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ABSTRACT

Pre-existing numbers, related mathematics and consequential physical theories
are generally used for the treatment of new scientific problems. In this mem-
oir we outline the research conducted by various mathematicians, physicists and
chemists over the past two decades who have shown that the inverse approach,
the construction of new numbers, related new mathematics and consequential new
physical theories from open physical, chemical and biological problems, leads to
new intriguing formulations of increasing complexity called iso-, geno- and hyper-
mathematics for the treatment of matter in reversible, irreversible and multi-valued
conditions, respectively, plus anti-isomorphic images called isodual mathematics for
the treatment of antimatter.

These novel formulations are based on new numbers characterized by the lifting
of the multiplicative unit of ordinary fields (with characteristic zero) from its tradi-
tional value +1 to: (1) invertible, Hermitean and single-valued units for isomathe-
matics; (2) invertible, non-Hermitean and single-valued units for genomathematics;
and (3) invertible, non-Hermitean and multi-valued units for hypermathematics;
with corresponding liftings of the conventional associative product and consequen-
tial lifting of all branches of mathematics admitting a (left and right) multiplicative
unit. An anti-Hermitean conjugation applied to the totality of quantities and their
operation of the preceding mathematics characterizes the isodual mathematics.

The above new mathematics are then used for corresponding liftings of New-
tonian, Hamiltonian and quantum mechanics, today known as iso-, geno-, hyper-
mechanics for the description of matter and their isoduals for antimatter, with
compatible liftings of geometries and symmetries, and, inevitable of contemporary
relativities. The above new body of knowledge is also known as hadronic mechan-
ics, superconductivity and chemistry, wherein conventional Hamiltonians represent
conventional, linear, local and potential interactions among point particles, while
generalized units provide an invariant representation of extended, nonspherical and
deformable particles under additional nonlinear, nonlocal and nonpotential interac-
tions due to deep mutual penetration of wavepackets at short distances. Whenever
the latter effects are ignorable due to large distances, conventional units, mathe-
matics and relativities are recovered identically.

We finally outline the novel scientific and industrial verifications and applica-
tions permitted by the new mathematics and relativities in physics, chemistry and
biology, including numerous experimental verifications, and applications for new
clean energies and fuels that are prohibited by contemporary mechanics, special
relativity and related mathematics.

AMS Classification: 12E99, 08A99, 08C10, 17881, 17B99, 37J05, 37N20, 37N25,
51B99, 53A35, 70H40, 70HSS
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efforts were devoted to the search of new numbers from which new .mathematics,
new relativities and new scientific and industrial applications uniquely follow.

The reader should be aware that the literature in the topic of this memoir is
rather vast because it encompasses numerous studies in pure mathematics, appli-
cations in various quantitative sciences, several experimental verifications as well
as rapidly expanding new industrial applications. As a result, in this paper we can
only review the most fundamental aspects of the new formulations. A technical
knowledge of the new advances can only be achieved via the study of the quoted
literature. To avoid a prohibitive length, references have been restricted to contri-
butions specifically based on the lifting of the unit with a compatible lifting of the
product. Regrettably, we have to defer to the specialized literature the treatment
of connections with numerous other studies. References are grouped by main fields
indicated with square brackets (e.g., [5]), while individual references are indicated
with curved brackets (e.g., (201)). Except for monographs, proceedings and reprint
volumes, the titles of the individual contributions are not provide to avoid a pro-
hibitive length, as well as because of their lack of general availability in the physics
literature without an extensive library search.

The reader should be aware that the new mathematics and their applications
are still in their initial stages and so much remains to be done. The author would
be grateful for any comment, as well as for the indication by interested colleagues
of mathematical or or other references in the origination of the new formulations
that have escaped his knowledge.

2. CONSTRUCTION OF ISODUAL MECHANICS FROM CLAS-
SICAL ANTIMATTER

2.1: The scientific unbalance caused by antimatter. One of the biggest
scientific unbalances of the 20-th century has been the treatment of matter at all
possible levels, from Newtonian to quantum mechanics, while antimatter was solely
treated at the level of second quantization. In particular, the lack of a consistent
clussical treatment of antimatter left fundamental open problems, such as the in-
ability to study whether a far away galaxy or quasar is made up of matter or of
antimatter.

1t shou'd be indicated that classical studies of antimatter simply cannot be done
by merely reversing the sign of the charge, because of inconsistencies due to the
existence of only one quantization channel. In fact, the quantization of a classical
particle with the reversed sign of the charge leads to a particle (rather than a charge
conjugated antiparticle) with the wrong sign of the charge.

The origin of this scientific imbalance was not of physical nature, and was instead
due to the lack of a mathematics suitable for the classical treatment of antimatter in
such a way to be compatible with chorge conjugation at the quantum level. Charge
conjugation is an anti-homomorphism. Therefore, a necessary condition for a math-
ematics to be applicable for the classical treatment of antimatter is that of being
anti-homomorphic, or, better, anti-isomorphic to conventional mathematics.

The absence of the needed mathematics is confirmed by the fact that classical
treatments of antimatter require fields, functional analysis, differential calculus,
topology, geometries, algebras, groups, etc. that are anli-isomorphic to conventional
formulations. The absence in the mathematics of the 20-th century of such a
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when applied to the totality of conventional quantities and their operations, with
no exception of any type. In this paper we cannot possibly review the entire isod-
ual mathematics, and must restrict ourselves to an clementary review of only the
foundations.

DEFINITION 2.1: Let F = F(a,+, %) be a field of characteristic zero repre-
senting real numbers F = R(n, +, x),a = n, complex numbers F' = C(c, +, X),a =
¢, or quaternionic numbers F' = Q(g,+, x),2 = ¢, with conventional associative,
distributive and commutative sum a-+b = ¢ € F, associative and distributive prod-
uct a X b= ¢ € F, left and right additive unit 0, a+0=0+a = a € F, and left and
right multiplicative unit I > 0, ax I = I xa = a,Va,b € F. The isodual fields (first
introduced in Refs. (11,12)) are rings F¢ = F¢(a%, +¢, x%) with isodual numbers

ot = —af, (2.5)
associative, distributive and commutative isodual sum
o+t = —(a+b)t =c? € F9, (2.6)
associative and distributive isodual product
ad x¥pt =al x (IN"! x b =t € F4, 2.7)
additive isodual unit
0% =0,a? +90% = 0¢ +?a? = af, (2.8)
and isodual multiplicative unit
I = —Tt a4 x? 1% = I% x? % = o Va?, b? € F°. (2.9)

LEMMA 2.1 (12): Isodual fields are fields (namely, isodual field verify all axioms
of a field with characteristic zero).

The above lemma establishes the property (first identified in Refs. (11,12))
that the axioms of a field do not require that the multiplicative unit be necessary
positive-definite, because it can also be negative-definite. The proof of the following
property is equally simple.

LEMMA 2.2 (12): Fields (of characteristic zero) and their isodual images are
anti-isomorphic to each other.

Lemmas 2.1 and 2.2 illustrate the origin of the name "isodual mathematics.”
In fact, the needed mathematics must constitute a "dual” image of conventional
mathematics, while the prefix "iso” is used in its Greek meaning of preserving the
original axioms.

Tt is evident that for real numbers we have n¢ = —n, while for complex numbers
we have ¢ = (n; +1i x nQ)d = —nq +1 X ng = —&, with a similar formulation for
quaternions.

DEFINITION 2.2 (12): A quantity is called isoselfdual when it coincides with
its isodual.
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2.3: Isodual spaces and geometries. Conventional vector and metric spaces
are defined over a field. It is then evident that the isoduality of fields requirces, for
consistency, a corresponding isoduality of vector, metric and all other) spaces.

DEFINITION 2.3: Let S = S(z,g,R) be an N-dimensional metric space with
real-valued local coordinates = = {z*}, k = 1,2,..., N, nowhere degenerate, suffi-
ciently smooth, real-valued and symmetric metric g(z, ...) and related line element
2 = (z'xgxz)xI = (2" x gy xal) xI € R. The isodual spaces, first in-
troduced in Refs. (11,14), are vector spaces S%(z%, g¢, RY) with isodual coordinates
z? = —z' where t denotes transposed, isodual metric g%(z?,...) = —gt(—zt,..),
and isodual line element

(wd)zd — (:EQ)d — (_mt)Qd — (:L‘d) @ (gd) %@ (:Btd) %4 7d =

= [(=27) (= %) (=g;i) (= %) (=2 (= x)(~]) = ~z* € R". (2:21)
The isodual Euclidean space E%(z%,8?, R?) is a particular case of $¢ when gf; = 6%,.
The isodual distance on E? is negative definite and it is given by D¢ = -—D,

where D is the conventional (positive-definite) distance on E. The isodual sphere
on a 3-dimensional isodual space E? is the perfect sphere with negative radius
and expression r®2¢ = [(z{?? +9 234 44 229 x4 [ = —r? € R The isodual
Minkowskian, isodual Riemannian and isodual symplectic geometries can be defined
accordingly (14,15).

2.4: Isodual Lie theory. Lie’s theory in its conventional formulation in mathe-
matics or physics can only characterize matter at the classical level, thus preventing
the study of antimatter via fundamental tools so familiar for matter, such as sym-
metries and conservation laws.

To overcome such an imbalance, R. M. Santilli proposed in the isodual Lie theory
in the original proposal of isoduality (11), whose explicit form is left to the interested
reader. We merely indicate that the isoduality of Lie’s theory were proposed also
for the classification of all possible realizations of abstract simple Lie algebras.

From the above rudiments interested readers can construct the rest of the isod-
ual mathematics, including: isodual topologies, isodual manifolds, etc. Particularly
important for physical applications is the isodual Lie theory (first introduced in Ref.
(11) (see also (14,22)), including isodual universal enveloping associative algebras,
isodual Lie algebras, isodual Lie groups, tsodual symmetries, and isodual represen-
tation theory, which we cannot review here for brevity.

The main physical theories characterized by isodual mathematics can be outlined
as follows.

2.5: Isodual Newtonian Mechanics. To resolve the scientific imbalance be-
tween matter and antimatter indicated earlier, the isodual mathematics has first
permitted a Newtonian characterization of antimatter consistent with all available
experimental data (14,22). Then, isodual mathematics has identified a new quanti-
zation channel (which is distinct from conventional symplectic quantization) leading
to an operator formulation which is equivalent to charge conjugation (14,16,21).
We first have the isodual Newton equations
d,,d d . d
md x@ dd:(z = F(d 2 ), 0t = d'z

= (2.22)
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represent matter, under the belief that classical antimatter can be represented via
a mere change of the sign of the charge without an inspection of the various conse-
quential inconsistencies identified earlier.

To resolve this impasse, R. M. Santilli proposed in Refs. [3] the isodual special
relativity which is based on the isodual topology (14), the isodual Minkowski space
(15), the isodual Poincaré symmetry (29) and the isodualities of relativistic dy-
namics and physical laws (55). The explicit form of these structures can be easily
constructed by the interested reader via the isodual map (2.4).

We only note that that the change of the sign of elementary charges or, more
appropriately, charge conjugation, are anti-homomorphic maps, while isoduality
is an anti-isomorphic map. Therefore, according to special relativily antiparticles
exist in the same spacetime of particles, while, according to isodual special relativity,
antiparticles exist in the isodual spacetime which coexists with, yet it is independent
from our spacetime.

2.9: Origin of the isodual theory in Dirac’s equation. On historical grounds
it should be indicated that the isodual mathematics and related theory of antimatter
originated from an inspection of the celebrated Dirac equation (6). In fact, its basic
unit displays precisely the negative-definite unit for the antiparticle component,
namely, the isodual unit,

o Ioxa Oax2 ) _ . Lxs Daxe
U ( O2x2  —Iaxa2 ) = < O2x2  Idyo ) (231)

Similarly, by recalling that Pauli’s matrices are Hermitean, the space compo-
nents of Dirac’s gamma matrices exhibit preciscly the isodual Pauli’s matrices of
antimatter precisely for the antimatter component of the equation,

By Oaxa  oO2x2 \ _ Oaxz  —0%ys
0" = ( —0ax2  Oaxo ) h ( ~oax2  O2xz ) (2:32)
It then follows that Dirac’s gamma matrices have the new symmetry of being
isoselfdual (Definition 2.2)
P =yt = e (2.33)
and, when interpreted via the isosual mathematics, Dirac’s equation directly de-
scribes the Kronecker product of an electron and a positron

{7y — 2 x Ap)r)/eo] + i m} x dé(z) =

= [( —?;k —%kd ) X (p — e x Apfco)=

—i X ( é Iod > X (pg — e X Agfco) +1xm] x ( qf;((xa?) ) =0. (2.34)

Finally, the true invariance of Dirac’s equation is not that under the Poincaré

symmetry alone, as popularly believed until now, but rather under the Poincaré
symmetry and its isodual

STt = P(3.1) x P%(3.1). (2.35)

Note the elimination of the controversial "hole theory” and second quantization,

since the isodual theory of antimatter holds at the classical level,, let alone that

in first quantization, without excluding, of course, its applicability to second quan-
tization. In particular, as indicated earlier, negative-energy solutions of Dirac’s
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