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Abstract. Santilli’s isomathematics has a strong foundation in the early literature of mathematics surveyed by R.H.Bruck in
his land mark book ’A Survey of Binary Systems’ [1] dating back to 1958. This work aims at exploring the very basics of
Isomathematics as suggested by Santilli [7] and [8]. The concept of ’Isotopy’ plays a vital role in the development of this new
age mathematics. Starting with Isotopy of groupoids we develop the study of Isotopy of quasi groups and loops via Partial
Planes, Projective planes, 3-nets and multiplicative 3-nets.
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INTRODUCTION
Starting with a ﬁeld (F, +, ·) of characteristic zero, Santilli constructs a new algebraic structure called ’Isoﬁeld’
ˆ which is isotopic to the original ﬁeld F, with a prescribed element Iˆ = T1 > 0, called isounit, as the
F̂ = (F̂ +̂, ×)
multiplicative unit (unity) which may not be from the original ﬁeld, with multiplication appropriately deﬁned in the
ˆ = n × T × m with n, m ∈ F̂, under which Iˆ remains the correct left and right unit with Iˆ×n
ˆ = n×
ˆ Iˆ = n, n ∈ F̂
form n×m
for all elements of the set. Lifting of the elements to isoelements is done via n × Iˆ = n̂.
It is important to note that isoaddition is deﬁned to be same as the addition in the original ﬁeld F. Hence we may write
+ instead of +̂. The lifting of the trivial multiplicative unit I to Iˆ is the ﬁrst basic step of Isomathematics. In this paper
we investigate the nature of isoﬁeld [7] as the generalization of ﬁeld. The remarkable transition from ﬁeld to isoﬁeld
is the key to the whole ’isomathematics’ developed by Santilli. We also propose three propositions which follow from
the deﬁnition of Isoﬁeld.

PARTIAL PLANES
Deﬁnition 1. A partial plane is a system consisting of a non-empty set G partitioned into two disjoint subsets(one of
which may be empty), namely the point-set and the line-set together with a binary operation, called incidence, such
that (i) (Disjuncture) If x is incident with y in G then one of x, y is a line of G and the other is a point, (ii) (Symmetry)
If x is incident with y in G then y is incident with x in G, and (iii) If x, y are distinct elements of G there is at most one
z in G such that x and y are both incident with z in G.
Deﬁnition 2. A Projective plane is a special kind of a partial plane G such that; (iv) if x and y are distinct points or
distinct lines of G, there exists a z in G such that x and y are both incident with z in G ; (v) there exists at least one set
of four distinct points of G no three of which are incident in G with the same element.
It is easy to show that in the presence of (i)- (iv), postulate (v) is equivalent to ; (vi) there exists at least one set of
four distinct lines of G no three of which are incident in G with the same element.
Deﬁnition 3. A k-net is a partial plane whose line-set has been partitioned into into k disjoint classes such that (a) N
has at least one point, (b) Each point of N is incident in N with exactly one line of each class, and (c) Every two lines
of distinct classes in N are both incident in N with exactly one point.
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Since a net is a partial plane, every net may be embedded in at least one projective plane. Every projective plane
contains nets and, of these, two types additive 3-net and multiplicative 3-net have special signiﬁcance.
Second type is a 3-net N, a multiplicative net of a projective plane P. We select three distinct points A, B,C of P
which form a triangle ; that is, the lines AB, BC,CA are distinct. The points of N are the points of P not incident in P
with AB, BC or CA; the lines of N are the lines incident in P with exactly one of A, B,C ; and elements a, b, of N are
incident in N if and only if they are incident in P. Again not every 3-net is a multiplicative net of some projective plane
but ever 3-net is a sub-3-net of such a multiplicative net.
Deﬁnition 4. A Quasigroup is a groupoid G such that, for each ordered pair a, b ∈ G, there is one and only one x
such that ax = b in G and one and only one y such that ya = b in G.
In other words a quasigroup is groupoid whose composition table is a Latin square.
Deﬁnition 5. A loop is a quasigroup with an identity.

3-NETS AND ISOTOPY
Isotopy of Groupoids
Let(G, ·) and (H, ◦) be two groupoids. An ordered triple (α , β , γ ) of one-to-one mappings α , β , γ of G upon H is
called an isotopism of (G, ·) and (H, ◦). provided (xα ) ◦ (yβ ) = (x.y)γ .
(G, ·) is said to be isotopic with (H, ◦) or (G, ·) is said to be an isotope of (H, ◦).
We can have an additive 3-net and multiplicative 3-net of a projective plane. Every 3-net N of order n gives rise
to a class of quasigroups (Q, ◦) of order n by deﬁning one-to-one mappings θ (i) with i = 1, 2, 3 of Q upon the class
of i-lines of N. Two quasigroups obtainable from the same 3-net by different choices of the set Q or of the mappings
θ (i) are said to be isotopic. For any Q, the θ (i) can be so chosen that (Q, ◦) is a loop with a prescribed element e of
Q is as identity element.This lifting of the multiplicative quasigroup to a loop with the prescribed identity gives rise to
the ’isoﬁeld’ [4] for which associativity and commutativity for multiplication may not hold.
From here onwards we start developing all the properties of such isoﬁelds and give detailed account of Isomathematics
and its special status.
Thus the new realization of a ﬁeld, called as isoﬁeld is due to Santilli. This new algebraic structure has revolutionized
contemporary mathematics and found its applications in so far unexplored ( unexplained) and unknown territories of
quantum mechanics and quantum chemistry.
The study of isomathematics was motivated by speciﬁc physical needs. This new theory of numbers has become the
basis of recent studies of nonlinear-nonlocal, nonhamiltonian systems in nuclear particle and statistical physics.
Isoﬁelds are of two types, isoﬁeld of ﬁrst kind; wherein the isounit does not belongs to the original ﬁeld, and
isoﬁeld of second kind; wherein the isounit belongs to the original ﬁeld. The elements of the isoﬁeld are called as
isonumbers. This leads to a a plethora of new terms and parallel development of conventional mathematics.
Isonumbers is the generalization of conventional numbers formed by lifting conventional unit 1 to 1̂. In fact this lifting
leads to a variety of algebraic structures which are often used in physics. The following ﬂowchart is self explanatory.
Isonumbers −→ Isoﬁelds −→ Isospaces −→ Isotransformations −→ Isoalgebras −→ Isogroups −→ Isosymmetries
−→ Isorepresentations −→ Isogeometries etc.
In view of the deﬁnition of an isoﬁeld [8], we can say that an isoﬁeld is a an additive abelian group equipped with
a new unit (called isounit ) and isomultiplication deﬁned appropriately so that the resulting structure becomes a ﬁeld
which is non-commutative and non-associative, i.e. this structure is not isoassociative and isocommutative. In fact this
ˆ b̂×
ˆ b̂) = (â×
ˆ b̂)×
ˆ b̂ and â×(
ˆ â×
ˆ b̂) = (â×
ˆ â)×
ˆ b̂.
structure satisﬁes weaker isoalternative laws as follows. â×(
We mention an important proposition by Santilli.
Proposition 1. The necessary and sufﬁcient condition for the lifting (where the multiplication is lifted but elements are
ˆ ×
ˆ = ×T ×, 1̂ = T −1 to be an isotopy (that is for F̂ to verify all axioms of the original
not) F(a, +, ×) −→ (F̂, +, ×),
ﬁeld F) is that T is a non-null element of the original ﬁeld F.
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We propose three propositions which directly follow from the deﬁnition of isoﬁeld.
ˆ is the corresponding isoﬁeld such that the isounit Iˆ ∈ F then
Proposition 2. If (F, +, ×) is a ﬁeld and (F̂, +̂, ×)
ˆ
(F, +, ×) ∼
(
F̂,
+̂,
×).
=
ˆ is the corresponding isoﬁeld such that the isounit Iˆ ∈
Proposition 3. If (F, +, ×) is a ﬁeld and (F̂, +̂, ×)
/ F then
ˆ
(F, +, ×) is isotopic to (F̂, +̂, ×).
In this case the resulting isoﬁeld is not necessarily commutative and associative.
Proposition 4. Isoﬁeld corresponding to anon-associative and non-commutative ﬁeld is isomorphic to the original
ﬁeld.
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