative hyperalgebra, then the hyperproduct (10) coincide
with (9) and A? is a Lie hyperalgebra.

Theorem 3.16. Let A be an associative hyperalgebra over a hyperfield F . Then, A?/ε∗

is a Lie-Santilli-admissible algebra with the following product:〈
ε∗(x), ε∗(y)

〉
T

= ε∗(x)� ε∗(T )� ε∗(y)	 ε∗(y)� ε∗(T )� ε∗(x). (11)

Proof. By Definition 3.9 and Theorem 3.10, A/ε∗ is an ordinary associative algebra. So,
it is enough to show that it is a Lie algebra with the hyperproduce (1). By corollary 3.15,
A? is a Lie hyperalgebra with the hyperproduct [a, b]T = a · T · b− b · T · a.

(1) By (L1), for all x1, x2, y ∈, λ1, λ2 ∈ F , we have [λ1x1 + λ2x2, y]T = λ1[x1, y]T +
λ2[x2, y]T . Hence,

(λ1x1+λ2x2)·T ·y−y ·T ·(λ1x1+λ2x2) = λ1(x1 ·T ·y−y ·T ·x1)+λ2(x2 ·T ·y−y ·T ·x2),

and so

ε∗
(

(λ1x1+λ2x2)·T ·y−y·T ·(λ1x1+λ2x2)
)

= ε∗
(
λ1(x1·T ·y−y·T ·x1)+λ2(x2·T ·y−y·T ·x2)

)
.

This implies that(
Γ∗(λ1) ◦ ε∗(x1)⊕ Γ∗(λ2) ◦ ε∗(x2)

)
� ε∗(T )� ε∗(y)

	ε∗(y)� ε∗(T )�
(

Γ∗(λ1) ◦ ε∗(x1)⊕ Γ∗(λ2) ◦ ε∗(x2)
)

= Γ∗(λ1) ◦
(
ε∗(x1)� ε∗(T )� ε∗(y)	 ε∗(y)� ε∗(T )� ε∗(x1)

)
⊕Γ∗(λ2) ◦

(
ε∗(x2)� ε∗(T )� ε∗(y)	 ε∗(y)� ε∗(T )� ε∗(x2)

)
.

Therefore, 〈
Γ∗(λ1) ◦ ε∗(x1)⊕ Γ∗(λ2) ◦ ε∗(x2), ε∗(y)

〉
T

= Γ∗(λ1) ◦
〈
ε∗(x1), ε

∗(y)
〉
T
⊕ Γ∗(λ2) ◦

〈
ε∗(x2), ε

∗(y)
〉
T
.



Similarly, for all x, y1, y2 ∈ A, λ1, λ2 ∈ F , we obtain〈
ε∗(x),Γ∗(λ1) ◦ ε∗(y1)⊕ Γ∗(λ2) ◦ ε∗(y2)

〉
T

= Γ∗(λ1) ◦
〈
ε∗(x), ε∗(y1)

〉
T
⊕ Γ∗(λ2) ◦

〈
ε∗(x), ε∗(y2)

〉
T
.

(2) By (L2), 0 ∈ x · T · x− x · T · x, so

ε∗(0) = ε∗(x · T · x− x · T · x) = ε∗(x)� ε∗(T )� ε∗(x)	 ε∗(x)� ε∗(T )� ε∗(x)

=
〈
ε∗(x), ε∗(x)

〉
T
.

(3) By (L3), we have 0 ∈
(

[x, [y, z]] + [y, [z, x]] + [z, [x, y]]
)

, for all x, y ∈ A. Thus,

ε∗(0) =
〈
ε∗(x),

〈
ε∗(y), ε∗(z)

〉
T

〉
T

+
〈
ε∗(y), ε∗(z), ε∗(x)

〉
T

〉
T

+
〈
ε∗(z),

〈
ε∗(x), ε∗(y)

〉
T

〉
T
.
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