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FOREWORD

The compatibility between the idea of microscopic reversi-
bility on one hand, and the irreversibility observed on the macro-
scopic scale on the other hand, remains one of the fundamental
problems of contemporary Physics. Let us recall how I. Prigogine
presents this problem in his recent work ““From Being to Becom-
ing. Time and Complexity in the Physical Sciences”’, W. H. Free-
man, San Francisco 1980:*

“In classical and quantum dynamics, the fundamental laws
of physics are taken to be symmetrical in time. Thermodynamic
irreversibility corresponds to some kind of approximation added
to dynamics. An often quoted example was given by Josiah Gibbs
(1902): if we put a drop of black ink into water and stir it, the
medium will look gray. This process would seem to be irrevers-
ible. But if we could follow each molecule we would recognize
that in the microscopic realm the system has remained hetero-
geneous. Irreversibility would be an illusion caused by the obser-
ver’s imperfect sense organs. It is true that the system has remain-
ed heterogeneous, but the scale of heterogeneity, initially macro-
scopic, has become microscopic. The view that irreversibility is
an illusion has been very influential and many scientists have tried
to tie this illusion to mathematical procedures,f such as coarse
graining, that would lead to irreversible processes. Others with
similar aims have tried to work out the conditions of macroscopic
observation. None of these attempts has led to conclusive results.

*
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It is difficult to believe that the observed irreversible pro-
cesses, such as viscosity, decay of unstable particles, and so forth,
are simply illusions caused by lack of know/edge or by incomplete
observation. Because we know the initial conditions even in sim-
ple dynamical motion only approximately, future states of mo-
tion become more difficult to predict as time increases. Still, it
does not seem meaningful to apply the second law of thermo-
dynamics to such systems. Properties like specific heat and com-
pressibility, which are closely associated with the second law,
are meaningful for a gas formed by many interacting particles but
are meaningless when applied to such simple dynamical systems
as the planetary system. Therefore, irreversibility must have some
basic connection with the dynamical nature of the system.

The opposite notion has also been considered: perhaps

“dynamics is incomplete; perhaps it should be expanded to include
irreversibile processes.'r This attitude is also difficult to maintain,
because for simple types of dynamical systems the predictions,
both of classical and quantum mechanics, have been remarkably
well verified. It is enough to mention the success of space travel,
which requires very accurate computation of the dynamical tra-.
jectories.”

It is true that it scarcely seems reasonable to try to break re-
versibility at the level of particle dynamics, since the current Ham-
iltonian formalism, which is symmetrical in time, is perfectly
adapted to the dynamical description of all systems in which cur-
rent long--range interactions are involved. However, it is not cer-
tain that this usual approach, which comes from consideration of
particles as material points, is sufficient to describe the evolution
of a system in the presence of short—range interactions. Indeed,
any short—range interaction results from a state of contact i.e.,
for microscopic bodies, from a state of partial overlap between the
interacting bodies. Thus there necessarily appear non—local ef-
fects which generally do not enter into the Hamiltonian frame-
work. To us this constitutes sufficient justification for the theo-
retical study of non—Hamiltonian dynamics.



The papers gathered together below give an insight into the
attempts made since the 1960’s to associate non—Hamiltonian
dynamics with irreversible statistical descriptions. These papers
have been chosen because they show, even if their authors do not
all know each other, a remarkable homogeneity of thought. Our
compilation is evidently not exhaustive, and it is clear that our
concern for homogeneity and conciseness has led us to leave out
the many works concerning the hereditary and stochastic aspects
of Evolution.

ANTON SCHOBER
Division of Physics
The Institute For Basic Research
96 Prescott Street
Cambridge, MA 02138, U.S.A.
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NOTE
Sur la Théorie de la ¥ ariation des constantes arbitraires ;

Par J. LIOUVILLE.

Soient 7 un nombre entier positif, x une fonction de ¢ dont
nous désignerons par x’, x%,.... x® les dérivées successives,
prises par rapport a ¢, et P une fonction quelconque de ¢, x, «/,.,.
2C—0, §i I'on sait intégrer U'équation différentielle de 'ordre 7,

(1)  aW= P,

il sera facile d'intégrer cnsuite par approximation I'équation nou-
velle '

(2) 2@ =P 4 Q,

dans laquelle on suppose que le terme Q reste toujours trés petit. Lt
méme si Q désigne une fouction donnée quelconque de ¢, ct que
Uéquation (1) soit linéaire , on parvient i intégrer complétement 1'6-
quation (2). La méthode que les géomeétres suivent ordinairement
pour atteindre ce but consiste i faire varier les constantes avbitraires
contenues dans l'intégrale compléte x= f(z, a, b,... c) de I'équa-
tion (1), de telle sorte que 'équation (2) soit satisfaite aussi par
‘z= f(t, a, b,... c). Cela revient au fond i remplacer I'inconnue
x par r inconnues a, b,... ¢, entre lesquelles on pourra d'ailleurs
- établir & volonté (7 — 1) relations. Les relations dont nous parlons
deviennent trés simples quand on assujétit les valeurs de o, d*x, ...
d*—'x a conserver la méme forme dans le cas de I'dquatioun (2) et
“dans le cas de Péquation (1).

Reprinted from Journal Math. pures et appli., 3, 342 (1838)
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Pour déterminer a, b,...c en fonction de ¢, on oblient dans
cette hypothése les équations suivantes : :

dx da de db dr de __
- 'C?'a—o'zi-z ”{475.-32--]‘“.-."{-'77;-2;—-«0,,

dz' da dz’  db . dv  dec ___
Zrm twmra T e =%

° © a 3 ° ° » @ o ° 3 ° ° o

dzt=  da dz(n—3) dbm§ dati=3) de o

@ttt e T T

dx(*»=0  da | dzt=0 db dx(r= de
da cdr VAt ar e T Tde Al T Q

da db de
dodrt T de ‘
peut toujours faire & I'aide de la régle donnée par Laplace pour ré-
soudre les équations du premiersdegré, quel que soit le nombre des
inconnues, :
D'aprés cette régle on formera d'abord le dénominateur commun
de? de?t T de? b’
de ces inconnues. On aura ensuite le numérateur de la fraction qui- -

Il Sagit d’en tiver les valeurs de et Cesl ce quion'

. o ‘ . dx
des inconnues a l'aide des coeflicients —, ete.,

. da . .
exprime — , par exemple, en remplacant dans le dénominateur com-

dzv=1) dzfa=2) dz'  dzx
mun ar ) A
da P Q’ et da da? da par zcro

On peut simplifier le calcul toutes les fois que la fonclion P est
s 3 s oy . P
indépendante de 2¢—Y, cest-a ~dire toules les fois.que 2;—((—,,—:‘—) = o.

Je me propose dans cette Note de prouver qu'alors le dénominateur

.., da db de
comt s 22 L2 ac
ommun des quantités Ty T

ment et n’est fonction que de a, b,... ¢; on verra méme qu’il se
réduit 4 l'unité lorsque a, b,...c représentent les valeurs de x,
x’y...ct=1, relatives & une valeur particuliere de ¢, telle que Z=o.

Pour donner de ce théoréeme une démonstration générale, je ve-

Seo . ; . . .. odu
présente par u le dénominateur commun et je cherche sa dérivee —

ne contient pas £ explicite~

. prise par rapport i £, en tant «que cctte lettre entre explicitement
dans u, sans que I'on fasse varier les constantes @, b,... ¢. La valeur
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de u se compose d’une série de termes, les uns positifs , les autres
négaltifs : le premier de ces termes est par exemple ~

dr di’ dx(n=
da° a6 """ de

D’aprés un théoréme counu, la valeur de u doit devenir nulle si I'on

’ . v d{l b
rend égaux entre cux les coeflicients de o7 » ceux de — e+ ceux

de . . N .
de 2 dans deux des équalions du probleme. Si donc on remplace

partout dans l’éxprcssion de 2 une des dérivées x” par une autre
dérivée ayant un indice diffévent de i et compris daus la séric o, 1,
2,... (n—1), il faudra que¢ « se réduise a zéro aprés ce change-
ment cifectué. o ..

Cela posé jobserve que, pour trouver %,on peut différencier dans
u successivement x, x',... 20—, xt—1  ct ajouter les résultats
partiels ainsi obtenus. Or, dilférencier &, c’est vemplacer x par i, et
par ce chungement 2 devient zéro; de méme différencier '... ou i,
c'est remplacer x'... oux®=» par x’... ou 2", ce qui donne eucore
zéro ponr résultat. Quant i la dilférenciation qui porte sur 7",
ou Yeflectuera en remplacant 24"~ par @ ou par P. Douc {inalement

L de - ; .
la valeur dem— se composera de termes de la forme

dx dx dP
HZOHZ L dco

Mais P étant fonction de ¢, x, x',... "™, 0on a

dp dP  dx dP  dxs dp du(n=2)
= m wtw - wtetaes T

.. , dP 4P i
On trouve des valeurs.semblables pour les dérivées T qB Ea

. ) . dee . » .
les substitaant dans l'expression de — , celle-ct sc décompose en
: dp P
7 datnY)

plusieurs parties qui out pour facteurs respectifs = @

et qui sont nulles d’elles-mémes, comme il est aisé de le voir dapres
ce que I'on a expliqué plus haut. S
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Donc enfin T'on a j—j—?-—-o en sorte que le dénominateur u ne

contient pas ¢ explicitement, ot se réduit & une simple fonction
de a, b,...c. Ainsi la valeur de z ne changera pas si 'on pose
t==o0. Mais quand «, 2,...c représentent les valeurs initiales
dx’ dx(®=")
da’ bt Tde
se réduit a Yunité pour i==o0, et les autres deviennent nuls dans la
méme Lypothése : on a par suite alors w= 1, ce qu'il tallmt dé-
montrer.
Lanalyse précédente exige que P ne contienne pas la demvee x*,
mais seulement les dérivées d’ordre inf(érieur & (7 — 1) Si P conte-
nait 2"~ , on trouverait de la méme maniére

de x, x',... 2", le premier terme de u, savoir

du »dP
"—{} — U dmx(n__l).

Ces considérations générales deviennent heaucoup plus claires
lorsqu’on les applique au cas pwrtrcuhcr ol n==3.

On a alors
W f dm o de o
da ' db de da’ dec " db
- 0_1.}'_ ,_ci'v: _d_ic':"—__ flf dx’  dx”
de ' da ° db db * da * de
de  dxr  dr' dr  dx' dx"

Rl R il -

. et par le calcul direct, on trouve, en omettant les termes qui se
détruisent, ct en remplacant & par P,

du dx dx* JP dr dx’ dP

AT dat b de T dacde W

dx  dx' dP de dx' dP

tY & @ BT S A w

dz dx’ dP dr dx’ dP

BT T A e
expression qui devient nulle en effet, lorsquon met au lieu de
JdP 4P 4P .
da’ 467 de
Tome I, — JuinLer 1838, 44

leurs valeurs respectives
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dP  drx 4p dx’
iy il il
dP  dx _d_I: dx'
et all R o
dP  dx dP dx
Rl el il ikl

qui sont exactes dés que P est une fonction de ¢, &, x' indépen-
daute de x". Mais ces valeurs devraient étre augmentées des termes

. {dP  dz" dP dx' dP dx" . e g .
suivants S—. —=, 5. -, 7= . 7=, §i P contenait 2”. Aussi dans

: 2 st = u 2. et non plus = o
ce cas — est= u _— plus = o.
En supposant P indépendant. de 2", et admettant que «,

b, etc., soient les valeurs initiales de &, &', etc., on a -

Il

' da. ’ dx
- = — Q=

~db A dx
n = m

pour n== 2; puis

.

da dx dz’. dxr dx¢
=% -7
db__ dz dxz dr dx
=G F—Z %

de __ gdxr dx dx dx Q
I—V?;'d[r—db' da) ?
pour n == 3; et ainsi de suite.
- dR ’ : :
Lorsque =2, si Q est de la forme — ——, R étant une fonction
de ¢ et x seulement, il vient '
da __ dR dx __ dR
&t — dz *db ~_ db’-
db - dR dx __ _ dR

At T T dzda T T da’

ce qui s'accorde avec les formules connues.
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Les vésultats que nous venons & obtenir s'étendent de la manidre
suivante & un nombre quelconque d’équations différentielles simul-
tanées. On peut loujours supposer que ces équations sont du premier
ordre; car si clles conticnnent des difiérentielles d’ordre supérieur,
il suffira de représenter les intégrales de ces différenticlles par des
lettres particulieres, que Pon traitera comme de nouvelles variables,
pour rabaisser au premier ordre les équations proposées : par exemple

quuahou
Az
- =

peut étre remplacée par ces trois équations du premier ordre

dx, ___ .x: dr, __ x
71— %a qr T K
(1.1.‘3

— 3 & “.
7 x; =t

Soient donc en gcncral Ly, Xype.e Xn, N fonclions de t hees
entre elles parn ¢quations différentielles de la forne

dx, ___ dz, dzr,
Z =P F=be F=h
ot P,, P,,... P, désignent des fonctions de £, &, Xyy.. . &Ly Dési-
gnons par @, b,... ¢ les constantes arbitraires qui 2ntreront dans
les expressions de o, x,,. .. &4, fournies par Vintégration des équa-
tions différenticlles proposées. Enfin considérons les z ¢quations

dz, ‘da dz, db dz, de
G TG e T =0

da dt
dr, da dz, db dx, dc .
= mt ottt T =

. LI} ° . . ° o @ s o ) . ° . e . . ° ° °

dr, da dx, db de, de __
e m Tttt — g =

. da db de 1 " e
ol nous prenons pour neonnues —- T A W Je dis qu'il est tou-

jours facile de calculer & priori le dénominaleur commun des fractions

.o
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qui expriment ces inconnues. En effet, so:tu ce deénominateur. D’ apres

la regle de Laplace, il est formé d’une série de termes de la forme
dx, dxgti - dz, . . d ¥ , ll‘ C .
o d I pms avec des signes convenables. Clest pourquoi

nous écrirons

lr, dx
= Z( = ‘-——.——-—°- eie —2 ),
¢ ( i vdc)

d
Cherchons mamtenant . Il faudra pour cela différencier successive-

ment ., Xy, .. Xy, ‘par rapport a ¢: or la différenciation relalive 2
x revient & remplacer &, par P, d’ou résulte la quantité

z (= 4 b, d=. ‘-’f-)

da dh de

qui, développée, devient-

(et
dx, = da ° db """ de¢

dP, 2( dr, d ,‘ d:c,,)

rI T, de

.{_ (£P, < dz, dz, :Ia:,,j
@ﬂww”@,

et se réduit simplement 2
. ) dpP,
dz,’ “

parce que les sommes

dx d . dr,\ dz, dr dr
2, 4 dz, s (o a5 O
E(i dy dc)"“’ = <'— du db dc>

sont nulles en vertu d'une propriété bien connue. La valeur com-

. dll . 3
plete de - st done

R N N 1y
ddt de, ' de, ! Yodz,
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Toutes les fois que la somme

dp, dp, dr,
e T oottt

2 M 1 ’
se réduit a zéro, on a

en sorle que le dénominateur 1 cst alors indépendant de £ Si douc
on suppose que @,k .... ¢ veprésentent les valeurs de x,, ,,...

. .. de, dx da
2, pour =0, et si 'on prend positivement le terme = . =22, 20

w } ’ p P‘ da = b de
de 'expression de z, on aura toujours u== 1. }Mais quand, en adop-

tant cette derniére hypothése, on regarde la somme

dp, dp,

dp,
=t e

dz, : dv,

comme ayant une certaine valeur ¢ différente de zéro, alors il vient

["dl
oY
U = e .




Psendo-Hamiltonian Mechanics

R. J. DurrFiN

Communicated by W. NoLL

1. Introduction
This paper is concerned with the system of 2# ordinary differential equations

(0 dg; _ oH ap;  oH
@ T e fT@ T g
Here 1=1,2,...,n, and ¢ is a constant. The independent variable is ¢, and

the dependent variables are p,,...,p, and ¢, ..., ¢,. Also H denotes a given
function of the p; and the ¢; and ¢; H=H(p, ¢,¢). In this paper equations (1)
are termed the pseudo-Hamiltonian equations.

If e=—1, then equations {1} are HAMILTON’S canonical equations. In this
case it was shown by HAmILTON that equations (1) can be used to describe the
motion of a mechanical system having # degrees of freedom. The ¢, are inter-
preted as generalized coordinates of the system, and the p; are intepreted as
generalized momenta. HAMILTON'S equations have proved to offer a very fruit-
ful mathematical technique for studying conservative mechanical systems. A
system is said to be comservative if the total energy is constant. Moreover in
such systems the Hamiltonian function A can be interpreted as the total energy,
so H is said to be a constant of the motion. '

This method of HAMILTON is not applicable to systems which dissipate energy.
By contrast it is to be shown here the pseudo-Hamiltonian equations can describe
the motion of common dissipative systems. For example, if ¢=1 and if the
Hamiltonian function H is a quadratic function of the #; and the g;, it results
that relations (1) become a system of linear differential equations. This system
can be used to describe the small motions of a dissipative mechanical system -
about a position of static equilibrium. Moreover this same system of pseudo-
Hamiltonian equations can also be used to describe the flow of the charges ¢;
in an electrical network with lumped inductance, resistance and capacitance.

There is substantial theory relating to the true Hamiltonian equations {I].
Some of this theory can be extended to the case es=—1. For example, it proves
possible to extend LioUVILLE's theorem concerning a statistical ensemble of
systems in phase space.

This paper may be regarded as a study of relations between conservative
and dissipative systems. Previous work in this general direction appeared in
references [2] and [3]. In particular, a special transformation was given in [3]
which put conservative systems into correspondence with a class of dissipative
systems. This motivated the present more general study.

Reprinted from Arch. Rational Mech. Anal., 9, 309 (1962)
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310 R.]J. DuFFiN:

It is well known that HAMILTON’S canonical equations can be regarded as
the EULER equations of a variational principle [4]. Moreover H. BATEMAN [5]
indicated a possible way of treating dissipative systems by a variational method.
However no attempt is made here to relate the pseudo-Hamiltonian equations
with the calculus of variations.

RaYLEIGH [6] made several contributions to dissipative mechanics. In parti-
cular, he introduced a new function R termed the dissipation function. Then
RAYLEIGH could write LAGRANGE’S equations for a dissipative system as
o) 4(2L)_ oL _ R,

, di \ 9g; oqx a2q%,
Here L is LAGRANGE’s function, and g; denotes d¢,/d¢. This method of RAYLEIGH
has proved to be a suggestive mathematical technique for treating dissipative
systems. However it is not in the spirit of the method of Hamirton because
two potentials L and R are required. In Hamirton’s method the system is
characterized by a single potential H.

In what follows all quantities are taken to be real unless the contrary is
indicated. The continuity and differentiability conditions needed on the func-
tions introduced are clear from the context and so are not explicitly stated.

2. The Hamiltonian equations

Let g, for =1, ..., n be generalized coordinates of a system with » degrees
of freedom. The velocity components are q,'-:dq,-/dt where ¢ is the time. Let

f; denote the external force components. Thus T 2 }»gqr is the power input to
the system.

Suppose that there isa scalar function L(g, ¢’, £) such that for some constant & 5=0

d [oLy | 1oL oL
) 2t (5g) + e =1
Then L is termed a Lagrangian function. If s= —1, then equations (3) are

the classical equations of LAGRANGE.
The momentum components are defined to be

(4) pi= gj .
7
The Hamiltonian is then defined to be
(5) H=Yp—q: L
1

Thus —H is the Legendre transform of L and'consequently can be considered
to be a function of p;, ¢; and ¢, say H(p, ¢, ). Differentiating (5) gives

AH=Sg'dp, — SV OL 4. _ oL

zflkdﬁk 2 oas dgy — ;- dt.
Then making use of (3) and (4) gives
dg; oH op; oH

6 it b 0 )
(6) i =g STa =g Tl
Tl_lese are the (pseudo) Hamiltonian equations. In what follows tlie main concern
will be the case of free motion. Then there are no external forces, so f,=0.
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It is convenient to regard ¢;, ¢,, ..., g, as the components of a vector ¢ in
an #n-dimensional Euclidean space E,. Likewise p,, Pes ..., P, are regarded as
components of a vector p. The scalar product of these two vectors is denoted
by (#,¢). Thus in terms of compound matrices equations (6) may be written as

oH
- 0 I|ip'|  |8p
(/) SIO[q”— aH'
KZ3

Here I is the n by » identity matrix.

Equation (7) may be written in a still more compact notation by introducing
a 2n-dimensional Euclidean space E,, termed phase space. Let » be a vector
of E,, whose first n components are $,, p,, ..., p, and whose last # components
are ¢, ¢y, ---,¢,. Then equation (7) becomes

. 8H
(8) I'r ==

where I denotes the 27 by 2# matrix on the left side of equation (7). Clearly
9) IP=¢I.

By use of the pseudo-Hamiltonian equations in the form (8), it is seen how
to develop the analogy. For example if # and v are two scalar variables, the
Lagrange bracket {u, v} is defined as

or @ o[ dg D opr 2
(10) ((F ¥ r))—_—Z(-gi_&-f—g._P_k_._qf_)
1

ou ' v 2u dv du dv

Here ((r, s)) denotes the scalar product of two vectors in E,,. If % and v are
two scalar functions, the Poisson bracket [, v] is defined as

du ov [ du Bu ov du
B B ]
(1) (5= 255 w0 + 250 o)
If v is any function of p; and ¢;, then the following relation holds:

(12) (Hv]=e2.

To prove this, use is made of (8) and (9). Thus
[H,v] = (I"0H|ar, 9v[a7)) = (I, 29/97)

This formulation of Hamiltonian mechanics is patterned after the new treat-
ment given by SyNGE [7]. The older approach does not use matrix methods,
and it results that certain basic concepts are obscured.

3. Definition of canonical transformations
Transformations of phase space which leave Hamilton’s equations invariant
in form are termed canonical transformations. Attention will be restricted to
the case when the Hamiltonian function is not an explicit function of the time £.
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Consider then a transformation of phase space taking each vector  into a trans-
formed vector R, say R=f(r). Thus

{13) dR=Jdr and R'=]7,
where J is the Jacobian matrix. Also
oH _ .t 8H
(14) w5 =/ @’
where J7 denotes the transpose of J. Substitution of these two relations in

(8) gives
_1 pr T 0H
I'JiR =] 3

These equations can be written in the canonical form I'R’=28H/0R provided

(15) r=Jjirj.
These are the necessary and sufficient conditions that R==F(r) is a canonical
transformation.

Theorem 1. The Lagrange and Poisson brackets are mvarmnt under a canonical
transformation.

Proof. By relations (13} and (15)
(5 5 =lrr 50 7 55) =77 55 35)

This shows that the Lagrange brackets are invariant.
To treat the second part the following identity is needed.:

(16) I'=jrjr
To prove this, the inverse of (15) is taken giving I''=J1I1(J7)L. Then

JI'1JT=T"1 but by (9) it is seen that I"'=1ITe, and this gives (16).
The Poisson bracket is

(r2. 3= .7 )77 35 380 g 2
This completes the proof of Theorem 1.

It is well known that true canonical transformations do not have to be
linear. Because of this fact the following theorem reveals a major difference
between pseudo-Hamiltonian and true Hamiltonian equations.

i

(750 55))

Theorem 2. A canonical transformation is a linear transformation if == —1.

Proof. Let the relation I'=JTI'] be differentiated with respect to the
coordinate 7,, and denote the derivative of J as J,, so

T+ rj=o.
Let X denote JT T, and let Y denote (I" J)™, so
(17) JF==XJY
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Let J,, denote the matrix elements of J, and let J,,, denote the matrix elements
of J.. Thus (17) becomes
(18) " ]Imc= o« ad.]:icc :b'

Here the summation convention has been employed. By the definition of the
Jacobian matrix it follows directly that J,,,=J;.,. Then the transformation
(18} is applied twice to give

]bac = Xnd Xc/]/gc Y;;d Yetr
Changing Jj,, to J;,, and again using (18) gives
—]bac= ud]bcgy'gdzjbgc Y;,'d Xad'
In the notation of equation (17) this relation may be written as
~Je=LYX =] /37 ].

Thus [, J1(I+ 117 J=0. But

0 ¢t
I o

Clearly 14 I'T is singular if and only if ¢= —1. Hence J,=0, and the proof
is complete.

et o
0 ¢

rarr— = .

0 ¢
Io

4. Representations of canonical transformations
As is well known, if S is an antisymmetric matrix, then ¢° is an orthogonal
transformation. The aim of this section is to give representations of this type
for linear canonical transformations.
Theorem 3. Let f(z) be a function which is analytic at =0 and satisfies the
identity

(19) fla) H—2) =1.
Then if ¢=1 or e=—1, a canonical transformation is defined by R= Jr where
J s a constant matrix defined as

(20) J=1I'S).

Here S is an arbitrary symmetric matrix if e=—1 and S is an arbitrary anti-

symmetric matrix if e==1. (The precise meaning of (20) 1s given below.)

Proof. If f(z) has the power series expansion

(21) f2)=ag+a 2zt agt -,
then define
(22) felS)=ayl+azI'S+ a2 S)2 4. .-

This series converges if the parameter z has small absolute value. The expression
(20) is defined as the continuation of (22) for z=1. A continuation is assumed
to exist along some path in the complex z-plane which is symmetrical with
respect to the origin. The path is to extend from z=—1 to z=1. Thus if
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HzI'S) is defined, so also is f(—zI'S). Clearly (19} implies that
(23) fT'S)f(—zS) =1,
and this holds if z=1.
To prove that [ is a canonical matrix it is sufficient to show that
(24) I jir=jy A
Consider that (SINT=I7ST=¢I'ST=~1TIS. The last step follows from the
hypothesis on S. It is seen that {(S I')*}" =(—I'S)". Thus

(25) (s r=(—sn"
Using this in (22) gives
(26) _ IS I'=f—2TS).

Then the continuation of identities (23) and (26) yield (24), and the proof is
complete.
Let #(z) be an odd function analytic at the origin. Then it is clear that

(27) Ha) =ul(z) £ (1+ u2(2))}

satisfies (19). Moreover it is easy to show that this gives the general solution
of (19). Special cases are:

(28) f(z) =sinh z 4 cosh z = ¢,
(29) Fla) =z 4 (14 294,
(30) Ha)=({1—2)/(1+2).

The function (30) was introduced by CAYLEY to represent orthogonal trans-
formations. It is clear that orthogonal transformations in Euclidean space dre
obtained by replacing I' by the identity matrix. The function (29) was proposed
by SYNGE to represent Lorentz transformations. The case of Lorentz trans-
formations may be obtained by choosing I" to be a diagonal matrix with

(31) Li=lL,=I;=1 and I[j;=—1.

The group of canonical transformations corresponding to ¢= —1 have been
termed the symplectic group by H. WevL [§]. The symplectic geometry and
the orthogonal geometry as studied by ARTIN [9] correspond to e==—1 and
g=1 respectively.

5. Quadratic Lagrangians
Consider a Lagrangian which is a general quadratic form in ¢ and ¢’. Thus

(32) 2L=(49,9)+2(Bg.¢)+(Cq.9)

where 4, B, and C are constant matrices. It may be assumed without loss of
generality that 4 and C are symmetric matrices. Then

oL ,
(33) ~5-q-—,-=Aq + By,
(34) -g-’; =BT¢ 4+ Cyq.
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Substituting these expressions in LAGRANGE'S equations (3) gives

(35) A¢"+ B¢+ Cig=f
where
(30) By=B+¢1'BT and C =¢1C.

To obtain the Hamiltonian function the first step is to take the product
of relation (33) with ¢’. Thus

(37) #.9)=(49.9)+(Bg.9).
Substitution of equatioﬁ (37) in equation (5) then gives
(38) 2H=(44.9)—(Cq.9).

To obtain HAMILTON'S equations it is now necessary to eliminate g’ from the
right side of equation (38).
Let E be a symmetric matrix such that

(39 A=AEA.

If A has an inverse, then it is clear that E=4-1. In any case relation (39) can
always be satisfied. (This is seen by transforming 4 to diagonal form.) Then

(40) Aq'=p— By,
(#1) EA¢=Ep—EBy.

" Forming the scalar product of equations (40) and (41) and then using equations
(38) and (39) gives

(42) 2H=(Ep, )+ 2(Fq.9)+ (Gg.9),
where
(43) F=—EB, G=-—C+ BTEB.

Then HAMILTON’S equations for free motion are

(44) I'r=Kr
where K is the 2# by 2# matrix
K= ET F .
F' G

It is seen that K is a symmetric matrix because E and G are symmetric.

Of especial interest are normal modes of motion. These are solutions of equa-
tion (44) of the form ‘

{45) r=¢'w.

Here w is a constant vector termed an esgenvector, and z is a constant termed
an eigenvalue. Both w and z may be complex. Substituting (45) in (44) gives

(46) Fw=Kw.
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If g==1, then I', as well as K, is a symmetric matrix. Let », and w, be eigen-
vectors corresponding to different eigenvalues, z) and z,. Then the following
orthogonality relations hold:

(47) 0= ((I"w;, wy)) = ((K wy, ws)).

If ¢=—1, then I' is antisymmetric, and it is seen that the eigenvalues are
pure imaginary. Thus if z is an eigenvalue corresponding to the eigenvector w,
then — z is an eigenvalue corresponding to w*. (The asterisk denotes the complex
conjugate.) The following orthogonality relationship holds:

(48) 0= ((I"wy, w3)) = (K wy, wy)).

Here w, and w, are eigenvectors with different eigenvalues.

6. Typical linear systems and networks

It has just been seen that a quadratic Lagrangian function results in the
set of linear differential equations (35). These equations may be regarded as
relating the coordinates ¢; of a system with the applied forces f;. Equations
(35) are sufficiently general to treat linear mechanical systems or linear electrical
systems. ‘

Greatest generality is attained in equations (35) when &?==1. In that case
equation (36) can be solved for B. Thus

(49) B=(B,— ¢! Bl)/(1 —¢?).

Consequently the matrix B, is arbitrary.

The matrices 4 and C, can be arbitrary as long as they are symmetric. This
is not an essential restriction since all electrical and mechanical theories lead
to such symmetry. . .

If ¢=1, then it follows from equation (36) that the matrix B, is symmetric.
Then all the matrices in the LAGRANGE equations (35) are symmetric. Also the
matrices /" and K in HAMILTON'S equations (44) are symmetric. It is seen that
the ¢ase ¢=1 may be used to treat small damped vibration of a mechanical
system about a position of equilibrium. '

The case s=1 also corresponds to an electrical network with lumped para-
meters. The matrices A, B, and C; correspond to inductance, resistance and
capacitance respectively. The quadratic form 2R=(B, ¢',¢") is the energy dis-
sipated in heat. R is RAYLEIGH'S dissipation function.

The case e==—1 is the classical case. It is seen from equation (36) that B,
is necessarily antisymmetric. Thus (B, ¢’, ¢') =0, so no energy can be dissipated.
Equations (35) can be interpreted as the equations which determine the small
vibrations of a conservative mechanical system about a position of steady motion.
Then By’ is interpreted as gyroscopic force.

Howrrt [10] proposed a method of finding equivalent networks by making
a transformation Q=/(g) in coordinate space E,. A simple example of this
method is given in reference [11]. A coordinate transformation is a special
canonical transformation, so this suggests the following generalization of HowiT1’s
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method. Instead of a coordinate transformation make a canonical transformation
R=f(r) in phase space E,,. This may lead to a more general class of equivalent
networks.

7. Liouville’s theorem for dissipative systems

Consider an ensemble of identical conservative systems in phase space. Then,
according to LIOUVILLE’S well known theorem, the ensemble density is constant
along a trajectory [I2]. Of concern here is the extension of this theorem to
certain systems with dissipative forces.

- The type of dissipative force to be permitted is a resistance proportional
to the velocity. It is convenient to define this precisely in terms of the Hamil-
tonian function of the system as follows. A system is said to have linear velocity
forces if *H|9p,dq, is a constant for 7, k=1, 2, ..., n. The following theorem
will be based on this hypothesis. It is worth noting that the theorem will follow
under the weaker hypothesis that

& O H
0 ———— == constant.
(o) ; Ot Oqr

Theorem 4. Let S be a system with linear velocity forces. Let o(r,t) be the
density in phase space of an ensemble of systems identical to S. Then along a free
trajectory

(51) 2= Qo o
where b 1s an absolute constant.

Proof. The equation of continuity is 8g/d¢+ diver’ =0, so

ag 2n 39 2n ay’,;

— N 4 P

(52) 0= 6t+21'rkark+gzark'

Also if Do/Dt denotes the rate of growth of g along a free trajectory, it is clear that -
Do 9p , % ap

(53) Dt = o T2,

Subtracting equation (52) from equation (53) gives
2

Do _ _ Bork _ <[ dpi , 04k
Dt =T = e 2ot g
Substituting HAMILTON’S equations on the right gives

1 De_ s _OH _

Integrating this equation gives
logop=0bt+c

where & and ¢ are constants, and the proof is complete.
Conceivably Theorem 4 could aid in the study of non-equilibrium statistical
mechanics.

This paper was prepared under Contract DA-36-061-ORD-490, U.S. Army Research
Office. The work was initiated at the Dublin Institute for Advanced Studies.
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MATEMATICK

EVOLUTIA DENSITATII DE PROBABILITATE
IN SPATIUL FAZELOR,
PENTRU SISTEMELE MECANICE NECONSERVATIVE

DE

SILVIU GUIASU

Comunicare prezenlald de ¢. I4c0B, membru coresponden! al Academiel. R.P.R.,
"t gedinfa din 7 {ulie 1962

1. S84 copsideram un sistem mecanic neconservativ,:ew.n grade dev
lihertate. Miscarea sistemului este datd de. sistemul de ecuatii cvasi-
cnenic :

a0 . o . :
= — aq; + @ (k=1,...,n), (1)

gt = ?

- P

unde ¢* , py (k =1, ..., n) sint respectiv coordonatele generalizate §i im-

pulsurile generalizate, ¢, componentele fortei genéralizate, iar hamilto-
nianul

=

T=3 podt — T, (2)

Tt

T filnd energia cineticd. Miscarea sistemului cu » grade de libertate revine
ln miscarea unul punct reprezentativ in spatiul fazelor F,, care este un
spafin enclidian cu 2n dimensiuni. Pozitia punctului reprezentativ la
momentul {1, indicd starea-sistemului mecanie 1a acel moment.

- 2. Evolutia in timnp a volumului in spatiul fazelor. Fie un domeniu
0 C E,,. FFie un punct care la momentul initial se giiseste in..D §i are coor-
donatele Py, ooy Ppy 4% - .., q°. Dupid intervalul de timp dt, el va avea
coordonatele

pi=p +pidl, F=¢+¢d, (i=1,...,m), )

Reprinted from Com. Acad. R.P.R., Bucarest, 12, 1087 (1962}
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in care derivatele sint date de ecuatiile cvasicanonice (1). Volumul do-
meniului D ocupat de puncte la momentul initial este

VzS Sdpl... dp,dqt ... dg*, {4)

D
iar volumul ocupat de puncte dupi di

V’==S Sdp;”.tqugl...dgn.
"

Relatiile (3) reprezintd o schimbare de variabile, de determinant functional
0Py 0g* -
9P | __q_) )

0py ag*

Tinind cont de sistemul cvasicanonie, avem .

"9
A=J+—§a$m. (6)

A=1+§(
k=1

Deci

‘,"I — 17 +S S éan
e et 7]

dp, ...dp,dg* ... dg* di.
Dr

Cum V' — V = dV, cunoscind volumul ¥V, al lui D la momentul I,
volumul V la momentul t va fi

V=V°+SS SEOQ"dpl...dp"dql...dq"dt {(7)
t £1 0Py

si deci:

Teoremdid. Dacd se considerd fiecare punct al domeniului D, de
volum V, ca stare initiald a sistemulut la un moment initial ¥, st se urmamh'
deplasarea n timp de-a luny gul traiectoriei sale pind la un anwmit moment
fmal t, atunct tolalitatea acestor puncte finale formeazd wn domenin D, ul
cdrut volum V este dat de relaia (7).

Remarcd. In cazul fortelor conservative @, = g—g- , unde U =
q

Y . C o
= U(y,t)sideci a(”)’“ = 0, In care caz avem teorema lui Liouville de con-
Dy
servare a volumului in spatiul fazelor.

3. Evolutia in timp a densititii de probabilitate. 83 presupunem i
avem o densitate de probabilitate in spatiul fazelor (p, ¢, 7). S§ consi-
derdm un domeniu d infinit mie, situat in jural punctului de coordonate
(py q), avind deci volumul v = dp, ... dp, dg* ... d¢" . Probabilitafen ca
la. momentul ¢ un punct si apartind domeniului d este

(P, gy 1) dpy .. dp, dgt ... dg*. (3)
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Dupé intervalul de timp dt, aceeasi probabilitate, ca punctul si aparfind
domeniului infinit mic d’, obtinut din d, este
2(p,qst+dt)dp; ... dg™ =2 (p,q,1) ap; ... dg",
$i cum :

v =dp;...dp,dg"...dg" =Adp,...dp,dg" ... dg” = A-v,
avein : ‘

A-g (p,r .q,a t+di)=¢ (P, 4,1).
Cum insg
S(pq t+dt)—2 (pyq,?) = d2 (p, q,1),

rezultd :

B 30 g, @
2 (p,q,t) £=1 0Py, .
de unde obtinem :
n 't 80
-z \ kg, (10)
25 (0, 40,1 = 2 (o b i) ¢ T

2(p(te)y qlty),t,) se obtine din conditia de normare a densitatii de pro-
babilitate : :
1

E(p (t); alto), to) = — (11)
-z S ?-g—k-dt
S S e B=10 % gp . dp dgt ... ag* .

Eon

Pentru ca 2 (p, g, ¢) datd de relatia (10) s3 fie o densitate de probabilitate,
mai rdmine s& ardtdm c# conditia de normare este independenti de timp,
adicd, probabilitatea ca punctul (p, ¢) si se giseascd in spatiul fazelor la
orice moment ¢, este egald cu 1. Intr-adevar, se vede ci

’ - w d n a
dv' =v —v, adici 2 —6-9#’3 dt,
v k=1 0Py
de unde rezulti
5 g‘ 9% 4 12
w =7, =106 12
Deci, produsul factorilor care depind de ¢, din conditia de normare,
'-%Yﬂa —Eg‘&a %g‘ﬁ’&fu
e *=1J6 v=g =1L kel 0% Vo =dp, (L) ... dg" ()

§i deci nu depind de ¢. Prin urmare am demonstrat : :
Teoremi. Cunoscind valoarea densititii de probabilitate la un
moment tnifial, intr-un enumit punct initial, valoarea acestei densitdti de
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probabilitate; la.un moment final t oarccare; in punciul obfinui prin depla-
sarea punctului initial de-a lungul traiectoriei sale din. spatiul fazeler, este
datd de relatia (10).

Remarcd. In cazul in care fortele care actioneazi asupra sistemului
sint conservative, se vede din (10) ci densitatea de probabilitate in spatiul
fazelor rimine constantd.

ABOJIOLNSA NIOTHOCTHA PACIHPEIEJEHUA BE_POHTHOCTEH
B ®A30BOI NJIOCKOCTU OJIfT HEKOHCEPBATHUBHBIX
MEXAHUYECKHUX CUCTEM

PE3IOME

TlyeTs pana HEKOHCEPBATHBHAZ MEXAIMUECKAs CHCTEMA C 7 CTC-
meuaMu  cBOHGOMB!, Han — ($A30BOE MPOCTPAICTBO, (), — KOMIOHEHTH 060-
Omermoit euam. Eciu M3BeCTHO 3HAYEHME INIOTHOCTH pacmpejesNeHuf Be.’
posTHocTeil B HAYANGHOM MOMENTE, B HMEKOTODOIl HavasbiIoil TOUYKe, -TO
sHavenue BTOM TAOTHOCTH PACHPESeNICNIA BePOsITHOCTEII B HEKOTODPOM
KOMEYHOM MOMEHTe ! B TO TOYKe, KOTODAA IIOJNYYAeTCA IpH Iepemenic-
VI HAYAIBII0N TOYKY BAONL TpacKkropuu B (asoBoM NPOCTPAHCTBE, HACTC
COOTHOIMEHNEM

fnd —

[4
- g 89y,
o T . kel ty 0P

T (p (1), q(t), 1) = (D (L), qlto)y 1o) €. VR

Eeau xasgas. Touna obsactn Dy C Fe, 00nema V, pacemaTpipaercs
KAK HAYAADIIOE COCTOSINIIC CHCTCMBL B HAUAJILIIOM MOMEIITe I BATeM (e
AYIOT 3a HEpEMeNeNeM BOJb TPACKTODINT O - HEKOTOPOTO KOHCHIOIr0
MOMEHTA !, TO COBOKYHHOCTH HTHX KONCUHBIX Touex ofpasyer o6aacrs
D, ofsem V woTOpOil HaercA COOTHOIIEHIIEM

y =7+ ( (52%, Ip, dgt .
= ¥V, + \ Y ——=dp, ... dp, dq*t ... dg"dt.
AN 21 ()pk
D
oU
B cayyae KOHCEPBATHBHEIX CILL (), = , rne U = Ulq,t) u, cue-
aq*
0
ZOBATEJIBHO, —aﬁ = 0; modyyaeM B 8TOM Cjyuae Teopemy JInysuma 0
Dr

coxparenun o6bpeMa M ILIOTHOCTH PACHpeNeNeHHA BepOATIOCTeil B dasonon
IPOCTPAIICTBE.
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LEVOLUTION DE LA DENSITE DE PROBABILITE
DANS L’ESPACE DES PHASES, DANS LE CAS
DES SYSTEMES MBECANIQUES NON CONSERVATIEFS

RESUME

Soit un systéme mécanique non conservatif 4 n degrés de liberté,
iz Pespace des phases, @, les composantes de la force généralisée. St
'on connait la valeur de la densité de probabilité & un moment initial,
dans un point initial détermingé, la valeur de cettc densité de probabilité &
un motnent final ¢ quelconque, au point obtenu par le déplacement dua
point initial le long de sa trajectoire dans Pespace des phases, sera fournie

par la relation
noto9Q
. S .

= ap

2 (p (1), g(t), 1) = S (p(te), qlto)s o) € *~ ¢
Si 'on considére chaque point du domaine Dy C Fizn de volume ¥V, comme
¢tat initial du systéme & un moment initial ¢, et que l’on suive le dépla-

cement dans le temps le long de sa trajectoire jusqu'h un certain momeont
final ¢, la totalité de ces points finals forment un domaine D, dout le

volume V est donné par la relation

¢ n
V=7, +\ g SZ?—Qﬁdpl...dp,,dql...dq"(lt.

Jigdeeo Je=1 0Py
D

fo

. oU . .
Dans le cas des forces conservatives, @ =—(;——’;~, o U = U{q,t) et par
, q :

Q . N .
-conséquent—a—(-‘)-'£ = 0; or, en ce cas onale théoreme de Liouville, de la con-

P
cervation du volume et de la densité de probabilité dans Pespace des phases.
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PHYSIQUE THEORIQUE. — Incompatibilité de la dynamique hamiltonienne
et des théorémes d'irréversibilité en Mécanique statistique classique.

Note (*) de M. Fraxcis Fer, présentée par M. Louis de Broglie.

1. DEFINITIONS ET NOTATIONS. — Soit un systéme isolé S de la Mécanique
statistique classique, défini par ses coordonnées généralisées et son
hamiltonien #¢; X désignera un point quelconque de I'extension en phase I'.
Soit ¥ I'hypersurface de I' définie par #¢(X) = E, constante donnée.
Nous prenons pour mesure sur = (notation dQ pour la plage dX) la mesure
définie par Khinchine ('); elle est invariante dans le mouvement.

Nous supposons que nous avons, pour représenter un état macrosco-
pique de S, une régle qui fait correspondre & cet état un ensemble C de
points de ¥ de mesure positive. Nous appellerons C une constellation;
Y est la réunion de constellations C; (=1 & s). Pour un systéme & N
particules (que nous supposerons identiques pour simplifier) un moyen
particulier et bien connu pour définir un état macroscopique et la constel-
lation correspondante consiste & diviser’espace des phases u de la particule
en cubes identiques D, (¢ =1, 2, ...) de grandeur finie et & caractériser
cet état par une d1str1but10n 1nr,}, n, étant le nombre des particules
attribuées a D,. Bien entendu, en sus -de la condition Zn,,:N, la

' e
distribution et la position des particules dans p. doivent respecter la
condition d’énergie donnée. A {n,} correspond dans I'espace I' un certain
nombre de cubes 3, produits cartésiens de cubes de I'espace 1, et permutant
entre eux par les permutations des particules entre elles; la constellation C
est la portion de ¥ découpée par cet ensemble de cubes [on définit généra-
lement la constellation comme cet ensemble lui-méme (*), mais ici nous
faisons expressément intervenir la condition d’énergie donnée]. Quand
nous prendrons en considération plusieurs constellations nous désignerons
par {n!} la distribution de particules relative & la constellation C.

Revenant a4 notre définition générale nous désignerons par ;= [dQ
[

la mesure de C;; nous appellerons fonction de constellation toute fone-
tion @ du point X sur ¥ astreinte & garder une valeur constante ®; sur
chaque constellation C; (la discontinuité sur les frontiéres n'ont pas
d’importance, 'ensemble de ces frontiéres étant de mesure nulle).
TrtoREME DE COMPENSATION. — Un état macroscopique C;-(défi-
nition générale) étant donné A l'instant initial, on attribue a la plage d
de C; la probabilité dQ/Q; pour que le point représentatif de S s’y trouve
(¢quiprobabilité). Soit X un point de C; en un temps At danné queleanque,
le mouvement le fait passer dans une constellation C;, qui dépend de X,
et la fonction de constellation passe pour X de ®; & ;. L’espérance mathé-

Reprinted from C. R. Acad. Sc. Paris, 260, 3873 (1965)
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(2)
matique de la variation de ® pendant At & partir de I’état initial C; est
par définition

(A);= ((i)> f [@;(X) — & ]
\ ==t [

Nous allons montrer que pour tout mouvement 4 mesure invariante on a

EQ;(;\‘D)i:o (=1 & s); en conséquence il est impossible que (A®): aut
I . ————— —

un signe défint sur T (il est clair que (A®); a « auss: souvent » le signe + que
le signe —).

Soit T la transformation dynamique pendant le temps At, et posons
w;;= mes{TC:N C,) (wi; est positif ou nul suivant que TC; coupe C; ou
non). On a les deux égalités E(o,-_,-::.(li (invariance de la mesure dans

j
le mouvement) et Ecu/,-izil,- (invariance de ¥, C; étant complétement

P
recouverte par un certain nombre de transformées TC;). D’autre part,

la définition de (A®); nous donne
( )":((—‘K)—BE((I)/"‘(D") W)

\ =i/

/

>
=

D’ou

if J

— e - 1 — 1
Z.Q,' (’-\‘1’)1:2&31,' (‘l’,‘ —_ ‘l’[) :}_‘d’)ihwl/’“}_‘q’fzwii
i ; ! i

)~

=Y ;2 =
7 ! C.Q.F.D,

On voit que, st un mouvement admet une intégrale premiére d'énergie
et une mesure invariante, il est impossible de trouver une fonction de constel-
lation ayant une variation moyenne de signe défini qui puisse sergir 4 carac-
tériser une irréversibilité.

CoroLLAIRE. — La fonction H de Bolizmann est une fonction de constel-
lation (je me référe ici & la définition particuliére obtenue par le découpage
de I'espace ) puisque, pour un état macroscopique donné C;, elle a pour
valeur }:ni logni et que n; est constant sur C;. Le théoreme H énonce

0.0 —Nd,Q,=o0.
; ad

-
o

que (dH/dt);= o, (dH[dt); désignant la moyenne de dH/dt prise pour
toutes les évolutions possibles & partir d'un état C; donné, quel que soit
Lailleurs cet état. (dI1/dt); est done un cas particulier des moyennes (Ad);,
et Pon voit par conséquent que le théoréme H et le théoréme ci-dessus
sont contradictoires (sauf évidemment pour I'équilibre (dH[dt);= o, V1).

3. L’incompatibilité des conclusions découle a n’en pas douter de
Pincompatibilité des hypothéses sur lesquelles elles s'appuient, et il est
par suite indiqué de rechercher en quoi les hypothéses du théoréme H
sont inconciliables avec un modéle purement hamiltonien. Prenons par
excmple la démonstration du théoréme H pour un gaz homogéne & molé-
cules sphériques sans champ de forces exterge. On peut reconnaitre qu’il
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(3)
v est fait appel au postulat suivant : la probabilité pour qu'une molécule
donnée I, de vitesse donnée quelconque se trouve dans un volume dV
de Pespace physique est dV/V, V volume total du gaz. On admet toujours
que ce postulat découle de celui de I’équiprobabilité du point représen-
tatif X sur la constellation considérée de X. ‘

Il n'en est rien. Si 'hamiltonien ¢ est de classe C,, on peut montrer
que 'équiprobabilité de X sur C; de = n’entraine I’équiprobabilité de la
position de I, dans 'espace physique que si I, est sans interaction avec
le veste S* du systéme S, auquel cas le modele perd tout sens physique.
Si, au contraire, il y a interaction entre S* et I, le premier postulat n’eniraine
plus, en général, le second. Dans les exposés classiques cette difficulté est
masquée parce qu’on néglige la condition d’énergie constante : on prend
pour constellation un ensemble de cubes A (voir § 1),et’on raisonne comme
si le point X pouvait se transformer en n’importe quel point d’un autre
ensemble de cubes d’énergie « & peu prés » égale. Mais ceci est illégitime
car, méme en admettant une imprécision d’énergie au départ, X doit se
déplacer entre deux hypersurfaces X et X’ déterminées par la constellation
initiale, et ne faire ensuite qu’écorner les autres. On retombe alors sur la
difficulté signalée.

Le paradoxe de Loschmidt est donc techniquement réfutable : comme tous
les paradoxes il tire son origine dans la croyance que sont équivalentes
des hypothéses qui ne le sont pas en réalité.

4. TutoriMe H céNEravrist. — Il introduit, comme on sait, une densité
de probabilité semi-fine P; sur C; & partir d’une densité fine de probabilité ¢

définie sur ¥ au moyen de la relation ;P;= f ¢ dQ. L’examen du forma-
¢

lisme de sa démonstration fait voir quil ne démontre strictement que ceci :
si 4 'instant o on a ¢ = P; sur chaque C;, et si & l'instant ¢ on a ¢ P
sur quelque C;, alors H(o) > H(t). Mais on ne peut démontrer que, pour
t>1, on a H(t)> H() puisqu'en ¢ la premiére hypothése n’est plus
vérifiée. On peut d’ailleurs démontrer que, pour un hamiltonien C ct
surface ¥ donnés, on peut trouver une infinité de distributions ¢ (donc
aussi P;) sur ¥ telles que dH/[dt soit positif et méme ait telle valeur qu'on
velit.

Mais, fut-il vfai, le théoréme H généralisé tombe sous le coup d’une
critique trés grave, qui remet totalement en question sa signification
physique. Le premier théoréme de Birkhoff permet a lui seul de définir
une probabilité de présence sur X : si ¢ est unc plage de X, o sa fonction
caractéristique d’ensemble, et X, un point donné de ¥ a l'instant zéro,

PN
5 (Xo) = lim )/ 3 (TyXy) d

("?”\ sy

,—\
o

(Ty, transformation dynamique de o & .0) existe; c’est le temps relatif
moyen passé par Ty X, dans s, et il permet de définir avec un sens physique
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C4)
parfaitement clair ce que nous appellerons la « probabilité d’observation »
de Ty X, dans ¢. Généralisons 3 un état initial G,, doté de I'équiprobabilité;

la probabilité d’observation du systéme sur o est (I/KEU)fé(XO)dlz, ct

Lo
]
I'on montre facilement que cette valeur est égale a 3im (1 B)fm (0) di,
= [

m(f) étant la masse provenant de C, qui se trouve & linstant 0 dans 5. -
La moyenne temporelle m(0) de m(0) existe donc et nous définit une
probabilité d’observation sans qu’il soit nullement besoin que m(0) soit
constant, jusques et y compris dans le cas o il y a ergodisme, c’est-a-dive
ou m(0) est proportionnel a la mesure de 5. Or le théoréeme H exigerait,
au moins pour Pergodisme, que m() soit constant [m;(0) sur C: n’est
autre que ;P;]. On se trouve donc en face de deux définitions de la probu-
bilité de présence irréductibles U'yne & Uautre.

La raison de cette dualité est évidente. La probabilité d’observation
puise sa source dans les lois du mouvement, la probabilité semi-fine [;
dans notre ignorance des conditions initiales exactes du systéme. Le
théoréme H se rattache donc plutét & la théorie de I'information

[H:EQiPilogP,— est une quantité analogue & la neg-entropie d’infor-

mation, qui serait ———ZQ,—P,-]Qg(Q,-P,-)J, et n'a pas de véritable signi-

fication physique. Il est d’ailleurs heureux qu’il en soit ainsi : il est dillicile
d’admetire que Iirréversibilité, fait physique, tienne au défaut d’infor-
mation de l'observateur.

5. Il me semble résulter de ce qui précéde que la distinction entre ctat
macroscopique (constellation) et ¢tat microscopique est impuissante i
concilier I'irréversibilité des phénomeénes naturels et la réversibilité de la
Mécanique hamiltonienne, et que l'opinion regue suivant laquelle cette
distinction esquive la contradiction n’a pas de fondement : on ne peut
en définitive tirer une irréversibilité de la réversibilité. Comme fa premicre
s'impose physiquement, et que le contenu physique du théoréme H est
trop clair pour 'abandonner, il est préférable de renoncer a la Mécanique
hamiltonienne et de rechercher une dynamigue qui, tout en étant déter-
ministe, renferme pour Uobservateur un élément d’imprévision qui explique
1a probabilité, y compris pour un systéme unique. L’irréversibilité prendrait
alors son origine dans le processus élémentaire. et non dans notre vision
macroscopique. '

(*) Séance du 29 mars 1965,
(,‘) A. L. KuiNcuiNg, Mathemaltical foundations of statistical Mechanics, Dover, New York,
1949.

(*) R. JanceL, Les fondemenls de la Mécanique slalistique classique et quantique, Gauthicr-
Villars, Paris, 1963.

(Institul du Radium, boul. Clemenceau, Orsuy
et Ecole des Mipes, 6p, boul, Saint-Alichel, Paris).
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Meccanica statistica.. — Swr la Mécanique statistique pour les
systémes non—conservatyfs. Nota di SiLvivu Gurasu, presentata ) dal
Socio B. Finzr.

Hommage 4 M. le Professeur MAURO PICONE a l'occasion
de son 8o¢ anniversaire.

1. Les systémes a double structure ont été élucidés par O. Onicescu [1], [2].
Soit maintenant $ un systéme mécanique non—conservatifs, avec liaisons
holonomes. Le mouvement est donné par les équations [3], [4],

(1) %(i)——g—:Qk (f=1,2,",5)

ol ¢1,492, ---,¢, sont les coordonnées généralisées, T ['énergie cinétique,
et Q1,Q2, ---,Q, les composantes généralisées de la force dans !’espace
des configurations. Soient maintenant

T

(2) Pr = = (:é=1,2,~~',5‘)
3(]& )

et la fonction

x =,:,§:{P* s—T

En calculant les dérivées partielles de la fonction It par rapport & p;, respecti-
vement & g,, et en tenant compte de (1) et (2) nous obtenons le systéme des
équations quasi—canoniques

\ 3 . 33
(3) (]é.—=~a—‘5; ; = -{.—Qé (,é:[)z,.‘.,s)

g,

2. Le courant attaché au systéme des équations (3) jouit les propriétés
suivantes:

THEOREME: S¢ dans ['espace des phases T', l'on considere chaque point
du domaine DoC T, de volume Vo, comme I'état initial du systéme awu moment
et sillon suit le déplacement de ces points dans le temps, le long de leurs trajec-
toires Jusqu'a un certain moment final t, alors la totalité des positions réalisées
d ce moment forment un domaine D, dont le volume NV, est donné par la relation

du

]
\" /'BQ,(,
- k:l- 2
0 V, = {e b dg0 dpo.

(*) Nella seduta dell’tt dicembre 1965

Reprinted from Rendiconti dell’Accademia Nazionale dei Lince,
Roma, 39, 447 (1965])
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Démonstration: Soit
?"_‘"'?(qoxﬁo,fbxt) ) P=ﬁ(?0,]90,10:t)

la solution du systéme (3) et soit A le détermination fonctionnel de cette trans-
formation au moment £ Alors

LN X
dt = Sp&

Pour # = #o la transformation est identique, donc A¢ = 1, et donc nous avons
pour le volume V, la formule (4).

3. Comme conséquence du théoréme précédant nous avons une relation
bien déterminée entre la densité de probabilité dans le point (g0, po) au mo-
ment ¢ et la densité de probabilité dans le point (¢ =g (g0, po, %0, %),
=2 (g0, po, % ,%) au moment #

- % .ag’f.du
k:lt o2
() e@(q0,20,2,8,0(g0,00,%,0)=p,(q0, po)e *
Cette relation résulte de la conservation de la probabilité
© J (.2 dgdp= J en (a0 20) dgo
! (4

parce que grice au courant, tous les points du domaine Dg au moment #,
vont au domaine D, au moment # et donc la probabilité que le point repre-
sentatif du systéme se trouve au moment % dans le domaine Dy est egale 4
la probabilité que le point representatif du systéme se trouve au moment /
dans le domaine D,. Mais puisque

@) ﬁ[p,@,p)dqdp=fp,<q<qo.po,to.z>,p@o.po.to,t»wqodpo
. . D,

¢

il resulte de (6), (7) et (4) la formule (5).

4. La formule (5) nous donne la loi d’évolution de la densité de proba-
bilité a condition de connaitre la densité de probabilité au moment initial 4.
Pour la déterminer, nous ferons I'application du principe de I'entropie maxi-
male de E.T. Jaynes [5]. Si nous connaissons les valeurs moyennes {f;),
F=1,2,---,7m) de % fonctions de phase f; ( =1, 2,-- -, #) au moment 4,
alors, par I'application de ce principe nous obtenons pour la densité de pro-
babilit¢é au moment #, I'expression ’

n
—B= ¥ o,/ (00 b0rte)

@® o (90, p0) =¢
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ot les constantes B, a1, @2, -+, &, seront déterminées par les égalités

B=log & (a,axz, -+, a,)
(Fideg = — Blogmr,(a;;fa,...,a,,) G=1,2, - n
oll nous avons posé
- \ @i fy o dats)
Dy, (o1, o2,y &) = -—-f = dgo dpo .

L'expression (8) compléte la formule (5) pour la densité de probabilité au
moment 2,

5. Le processus correspondant au courant de l'espace des phases, tenant
compte de considérations précédantes est encore un processus déterministe;
aléatoires sont seulement les conditions initiales. La probabilité¢ de passage
du point (g0, o) au moment Zo au point (g p) arbitraire, au moment
t(t > #p) sera

si 9=?(y0,?0,l‘0,t) s P=P(?0;?0»t0»t>

P:..g(?o,;bo;q,ﬁ)= si Q#Q(YO»PO:“O:I‘) ou p==p(g0,p0,%,%)

od ¢ (g0, p0,%,%), p (g0, po, %0, %) est la solution du syst‘efne des équations
quasi~canoniques (3), avec les conditions initiales (g0, po) au moment 7.

6. La Thérmodynamique des processus irréversibles s’occupe des lois
phénoménologiques qui gouvernent le comportement des systémes macrosco-
piques en évolution et la Mécanique statistique des processus irréversibles
essaye d’expliquer ces lois, comme une conséquence de la Mécanique micros-
tructurale. Les grandeurs macroscopiques sont assimilées aux valeurs moyennes
de certaines variables aléatoires, fonctions de phase attachées aux systéme.
Si nous avons s variables macroscopiques

<fr>t=j:fr9:dv <V=I;2;"':m)
r

oli nous avons noté, pour simplifier "écriture, avec dv I'élément de volume
dans I', leur variation en fonction de temps, grice & la relation (5) sera donné
par les équations

\ drt 14 0 R
o B E{j’*) )N =12, ).

Considérons a présent v fonctions de ces » variables macroscopiques

Fl(z) = Fl((.ﬁ)t’<f2>t»"‘s<fnl>t)i <Z= 1)2:""7})
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Alors, nous avons pour les flux de ces grandeurs, en tenant compte de (9),

=L =L, X,, U=1,2, )
% &
ol nous avons noté avec

Llr=_a"1i1’” 3 Xr=<gr<.fr)>{; ([:I,Z,"'v,ﬂ;?':1,2,'”.111‘,‘.

I fr)e

7. Il est facile de montrer que si pour .chaque go = ¢ (%0), po = p (/)
les intégrales

Qs —_
Japka’u<+oo (f=1,2, 9

ty

sont convergentes et s’il existe une constante M > o, telle que, pour chaque
2>t et go=¢q (to), po= p (¢o) I'on a

9Qs
f%“" << M

alors le systéme mécanique tend vers I'équilibre, c’est-a—dire, pour chaque
e > o et chaque (g0, po) €I" tel que o< pr, (g0, po) < + oo il existe le nombre
réel T =T (¢,90, po) tel que, aussitot ayant ¢/ >T,#'>T il en résulte

! Pe (g(qo ;PO;L‘O;L‘{) ’P(qo ;PO) tﬁyt’)-—Pl"(g(qO ;PO;tO )t“) )? (QO,])O, toyt”)) l <e.
8. Nous supposons que.la solution du syst¢éme des équations quasi-

canoniques (3) est une application biunivoque de I' sur I". Alors le théoréme
H de L. Boltzmann démontré dans [6] reste valable.

9. Si nous supposons maintenant qu'il existe une fonction de forec
U=U(g,? telle que

.| Q2

U
°q,

Qe =

alors, il résulte de (4) et (5) que le volume et la densité de probabilité dans
I'espace des phases sc conservent dans le temps, c’est-a-dire le théoréme
classique de Liouvile. Il résultc que les forces non—conservatives déterminent
les lois d’évolution.

10. Les détails de ces problemes seront donnés dans [7].
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RIASSUNTO. — In questo lavoro, noi presentiamo la Meccanica statistica per un sistema
meccanico non conservativo, rinunziando all’ipotesi restrittiva che le forze generahzzate
nello spazio delle configurazioni derivino da un potenziale.
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RESUME

La %hermod;mamicue et le théoréme de Iiouville sont empc.rus a la
néme énorue sur lo scine scientificue (& ouinze ans & 1n‘bervr..J.J.e }. La coin-
cidence aurait pu en faire des allids. L'histoire en a fait des emnemis,

En effet, c'est bien sur la base d'un cas partiqu:ier & théordme de Liouville
au'on & construit la mécani-ue statisticue qui n'avait d'a:gi'e but que de

s'opvoser A 1 hégémonie d'une thermodynamique envahissante. Mous avens hérité
e & Ng2

de cette lutte 1’idée ~ve l'entropis est un concept statisticue.

L'cuteur croit ~ue 1'hiatoire a eu tort. Une autre voie edt &ié
possible, qu'il essaie de tracer aujourd'hui : déiinir 3 1l'aide du théoréme de
liouville vrai® une entronie fine (valable au nivecu du phénoméne élémentaire)
puis 1l'amener de la mécanicue préreletivisie & la nhysique des narticules
élémentaires, le mécaniove relativiste et la méconinue statistique n'dtant que
des étapes comme les auires. L 'auteur su,;”zére en conclusion qué 1l'entropie
serait peut-8tre plus fructueuse encore en théorie des hautes énergizs que -

partout ailleurs.

ABSTR'CT

Thermodynamics and Tiocuville's theorem made their apnearance at zbout
the same time on the scientific scene (at an interval of fifteen years ) Accord~
ingly, they might well have become allies. History made them enemies. In fact,
it 7as a special enplication of Tiocuville's *'cheoran*“ which served as the baszis
for statistical mechanics, the sole 2im of which was to rebut the hegemon: of
thenuodynamics*'w. “he legacy of this struggle was the present idea thst entrovy

is a statistical concent,.

In the cuthor's opinion, history was wrong. There was another vossible
solution, which he is nor frying to outline : this would be to use ‘he original
version™ of Liouvillc's theorem for the definitien of “fine" entrcny (true for
clementary phenomena) cnd then to take entron, from pre-relztivistic mechanics
to elementary varticle nhysics, relativistic mechanics and statistical mechiunics
being mere stazes on the woyr liks the others. Jhe autbor cuggzests in conclusic:

G - _.a&-_..-..
that entrony could perhaps Ve oven more nroducidve in high-crergy theors than

anywhere else.

® Ref. 1 et 2

%%  Ref., 5 Ep. 32)

#*%% Ref, 5 (p. 2), Ref. 9 \p. 2-06-6)
x  Ref., 2, Ref, 2L
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"If we place a vessel full of water over
& fire, it is only probable, and not certsin, that

the water will boil instead of freezing”.

3.8, Jeans (1925)°

"Die ‘/drme selbst kann meiner Ansicht nach nie

vereinigend, sondern immer nur tremnnend wirken®.

E 23
R. Clausius (1865)

Qui a raison?

Et maintenant, pourquoi cetie ovgosition ? Voici peut-&tre la

réponse :

"Die Annahmen {iber die Techselwirkung der :iolekiile wihrend eines
Zusarmenstosses hcbon ganz den Charalcter des provisorischen und werden
sicher eimmal durch andere ersetzt werden. Ich war sogar versucht, aine
Gastheorie anzudeuton, wo an “telle der wihrend der Zusammenstdsse wirkenden
Kr#fte blosse Bedingungsgleichungen im Sinne der posthumen iiechanik Hertz'

. treten sollten, die allgemeiner sind, als die des elastischen Stosses; ich
unterliess es :ber, da ich doch nur wieder neue willkiirliche Annchmen hitte
machen miissen”.

L. Boltzmann (1895)

* R:f. 6 {p. 101)
*~  Ref. 3 (p. 269)
#**% Ref. 5 (p. 3)
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CHAPITRE I

L' ETROPIZ EN MECANINUE CLASSITUE

1, L& BUT DE CO RAPPORT

De méme qu'on définit analytigquement 1'"énergie" et 1'"impulsion"
4'un point matériel mobile, l'auteur pense¢ qu-il est sossible de définir une

"entropie" du point matériel.

Cette idde, quoicue empruntée & Louis de Broglie [Ref. 12 (p. 40)],
reste aujourd'hui contraire aux habitudes de nenséc : l'entropie est un
concent essentiellement collectif; l'entronic "fine” n'a pas de sens. Ausgi
olt~il 4té mo.as témfraire d'introduire cette zrandeur sous un eutre nom.
Cependant, le fait -uv-.lle permette do retrouver trés simplement le dS = %9
de la thermodynemi-ue {voir page '4) et la faction H de Boltzmann (voir

page 37) justifie L. liberté oue 1'auteur 2 prise } l-eacontre de le tradition.

Par ailleurs, au risque certain de paraitre s'en tenir & des banalitds,
l'auteur introduire cctte notim d‘entfoyie fine dis lz mécanicue préreletiviste,
ce cui lui permettra de rapneler cette évidence, trop souvent oublide, que la
mécanique hemiltoniumnc n'est qu'un cas trds merticulier d¢ la mécanicue
classique. Il sssaicra alors de montrer gu'on ne peut réclioment ccmprendre
la notion d'cntropis qu'an s'dcartant de cc cas particulier. Clest 13 qu'il
fera apnel au théorims de Liouville “vrai', ¢'est-i-dire pris dans toute la

s 2 "

s6nératitd que lui & rcconnue son auteur {n.f. 2], ot qu'on a si peu exploitde.

’

Le toxte prisentd aujourd’hui n'est guire qu'un cssai, fort incemploet,
aqui mériterait d'8tre criticud on détail sur la base do tout ce qui a Sté fait
jusqu'3d prisent dens los divers domaines mu'il touche. Il 7 a 1d un trevail
dnorme. L'auteur ne l'a vas fait; 41l n'aura peut-3ire jamais le loisir de le
faire. Cependant, sans ci saisir netioment la portd., 1l'auteur pense ouc les
idées nu'il exposc dans cé texte puurront un jour rpUorter cuelTuss

delaircisszments 4 divers problimes de physiruc.
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"2.  DEPINTTION DE L'ENTRCPIE LOCALE

La mécanicu: du poimt matériel est réaie par le syatéme différentiel

do _ 3
dt"'?l

Dans le cas relativiste [Ref. 24 (p. 24)] de méme que dans l'appreximction
prérelativiste, il est possible de remplacur ces équations par un systime de

la forme suivante *

‘X
= H
= s 2 z
ol £2(X,t) ot X = <
2
¥
/

Soit maintenant & lc jacobien de llespace des conditions initieles {espace
(x’y’z:xl Sl )]

p o Dlxyezxy,z]
D[Xq,yo,Zo,Xé,yé,Zél

Nous définirpns}) l'entropie locsle £ par la relation

S = Logla]

D'aprés Licuville [Teff. 2, Ref. 24 (p. 3)], il vient

as _ 4 e 2
= = 5t Lo jal =pivr £,
d’ou
Transfert d'Sncrgic , AB/d% = Foex
Trensfert d'vntroopic, ds/dt = Div F

#) I1 nc faut pas confondrc l'entropis "locale” sinsi définie (qui, normelument,
varie lorsquc 1l¢ tcmls s'écoule) avee lfentropis guantique “microscori-ue”
dc von Meumann (gqui nu varie pas avec le tumps, mais en raison seulemwnt
d'4ventuels processus de mosure) [Ref. 10 (p. 399), Rf. 21 (p. 37)].
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CHAPITRE V

UTTLISATION STATISTIQUE DE L 'ENTROPIE

1, DEFINTTTIQN DE LA DFNSITE LOCALE

"I vévolution de tout systéms de points mctériels peut toujours
8tre $tudide dans 1'zspace des conditimns initiales Ee¢(x,y,z,x',y',2').
Soit D(t) 1'hypervolums 1limité par une hypersurface fermée de Es;

D(t) se déplace ot se déforme quand le temps s'écoule [sur la figurs on

-

g'est borné A roprésenter 1'espace Eo(x,x’)].

t4 ta

Soit, dans Ee, un certain tube de trajectoires, centré sur
une trajectoirs nominale X(t). Supposons maintenant que ce tube soit trés
fin et que les trajectoires qu'il contient sctisfassent toutes 4 un méme
systéme différentiel

g‘g = By (nel
La notation qui vicnt d'8tre introduite cst lourde; elle nous parait
cependant ndcessairc. Voici comment nous la comprenms. Les lettres X, ¢t
qui figurent dans les crochets rappellent que la fonction I3 peut dépendre
analytiquement de x,7v,z,x’,y',z’ et de t . Los mémes lettres X,t
dcrites en indices, sirnifient que la fonction ? peut varier quand on passe
d'un certain tube X.(%) A un autre tube X2(%) et que, pour un tube
donné, elle peut dtre dir{érents suivant le trongon considéré (de . 3 %,
de b2 d ty ...., de b Rt ).

i+
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Au systime différentiel d%/dt = ¢ correspond un jacobien

X,t
qui dépend également du tube considérd, et méme du tromgon de tube

A i Dél{)
X,t = D(Xo ¢

Ce jacobien commande l'évolution du volume $ldmentaire de Ee qui
accompagne le point X(t) dans son mouvement

considéré

dx(t) = IAX,tI dx(to) o

On pourrait donc définir la densité locale comme 1'inverse du volume
€lémentaire. En fait, si 1l'on veut introduire une densité qui ait un
sens physique, il.faut remplacer le volume éidmentaire (c'est-i-dire wn
voi\ﬁme qui tend vers 0 au sons methématique du terme) par un volume
petit, mais fini, &X . On pourra ainsi parler, aux environs du point

mobile X(t), d'une densité locale de points qui ont le méme comportement

moyen
plx(%e)]
pfx(t)] =
| X,t[x (£)11
Po
g = °
l 5, ¢l

2., CALCUL DE LA VAL'UR MOYEMNZ D'UNE FOMCTION

Supposons me les Stats X(t) de tous les points du sysiéme

considéré soint contenus dens le domaine D(t).

Conformiment sux habitudes de la mécenique statistique, toute

fonction @ aura pour veleur moyennc 4 l'instant ¢ ,

i,

PS/5L75
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[@X’tpdv
gx) = ®

[pdv

p(t)

Le dénominateur est &gal au nowbre de particules qui constituent le

systéme. Nous supposerons qu'il reste camstant

d'ol

Caleulons maintenant la dérivée de cette valeur moyenne, a%/dt . En
répstant le raisomemont des pages L et 5 du rapport CERN 65-38 [Ref. 24],

il vient :

&l

. A v P &
& = o [[@K’tlevf«rdt (@p)] dv .

(%)

Réintroduisons maintenant la relatien de transfert d'entropie, as/dt = Div 1;.

Il vient, en résumé :

5(*!:):—1—;-; [@pdv
D(t)

&lEs

d = 1 L d ) 17 4 I
Ti=r [@p(Dlv £) + 33 (@p):l av = &.-;j [@p = (@p)J dv

o(t) (%)
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LA MECANIQUE STATISTIQUE NON CON SERVATIVE

PAR

SILVIU GUIAST

Dans ce travail, on présente une Mécanique statistique non conservative, en renon-
gant & hypothése restrictive que les forces généralisées dérivent d’un pontentiel.
Nous donnons ici la loi d’évolution de la densité de probabilité dans V'espace des
phases, le probiéme de la détermination de la densité de probabilité au moment
initial, les équations phénoménologiques des processus irréversibles, l'évolution
des systémes vers I'état d’équilibre, la variation de Pentropie du systéme mécani-
que et la loi de la variation dans le sens croissant de I’entropie macroscopique.

§ 1. INTRODUCTION

La Mécanique statistique étudie le comportement des ensembles
constitués par un grand nombre de points matériels. Ces ensembles inter-
viennent dans le microcosme (un systéme des Pparticules ¢lémentaires) ou
dans le mégacosme (un systéme des étoiles dans une galaxie). Une longue
période de temps, la Mécanique statistique a eu comme objet d’étude Ia
justification microscopique des états macroscopiques d’équilibre et le
comportement des processus réversibles. Ce probléme 2 été élucidé grace
au théoreme limite central de la théorie des prohabilités [11], et puis, grace
& la théorie de l'information [12]. Mais, la majorité des processus dans la
nature sont irréversibles et, en général, les états des divers systémes maté-
riels sont états de non-équilibre. L’interprétation microscopique des pro-
cessus macroscopiques irréversibles forme 1’objet de la Mécanique statis-
tique actuelle.

En général, nous pouvons étudier une collection de plusieurs par-
ticules matérielles : a) d'une maniére incompléte, par un petit nombre de
variables macroscopiques, qui satisfont certaines équations phénoméno-
logiques, c’est-a-dire équations différentielles de type déterministique;
b) d’'une maniére compléte, par la deseription du mouvement de chaque
particule individuelle, ce qui nécessite un nombre trés grand de variables

REV. ROUNM. MATH. PURES ET APPL., 1966, TOME XI, NO £, p. 541557

Reprinted from Rev. Roum. Math. pures et appli., 11, 541 (1966)
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micro- ou mégascopiques. Ce mouvement des particules se fait conformé-
ment & la Mécanique classique (avec approximation) ou quantique dans
le cas des systémes microscopiques et conformément & la Mécanique clas-
sique dans le cas des systémes mégascopiques. Nous supposerons, dans ce
travail, que le mouvement des particules -qui constituent le systéme méca-
nique donné se fait conformément aux équations de la Mécanique classi-
que. Du reste, comme ’a remarqué G. E. Uhlenbeck [23], les problémes
fondamentaux de la Mécanique statistique fondée sur la Mécanique clas-
sique et ceux de la Mécanique statistique fondée sur la Mécanique quanti-
que sont les mémes.

Alors, nous étudions des systémes microscopiques ou mégascopiques
de points matériels, dont le mouvement se fait conformément & la Mécu-
nique classique et & I’échelle macroscopique, nous faisons des observations
et des mesurages sur ces systémes.

En synthétisant les résultats des travaux consacrés & la Mécanique
statistique des processus irréversibles, N. G. Van Kampen [17] donne l¢
schéma général suivant :

Classique : Equations Quantique ;: Equation

de Hamilton de Schrbdinger } Microscopiques

Les suppositions aléatoires

N

Processus stochastique
de type Markoff

Macroscopiques,

Evolution vers équilibre.
Equations phénoménologiques.

Toutes les suppositions aléatoires supplémentaires comme « Stoss-
zahlansatz », « molecular chao$ hypothesis » ou «random phase approxi-
mation » cherchent & suppléer la pauvreté des résultats impliqués par
le fait qu’a Déchelle microscopique le systéme de points matériels est
supposé conservatif. Les équations canoniques de Hamilton, qui sont
considérées habituellement comme point de départ, ne permettent pas
d’obtenir les lois d’évolution & l'échelle macroscopique sans des supposi-
tions supplémentaires.

Dans ce travail, nous donnons une Mécanique statistique des sys-
témes non conservatifs, en renoncant & I’hypothése restrictive que les
forces généralisées dérivent d’un potentiel. Nous donnons ici la loi d’évo-
lution de la densité de probabilité dans ’espace des phases, le probleme
de la détermination de la densité de probabilité au moment initial, les
équations phénoménologiques des processus irréversibles, I’évolution des
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systémes vers ’état d’équilibre, la variation de I’entropie du systéme micro-
ou mégascopique, et la loi de la variation dans le sens croissant de l'entro-
pie macroscopique. En renonc¢ant & la restriction que le systéme matéricl
soit conservatif, nous admettons tant la possibilité d’un échange d’énergie
avec ’extérieur, que la transformation de I’énergie mécanique du systéme
dans d’autres formes d’énergie, d’une qualité supérieure, dans le systéme
Ini-méme. Nous poursuivrons, en général, deux problémes : a) I’obtention
de D’irréversibilité macroscopique : b) la cause microscopique (ou méga-
scopique) de l'irréversibilité macroscopique.

L’auteur profite de cette occasion pour remercier le Professeur Octav
Onicescn, membre de 1’Académie de la République Socialiste de Roumanie
pour les nombreuses discussions et suggestions sur la Mécanique statis-
tique. Dans [19], O. Onicescu a élucidé les systemes & double structure et
dans [20] il a étudié les processus irréversibles du point de vue des liaisons
microscopiques aléatoires, en obtenant une justification pour l'interpré-
tation des processus irréversibles comme processus stochastiques de type

Markoff.
§2. LE SYSTEME DES BQUATIONS QUASI-CANONIQUES

Soit un systéme mécanique holonome & s degrés de liberté. Le mouve-
ment est donné par les équations de Lagrange
d(or oT
1 e ———— = b=1,2,...,8
w (55 ) 7 =@ (kF=12...,9
ol T est I’énergie cinétique g;, gy, - - g, Sont les coordonnées généralisées:
et @y, @z, .., @, sont les composantes généralisées de la force dans Les-
pace des configurations. Soient maintenant les variables
ar
(2) pk="‘a—q7; k=1,2,--.,3.
La résolution du systéme linéaire (2) par rapport & 4, doy - -5 4,
nous donne
g =q(q,p, 1)
Soit maintenant la fonction
X = 2 P Qk - T.
kel
En calculant les dérivées partielles de la fonetion ¥ par rapport &
P, Tespectivement & ¢, , et en tenant compte de (1) et (2), nous obtenons

le systéme des équations quasi-canoniques

. 0%
qk=—5—p—; (k=1,2,.-.,8)
) . 0%

pk=~aqk+Qk (kzlgz,...,s).
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. Soit I" espace des phases, c’est-a-dire ’espace euclidien 2 2s-di-
mensions, de coordonnées gy, Gay .« « 5 &yy D1y Pase » -3 Py - L'é62L du systéme
mécanique 4 chaque moment est représenté par un point dans l’espace I'.
L’évolution en temps du systéme mécanique est représentée par une courbe
dans l’espace I'. Supposons que les fonctions

%:‘X(g,'p,t), Qx=Qk(Q7p3t) | (k=1127"'73)

soient suffisamment régulidres parce que, dans l'espace des phases, le

courant généré par les équations quasi-canoniques (3) est 2 chaque moment,

une application biunivoque de I' sur I' et que la solution du systéme (3)

soit unique déterminée dans tout l’espace I' par les conditions initiales.
Dans le cas conservatif, il existe une fonction de force

U=1"T/(qg?
elle que
oU
Qk="‘"""' (k=1127'°';8)
9

et le systéme des équations quasi-canoniques (3) devient le systéme des
équations canoniques de Hamilton

o0H
Qk=apk (k=1,2,...,8)
{4)
, 0H
pk:”“a——q: (k=1’2’-'0,8)

ot la fonetion hamiltonienne

H=Y 94, —(T+0)=%—T0.

kel

Nous pouvons remarquer encore qu’en général, le systéme des équa-
tions quasi-canoniques (3) n’est pas invariable si nous posons—it au
lieu de t.

§ 3. LE THEOREME DE LIOUVILLE GENERALISE

Le courant dans I’espace I', généré par le systéme des équations
quasi-canoniques, a la propriété suivante :

THEOREME 1 : Si 'on considére chague point du domaine Dy C T', de
volume Vo, comme éat initial du systéme au moment initial i, et que Uon
suit le déplacement dans le temps le long de sa trajectoire jusqu’'a un certain
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1)

moment final t, la totalité de ces points finals forment un domaine D, dont
le volume V, est donné par la relation

8 Sl ook .
(5) Ve={ o=

Dy

Démonstration : Notons, pour simplifier 1’écriture,

T = Qs Ly = Pi (k=1,2,...,8)
ox x .
Xx—-'ép—kv e = 34, + Q. (k=1,2,...,9).

Alors, le systéme des équations quasi-canoniques (3) devient

(6) 4z _ x, i=1,2,...,2.

dt
Soit la transformation
@ = fi(al, al,..., a8,, 1) (i=1,2...,25)

la solution du systéme (6) et soit A le déterminant fonctionnel de latrans-
formation, au moment ¢,
— 0 (@, 3’2’---75024:)}
9 (af, a8, ..., o8,

Alors

dA =
7 s
(1) T E A,

ol A;, est le déterminant qui s’obtient par A, si nous dérivons par rap-
port a ¢ les éléments de la colonne ¢. En tenant compte de (6) nous avons

d (63:‘)__ 0 dz, _ 90X, 2 09X, o

d: \ o= dzd di N oz . oz, Jz
et done
¥ X,
=5 =ta,
=l a.’L‘l

ol A, s’obtient par A en remplacant la colonne ¢ par la colonne I, d’out il
résulte

0X,
oz,

v

A3=A

b - c. 3168
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Alors, la relation (7) nous donne
da 20X,
—— A —
d? feml 699;
c’est-a-dire
St g Q:Y—‘- du
A=Aje Lyimy Y%

Pour t = t, la transformation est identique, done A, = 1. En tenunt
compte du systéme d’équations quasi-canoniques (3) nous avons

0% & 00

ha .
faal aw; keml ap‘,

Il résulte que le déterminant fonetionnel du courant généré par le systéme
des équations quasi-canoniques, est

g t
7]
3 S Qk du
A = eF=1Jt

done, nous avons pour le volume V, la formule (5), q.e.d.
Remarque 1°: Dans le cas conservatif

0Q: _ 0 (w)_—=0 k=1,2,...,s8
Ip; op. \ 0g,
done, la formule (5) nous donne
Vt = Vo

c’est-d-dire le théoréme classique de Liouville.

Remarque 2°: Le théoréme 1 nous montre que dans l’espace des
phases, le courant généré par un systéme mdécanique non conservatif est.
une transformation qui ne conserve pas la mesure et-donc le théordme
de récurrence de II. Poincaré, en général, n’est pas valable, c¢’est-a-dire,
dans lo Mécanique statistique non conservative le paradoxe de E. Zermelo,
en général, n’est pas valable. Le théoréme 1 constitue une justification
physique pour les théorémes ergodiques pour les opérateurs qui ne conser-
vent pas la mesure ([2], [21]).

§ 4. EVOLUTION DE LA DENSITE DE PROBABILITE DANS L'ESPACE DES PHASES

Si le nombre des points matdériels qui constituent un systéme méen-
nique est trés grand, il est impossible de déterminer avee préeision Iélad
du systéme 4 un moment bien déterminé. Au lieu de lu question : quel
sera I'état du systéme au moment ¢, nous posons la question suivante :
quelle sera la probabilité qu’au moment ¢ le point représentatif du sys-
teme, dans Iespace des phases, appartienne & un ensemble donné dans
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I'espace I'? En admettant qu’an moment #, nous avons dans ’espace des
phases une densité de probabilité (de présence du point représentatif du
systéme mécanique), nous voulons voir comment change, dans le temps,
cette densité de probabilité.

TurorEME 2: 8t Uon connait la valeur de la densité de probabilité
@ un moment initial t, dans un point initial déterminé, la valeur de cette
densité de probabilité a un moment final t quelconque, aw point ebtenw par
le déplacement du point initial le long de sa irajectoire dans Vespace des
phases, sera fournie par la relation

[} - f: gt —-o—Q—’”:-du
(8) P (2(Zos Pos tor t)s P(Tos Portoy 8) = p, (Qo, Po)e Fmt Jts M

Démonsiration : Grice au courant, tous les points du domaine D,
au moment #, vont au domaine D, au moment ¢ et donc la probabilité
que le point représentatif se trouve au moment i, dans le domaine D,
est égale avec la probabilité que le point représentatif du systéme se trouve
an moment ¢ dans le domaine D,, ¢’est-a-dire

ty

SD pdq,p)dqd?=agp fr, (o1 Po) Ao dpo.
¢ il
Mais
SD plq, p)dgdp = SD e, (9(Qoy Posos )y P (Qos Poy loy )Y Adg, dp,.
) g :
Alors _
P.(2(%0s Postos 1)y P(Qos Pos tos 1)) = P, (o) Do) A1 =

:* ¢ aok g
— ¥o1 i, 09y, a
= Pt,,(’lm Po)e q.e.d.

Iemarque. Dans le cas conservatif
90,

0P
done, la densité de probabilité se conserve dans le temps

= 0 (k=1,2,...,5)

(9) P (4 (Qos Postost)y P (Qoy Pos o, t)) = P,'(Qm Pa)-

§ 5. DETEBMINATION BE LA DENSITE DE FROBABILITE AU MOMENT INITIAL

A Téchelle macroscopique, ’état d’un systéme mécanique microsco-
pique est défini par un petit nombre de parameétres, mais & 1’échelle micro-
scopique cet état est défini par un nombre énorme de paramétres. Entre les
parameétres macroscopiques et ceux microscopiques il y a cerfaines rela-
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tions, dans le sens que la connaissance de 1’état microscopique impligue
la connaissance de 1’état macroscopique correspondant. Lu réciproque
n’est pus vraie et il existe une large varidté d’états microscopiques compi-
tibles wvee un état maceroscopiquoe donnd. ' Alors, si nous avond uue foue-
tion J = f (g, p) qui dépend de I’état microscopique. du systéne, quand
une certain état macroscopique est donné, la valeur correspondante de la
fonction f n’est pas uniquement déterminée, c’est-a-dire, une telle fonc-
‘tion d’état f est une variable aléatoire. Tous les parametres qui définis-
sent ’état macroscopique dun systéme (volume, pression, e¢tc.) sonf
fonctions qui dépendent de P’état microscopigue du systéme et qui xonl
observables & Déchelle mucroscopique. Du point de vue microscopique,
nous admettons que toutes ces fonctions d’état,s observables & I’échelle
macroscopique, ont des valeurs parfaitement déterminées, quand l'¢tut
macroscopique du systéme est donné. Cependant, du point de vue micro-
scopique, elles sont variables aléatoires, n’ayant pas, chacune, une valeur
unique, déterminée. Cette contradiction entre la description microscopique
et la description macroscopique d’un systéme s’élucide, en Mécanique
statistique, en admettant que les grandeurs observables & ’échelle nmiero-
scopique sont variables uléatoires wvee une loi de répartition, de telle sorte
yue les grandes déviations de ces variables aléatoires de valeurs moyennes
respectives sont peu probables. Ce qu’on appelle, & I’échelle macroscopi-
que, la valeur de la grandeur observable, coincide pratiquement avee lu
valeur moyeunne de la variable aléatoire respective.

La formule (8) nous donne la loi d’¢volution de la densité de proba-
bilité dans 'espace des phases. Mais reste ouvert le probléme de la déter-
mination de la densité de probabilité au moment initial #,. Pourquoi
intervient cette densité de probabilité au moment initial? Au moment
initial ¢, nous déterminons les valeurs moyennes au moment ¢, d’un cer-
tain nombre de fonections d’état attachées au systéme mécanique. Pratique-
ment, ces mesurages sont toujours insuffisants pour déterminer avee pré-
¢ision 1’état du systéme au moment #,. Aprés L. T. Jaynes [12], nous
considérons comme densité de probabilité au moment initial 2, la densité
de probabilité qui rend maximum l'incertitude compatible avec nos con-
naissances au moment 7, (les valeurs moyennes au moment ¢, d'un certain
nombre de fonctions d’état). Lu densité de probabilité qui correspond uu
maximum de entropie (comme mesure de l’incertitude) a la propricté
importante qu’elle n’ignore aucune possibilité. Avec ce principe du maxi-
muin de 'entropie, si ’on connait la valeur moyenne de 'énergic du sys-
téme, supposée constante dans le temps (le cas conservatif), 1. T. Jaynes
[12]%* o obtenu la distribution canonique dans l'espace des phases et a
fondé la Thermodynamique des états d’équilibre, sans utilisation des
équations de mouvement (dans le cas conservatif, la densité de probabilil¢
se conserve dans le temps) ou d’autres suppositions supplémentaires. Avee

1 Ces considérations sont valables aussi pour un systéme mécanique mégascopique exa-
miné a Véchelle macroscopique.

? Les considérations de I3 T. Juynes pour le cus discret, peuvent étre généralisées pour
le cas continu (voir [14], [I5])
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le principe du maximum de l’entropie, nous déterminons la distribution
probabilistique plus large, compatible avec ce que nous connaissons, grice
aux mesurages effectués & 1’échelle macroscopique, & un certain moment i,.

Supposons donc qu’au moment {;, nous connaissons la valeur moyenne
< f>: d’une fonction d’état quelconque f,

(10) <f>i= S £(2os Pos o) 8y, (2, Do) Ao APy
T

Déterminons la densité de probabilité p, , au moment i, qui faif
maximum l’entropie

. ¢
(11)- H(e,) = "‘5 P, (dos Po) 108 p, (20, Po) A2 dPo
r

en tenant compte que nous avons la condition (10) et que p, étant une
dénsité de probabilité

(12) Sr 2, (20 Po) 4G AP = 1.

En utilisant la méthode des multiplicateurs de Lagrange, nous obtenons

B, (Goy Do) = ™A =% 0. Do to),
(4

En notant
O, () ==-'-'S e~ 0. 7.t dgo dp,
r
nous avons
(13) e, (Qos Do) = e~/ e, Do b},

(blo(a’)

Si au moment ¢, nous connaissons les valeurs moyennes d’un nombre
m de fonctions d’état f;, fo,. .., fm, €0 suivant la méme méthode, nous
trouvons pour la densité de probabilité au moment ?, ’expression

- - % ak’k (o, Po. Lo}
(14) o, (Zos Do) =e =1
ol les constantes se déterminent par les égalités

(15) A = log (D'o(“ly Cgy v o sy Xm)

(16) <oy = — 2108 Prolan, gy -y tn) (k=1,2,...,m)

Oay
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ol nous avons noté

"

- zak’k‘%.f’o-‘o)
" o
(17) By, (g Gpye ey &) = "“S e F=l dgy dpo-
r

D’aprés les relations (8) et (14) il résulte que si au moment I nous
connaissons m valeurs moyennes < f, > (k = 1,2,..., m) alors, la den-
sité de probabilité au moment ¢ (¢ > t,) a I’expression

w 3
-A - }: “;7;(%-?’0.‘0)“ o

(18)  p,(4(qos Por tor 8)y P (Qo) Poy foy 1)) =€ *=* ket

of les constantes i, &y, ta,. - -y &, s déterminent par les égalités (15}, (16).

!

vay,

1 1]
to (le

§ 6. LE PROCESSUS STOCHASTIQUE CORBESPONDANT

En ee qui concerne le courant dans Pespace des phases, qui déerit
Dévolution du systéme mécanique, le caractére aléatoire est intervenu
dans le mode suivant : le processus est subordonné au systéme des équa-
tions quasi-eanoniques (3), univoquement si les conditions initiales sont
données mais méme ces conditions initiales sont aiéatoires. Il existe alors
une distribution probabilistique dans 1’état initial du systéme, et cetic
distribution est propagée dans le temps d’aprés la relation (8). Nous avons
done un processsus stochastique de type Markoff dégénéré, avec la densit¢
de probabilité initiale ,,(gy, P,) et avec la densité de probabilité de passage
“du'point (go, Pe) au moment t,, dans le point (g, p) au moment ¢ (I > 1),
donné par '

[ 1 si g=0(de Posrterl)s P =0(4os Doy los )

P 1 (Qoy Vo3 § D) = .
ot BOTTOTEIET Y 0 si g2 q(g0y Poytor 1) OU PP (Go) Pos Loy D)
%@ -
ol1 ¢ (Gg) Dos Lor 1) €6 D (oy Doy by, 1) représentent les solutions du systéme des
équations quasi-canoniques (3) avec les conditions initiales gy, Po au mo-
ment t,. La densité de probabilité évolue dans le temps, selon la formule (8).

§.7. LES EQUATIONS PHENOMENOLOGIQULS

Les variables macroscopiques satisfont des équations phénoméno-
logiques qui sont des équations différentielles de type déterministique,
en déterminant l’avenir si les conditions initiales sont données. Se pose
alors le probléme de la justification microscopique (si nous avons uu
systéme microscopique) ou mégascopique (si nous avons un systeme
mégascopique) des équations phénoménologiques établies 2 1'échelle macro-
seopique. .
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Supposons maintenant que nous avons une seule variable macro-
scopique f. Sa valeur au moment ¢ est < f>,, c’est-a-dire

<f>4=§rfp.dv

o

oil nous avons not¢, pour simplifier ’écriture, avec dv I'élément de volume
dans I'. Nous avons d’aprés (8)

Eﬁhzgr[ﬁp +f%}dv=sr%9‘dv_ ts fp,_a_Q;".dv

ai at ' Km1 4T Opy
done
d<f>, _df : 09,
— T =g, >, =
a 3T <T,
df 2 0Q:
< i s, =< a(f) >,5

" ka_l o0, " (N>

Si nous avons r variables macroscopiques (paramétres macroscopiques)
alors, leur variation en fonction de temps sera

d<f;>, af; L 0Q: :
et T L i 5 = << &:(f:) > - =1,2,...,7)
dé dat 5 f=1 0Py e ()= v ,’ o

Considérons maintenant I fonctions de ces r variables macroscopi-
ques .

F(t) =F(<fi>,, <o < fe>0) (1=1,2,...,1)

3 Si nous pouvons décomposer a(f) dans la série avec le centre dans << [>¢:
1 3 Lt
e =a(<f>) + (f~ <[>’ (<f>)+ E-(f— <f>)Pa”(<f>)+ -..

ct si nous omectlons les termes en.commencant par la dérivée de deuxiéme ordre, nous avons

d< f>;

= (< f >
dt

Celte équation est 1'équation phénoménologique pour < { > comme fonctlion de .
Sie () a la forme

& (f)= — Cf (C == const.)
alors
m = - C < f>t
dt
et donc

<[>im < f>eCUl
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Alors, nous -avons pour les flux de ces grandeurs

‘=d1ﬂ, =é oF, 4d<fi>i_
a S fi>,  dt
© OF : :
=¥ — < {(f) > =Y L; X, (t=12...,1)

-1 0>, j=1
oll nous avons noté avee

oF,
L, = ——tm 1=1,2,...,0;5=12,...y
i <f,>, ( 9 <y 137 125 eey)
X,‘ == < a"(f,)>‘ (j=1,2,. . -,7’)-

§ 8. EVOLUTION VERS L’ETAT D‘EQUIL!BRE

Nous disons que le systéme mécanique tend vers 1’équilibre si pour
chaque >0 et chaque (gq, o) €I tel que 0<< gy, (goy Do) < + oo il existe
le nombre réel T = T (s, g,, Do) tel que si ¢'> T, ¢"> T, nous avons

lpe (9(G0yr Poy tor t')s P(dos Poy oy t)) —
— 0 (9(g0s Pos tos ¥'")y P(dos Posbos t7)) | <e-
THEOREME 3 : Si pour chagque ¢o = ¢ (ty), Do = D (1) les iniégrales
(19) . S 9 du < + oo (k=1,2,...,5)
_ ty apk
sont convergentes et il existe une constante M >0 telle que pour chaquet>1,
et gy = g (L), Po = P (%)

¢ 09y
(20) -S %k qu < M =1,2...,8)
lo 6pk
alors, le systéme mécanique tend vers Uéquilibre. :
Démonstration : De I’hypothése (19), il résulte que pour chaque
8> 0 et gy = q (o), Do =P (L) il existe T = I' (3, gq, po) tel que sit'> I
t"” > T nousavons

3 134 8 1
ZS——andu——ZS ——6de%}<8.
i=1J)r 0D, k=1 Jr 0P, i

C’est-a-dire, pour chaque > 0 et (gy, Po) & I'tel que 0 < py, (goy Do) < - 00
il existe le nombre T = T (<, q,, Do) tel que si t'> T,t”" > T nous avons

K] ! 3 {34
-3 S _&du -3 S ,af.’idu
: " i ]
e k=1J1 ). — g k=1Jr Py & e e 1
. [hig
p‘o(QO’ pu)e
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Si nous tenons compte de la loi d’évolution de la densité de proba-
bilité (8), vu que les intégrales (20) sont uniformément bornées, il résulte
que pour chaque > 0 et g, = ¢(t,), po = P (1,) tels que 0<< py, (g, Po) < + 00
il existe T' = T (¢, q,, Do) tel que si t'>T, t” > T nous avons

[ e (2(Gos Pos %oy )y P (Qoy Pos to,s ) — .,
— P (2(Gos Loy 2oy ¥°)s 2 (Qoy Pestor 2N =

s e LR LR
& (T a0, de . X 9 - .‘:.‘._“_du
T e i ’ 3 U -
ka1 N1, 9Py k=l Jr P ket )2 & <
= 01, (Jos Do) € ¢ le 1<
«
d = g.oeod.

< o1, (g0, Po) 04— =
< e, (05 Po ot (o » Do) €M

§ 9. VARIATION DE L'ENTROPIE MICROSCOPIQUE OU MﬁG:\SCOPXQUE'

Considérons l'entropie microscopique (si nous Aavons un systomo
microscopique) ou mégascopique (si nous avons un systéme méghacopiquo),

H((t) = _Sr o, log pydv = — < logp, >,.
Nous avons
'%}I'I’ = “Sr(log P+ 1)% dv =
=—.5r(lof' p¢+l)(§1 Zgj) podv = <(logg -+ J)g ‘ZZII' g

C'est-a-dire, I’évolution de I’entropie et une conuéguenee dfreele
du earactére non conserva,qpif des forces généralisées. Dang le cas conser-
vatif

LY
9 .
99 _ (k=1,2,...,5)

et alors

¢’est-a-dire
H = const.

§ 10. THEOREME H DE L. BOLTZMANKN ¢

Soit & un systéme mécanique microscopique avee un nombre quel-
conque de degrés de liberté et soit I' Pespace des phases correspondant.
buppospns que du point de vue macroscopique, le systéme admette N

¢ Voir [9].
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états et soient w,, wg,..., wy les ensembles d’états microscopiques com-
patibles avec ces états macroscopiques, invariables dans le temps, de sorte
qu'on ait

l\'
P == U [OTH
. Ras]
avec la condition d’exclusivité

w;ﬂﬂ);"@ (i#j;’i,j=l,2,...,N)

due & la supposition que 1'état microscopique détermine complétement
1’état maecroscopique correspondant.
Soit maintenant une suite de temps

by <y <y e <y < gy < e e

Dans Uespace T', le courant défini par les équations du mouvement ct
qui représente I’évolution du systéme, est une application biunivoque de
T sur I'. Dans Vintervalle (¢, i,.,) chaque point de I' vient en un aubre
point bien déterminé. Par l’effet de ce passage ; a) les points qui appartien-

‘nent 3 «; au moment t, se répartissent entre les ensembles w;, ws,. .. wy
au moment t,.,, b) chaque point est oceupé & chagque moment. Alors, le
passage du point représentatif du systéme de ’ensemble «; dans ensem-
ble w;, ¢’est-a-dire le passage du systéme del’état macroscopique qui
correspond 4 l’ensemble w,, & 1’état macroscopique qui correspond i
D’ensemble w,, est réalisé avec une certaine probabilité :

O \<ptk.lk+l(wil wi)él'

Ces probabilités de passage, pour ¢, j =1,2,..., XN, dépendent
de Vintervalle (1., t.4,). Le courant dans l’espace des phases étant uuc
application biunivoque de Pespace T' sur I', les probabilités ainsi définies
vérifient les relations fondamentales C

N N
(21) 3 ptk.tk_‘,l(wi‘ w)=1; 'Y 7y, 'k+1(w" w;) =1
=t F D
quels que soient ¥ =0,1,2,...; ¢=1,2,..., N;j=1,2,..., 4.

Si, au moment ?,, les probabilités que le point représentatif appur-
tienne aux ensembles w,, w,,. . ., wy respectifs, ¢’est-a-dire les probabilités
des états macroscopiques correspondants, sont

Dy, () >0 (1=1,2,...,X)
4 la condition
N
(22) Y Py () =1
iml
alors, au moment suivant ?..,, les probabilités de ces états seront

N

(23) pik.“(‘“i) = E ptk((’%) p;k.tk.;‘.l(“l{ wy’) (l::l’ 2,"'7 "‘V)'
jml
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Désignons par H, I'entropie des états macroscopiques o;, wy, ..., 0y
an moment f,. On aura

.
(24) Hy =— % 7, (o)logp, (o)
farl
et nous démontrons le théoréme fondamental suivant :
THEOREME 4 (Théoréeme H de L. Boltzmann): L'entropie augmente
avec le temps, c'est-a-dire

H, <H (=0,1,2,...).

t
Démonstration. Nous utilisons deti:'.l inégalités connues: Si

>0, Try=1 23>0 La=1 (ij=1,2...,m
alors 8 - o
(25). ﬁ (@) < f,{ i Di -
Si - -

To=%a=1 >0 =30 (i=12..,m

alors® - -
(26) - Z: g:logg; < L{ g; log p;.

& D’aprés Vinégalité de Jensen, si y = [(z) est une fonction convexe sur lintervaile
{a,b]; 2;, %a, ..., T, sont des valeurs quelconques de 'argument, qui appartiennent a Vintervalle
[a, b] et ne sont pas toutes égales cntre elles, et ¢y, ¢y, . . ., ¢, 500t M nombres positifs avec la
somme égale 2 1, nous avons . .

B> q,-rcxi)m(ﬁ rn;c,-}-

im] fme
Soit maintenant y = log x. Alors
93 m
(27) Y, gilogz; <log ( S @ xs}
i fom] B jzm}
donc

hiid @ i}
H (.1'.',) i “g z gi Z;
=1 {1

¢ Si dans Uinégalité (27) nous posons

1%
Ty S oo x,,m-.f‘:., ,rmmﬂﬁ‘.
i g2 Ty

ol
m
Pk>’0 (kml,ii,...,m): Z pkmf
k=i
nous obtenons

m » g
- % gplog g <~ % g log py-
FAS D A Fromy
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D’apres (21)—(26) on obtient immédiatement les inégalités suivan-

tes 7:
4
Hlk+1 = e Z ptk_‘_l(ﬁ)i) ].Og p‘k+1(w‘) -
fasl
N N
= e 21 E pzk(wi) Dy, tk+1(mgl w;) log p‘kﬂ(m{) —
sl =l
5 5 Pty (O @)
=— 3 P, () log(H (D0, ()] et )>
j=1 i=1

N
(5 P pn (] 00) By, @) >

N
> - .§1 2y, (@) log

N
2 — Y Py (w)log p () =H, g.e.d.

i=1
Done, Ventropie macroscopique évolue dans un sens unique
H<HL. .. L H <H, <..<lgh.
Il existe donc une limite
lim H, =H,_ log¥

ko« oo
ce qui démontre 'évolution du systéme vers un état d’équilibre macro-
scopique.

Remarque : L’analogie de la situation considérée ici avec celle d'une
chaine de systémes de transmission de I’information par un méme ensemble
de $ignaux w;, wy,. .., wy et avec une perturbation donnée, pour chaque
intervalle de temps, par une matrice doublement stochastique (voir [8]),
est évidente.

§ 11. COMPLEMENTS

a) L’espace des phases et le courant attaché & un systéme méecanique
non conservatif constituent un espacé & mesure, qui se modifie dans le
temps. L’espace de base I' et les ensembles mesurables &,, sont les
mémes, mais la mesure se modifie dans le temps. Une seule variable
aléatoire, définie sur cet espace & mesure qui varie dans le temps, définit
un vrai processus stochastique dans le sens usuel.

b) Dans la Mécanique statistique présentée ici, nous avons supposé
que le mouvement est uniquement déterminé, mais les conditions initiales
sont aléatoires. Nous pouvons considérer, cependant, que les équationsde

7 Voir aussi |4}, p. 14, mais sans aucune liaison avec la Mécanique statistique, ou avee
la propagation de Pentropic dans le Lemps,
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mouvement sont des équations stochastiques, c’est-a-dire que les forces
ont un caractere aléatoire. Dans ce cas, la probabilité intervient tant dans
les conditions initiales que dans l’évolution proprement dite du systéme
nmatdériel considéré. Dans ce cas, le théoréme H démontré au § 10 reste

valable.

(X

19,

20.
21.
22,
2.

Regu le 4 sepltembre 1965 Institut de Mathématiques de U Académie de la République
Socialiste de Ronmanie, DBucarest.

BIBLIOGRAPHIE

. Bovtzmann L., Vorlesungen iiber Gastheorie. vol. I, Leipzig 1896, vol. 2, Leipzig, 18908,

Dunrorn N. et Seuwartz J. T., Linear operators. Part 1. General Theory, Interscience Pu-

blishers, New York, Londres, 1958.
Enrenrest P, ol T., Begriffliche Grundlagen der statistischen Auffassung in der Mechanik.
Iincyklopidie der Mathematischen Wissenschaften. Vierter Band. Mechanik,

Art, 32, 1911

. FrINsTEIN A., Foundations of Informalion Theory, McGraw-Hill Book Co., Inc. New York-

Toronto-Londres, 1958.
GreeN M. S.. Markoff Random Processes and the Slatistical Mechanics of Time-Dependent
Phenomena. J. Chem. Phys., 1952, 20, 1281—1295.
Guiasv S., Evolufia densilafii de probabilitute in spafiul fazelor peniru sistemele mecanice
neconscrvalive. Com. Acad. R.P.IR., 1962, 12, 1087-—1091.
— Miscarea sistemelor mecanice neconservative. Com. Acad. R.P.R., 1962, 12,

: 1003 - 1096,
- Operatorul perturbafie in lransmilerea informafiei. SL. cercet. matem., 1962, 13,
583 - 598, .

- Sur le théoréme H de L. Bollzmann. C. R. Acad. Sci., Paris 1965, 261, 1179—1181.
Havrmos P. R., Lectures on Ergodie Theory, The Mathematical Society of Japan, Tokyo, 1956.

. Xuuaun A, H., Mamemamuneckue ocnosanis cmamucmuteckoll sexanukw. I'ocrexTeo-

puanar, Moscou, 1943, .
Jaynes L, T., Information Theory and Statistical Mechanies. 1, IT. Phys. Rev., 1957, 106,

6206305 108, 171190,

3. Kac M., Probubitity and Related Topics in Physical Sefences. Inlerscience Publishers, Ltd,,

Londres-New York, 1959.

. Kamret: Di Femier J., Théorie de Uinformalion. Principe du maximum de U'IZnlropic el ses

Applications & la Slatistique et a la Mécanique. Publications du laboratoire de calcul
de Ia Faculté des Sciences de "Université de Lille, 1962 —1963.
- Information Theory and Slatistical Mechanics. Bangalore, 1963,

. Kaxren N. G. Vax, Grundlagen der slalistischen Alcchanik der irreversiblen Prozesse. Fort-

schritte der Physik, 1956, 4, 405437,
Fundamenial Problems in Stalistical Mechanics of Irrenersible Processes. Dans le
livie: Fundamental Probloms in Statistical Mechanics, Amstoerdam, 1962, 173 —202,

. Koenrn 1, Axdomalies of Classical Stalistical Alechanics, Oxford, Pergamon Press, Londres,

1960,
Onicescu O., Nombres ef systémes aléatoires. EA. Acad. R.P.R., Bucarcest, Editions Eyrolies,
Puaris. 1964.
- La Mdécanique slatistique et les liaisons aléatoires (A paraitre).
Rizsz F., Nagy B. Sz., Legons d’analyse fonctionnelle, Akadémial Kiadé, Bucapest, 1952.
TitEICA S., Elemente de mecanicd statisticd, Ed. Tehnicd, Bucarest, 1956.
Untenniek G, 1., The Dollzmann Lquation. Appendix 1 dans [13], pp. 183203,



- 60 -

o NTONVO CIMENTO Vor NEVE IR NOD 1E s embre THGG

Statistical Mechanics of Nonconservative Systems.

PP, CALmikonA
Istitado i Scionoe Pisiche G0 D nieersili Wilirno

(ricevuto it 7 banglio 1966)

Summary. The statistical mechanies of o farge elass of svstems subject
o nonconservative forees is developed. In particulae some fundamental
(heorems concerning the properties of plase space ave extended and the
Formulin of the elssieal Boltzmann distribution is generalized for sueh a
class of noneonservidive systems, Fiually Tormulas for dissipative systems
whieh ave an immedinte generalization of Bose-Binstein and Fermi-Divae
statistieal distributions are established.

1. ~ Some authors have, Iately, endeavoured to outline the statistical me-
chanies of nonconservative systems (1. We have the impression, however,
that the formulation given to the problem in their papers is not the most <uit-
able to display the charvacteristies ol these systems, and o morcover, that some
of their results are not diveetly and easily applicable even to the simplest cases
of real physical interest, such ag, for exanmple, an ensemble of partieles subject
to ordinary friction forees. We think that a more suitable and direct approach
o the statistical mechanies of noneonservative systems exists. Suchan ap-
proach is based on the Lagrangian and Iumiltonian theory of a certain class
of systems subject to nonconservative forces, theory that we developed many
years ago with the aim to avriving at the quantum-mechanical ows of motion
of these systems (7).

()8, Grrast: Compt. Rend.. 216, 1179 (1965): N, GUIAsU: Rend. lead. Lincei.
39, 447 (1968).

) Ineluding the dissipative forees in the Hamillonian to deseribe the motion of
molecules i rather avtificial, for the concept of dissipation is an average effeet ol the
collisions hetween parvticles inferacting thronglh conservative foreex. In o traly funda-
mental theory the dissipation should not be injected in the Hamiltonian, hut it should
come out ol the microscapic theory.

7960

Reprinted from Nuovo Cimento, 468, 172 (1966}
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Asis well known (3), the dynamieal behaviour of a Lugrangian system charae-
terized by the generalized co-ordinates g,...¢,, with a kinetic encergy 7T =

8
:.—..‘_.Ehka,xki/h:}k (the coeflicients a,. may depend on the ¢) and subjeet to
" .

forces with generalized components Qu(qy ... ¢:; ¢ ... ¢,; 1), is governed by the
Lagrangian equations

eI, oL
(n ach_ oL, (F s 1,2, e 8) .

where L=T+1 is the Lagrangian function of the system and V(¢ ...q.;
4y ... 452 1) i3 the potential function from which the Q,'s can be derived accorid-
ing to .

: a-lv- ‘\‘!v
(:) (Jr-—g“"""d(c )-

co, At \cq,

This potential funetion has the form

F

1
(:"‘) . ";:'}." ‘\_,inr ’]"-
(1] 3

where f,. are arbitrary functions of ¢, and ¢.
From (3) one obtains in the case of the single particle with the cartesian
co-ordinates oy, 22
r;_. .- (l) ?.A‘v’

- ’

. A
F o curadd - (»;—« v Srot 4,
ct

where @ and 4 are functions of a:,i Y, 2, and ¢. All the forees, of which the
components depend only on the ¢,, ¢, and ¢ and which e¢an be derived from
a potential funetion of the aforesaid {ype, are only the @, which ecan be de-
duced from (3) by nreans of eq. (2).

When, instead, the system is subjeet to generalized forees Q, (¢ oot Tyee. a3 1)
that cannot be derived from a potential, it is still possible (%) to put the equa-
tionx of motion

d
(H «TI(

in o lagrangian form, i one performs the time-transformat ion

Y AN At o
i3 - o L U/ FE N R R ) TN
€ fy [4 '/,,

(3 P
Y AL Rvesn: Rend, dead. Lineed, 25, 223 (1937): U Cvioigor v Bend. 1st. Lowmb.

Newenze, T2, 379 (1930),
M P Canikona: Nuore Chwento, 183032 (1040
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from which one obtains innnediately

dr g hdr where g L
provided the G, have the form

(i : O, NN aaq,
N H
and

J/u)d/.' .

() gty - exp

Here ¢ is oo numerieal coustant which, by assuming suitable inifinl cou-

ditions. may be taken ax equal to L. In this ease, in facl, eqse (1) take the

form
d [cL* cLE
(%) Sl P - 0,
dr \cq; iy
where
{9 [x ==
with 7, T*, and 1™ defined by
. d”r . rftste g vy -
() 0y b‘l C ey ) 7 - Tyt A AV
dr
I we now indroduce the Hamiltonian
o LF
11 HE =2y 0~ L
) , Ty
atd the conjugate momenta
¢ L*
(!‘__f) l;'z"::_: (-\':1:'
<

the equations of motion of the system take the Hamiltonian form

d " cH* d eI
(13) A _—l": ATy —-'{I'r FETT oA wmoy
r cpr
where

H* == ¥y ety Pre Pl 1)

Our system will allow for an integral of motion that is the generalization

>

-
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of energy for conservative systems, .. we shall have
n* =,

where T is o constant, if the condition

"} =0,
«T
is satisfied, i.e. if 17 has the form
{(14) V= Uy . qo) ().

Note that, in the case of the single partiele subject only to the frietion
force F-=—Zme, one obiains

g1y - exp [

and consequently
I % = T oxp[220] == p*2f2m . T* =10, p* pexpli];

in this ease, furthermore
prexpllit)fm - oW

is an integral of nmotion.

2. = The IHamiltonian form in which we have east the equations of mo-
tion for the elass of nonconservative systems whieh we have already consi-
dered enables us {o extend to such svstenrs the theovems establishied by Liou-
ville for conservative systems,

Liet us begin with the theovem of conservation ol extension in phase. The
generalized form of this theorem may be stated in the following way:

« Let us consider the totality of the vepresentative points that, at time
{0, ocenpy o given domain 17 Dy of the phase-space ™ (1% ix defined
as the phase-space the co-ordinates of which are the 7 ¢’ and the p)).

Let ux now Tollow the movement of these points along their trajectories
in phase space: the totality of the positions they oceupy ot time /7 constitntes
@ donmin I),', the volume of which l",' ix cqiud to the volume 1, of 1), i

1 15 that is Lo say, we have

. . o
f«lr, v dedpddpd {«llg‘{ ey Lo dp)
.

", n,
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. £l . . .
Remembering that po poe(), we obtain inmediately

(1n) dogy codgadpy odpe g ) "{«Iq‘.’ sy dpy Lodp
Iy l:,,

We find, thus, that the extension of the domain oceupied in the ordinary
phasespace 17 by the representalive points of our dissipative systeny, conti-
nues to decrease, tending to zero when £~ oo,

Let us now eousider the theorem of eouservation of density in phase: for
the systems we have been oxamining, we may write:

Nk
d . co . .
ot o, L,

where p* is the density in the space [™. Supposing that at time t={,
the density oy - po is uniforni over all the domain D5 Dyc 1™, so that
[o), 3]==0, we obtain Qo*/dr=0, i.c. o* remains constant during all the
time-evolution of the representative points of the system,

That is, we have

Eg

Oy e 3 DYoo DY) == 04 e s DY DY)

from which we obtain

(16) Oy e (s Proee D) == 0oldS ol P DD (L)

This equation shows us that the density of the representative points in the
region of phase-space which they oceupy, inereases continually. As an ob-
vious consequence of these last two theorems, we obtain furthermore that

fr_),((/, e e podyy o dgdg o dpg =
Dy
= (()O({/? v iy Y e e LAt d gt L At
P
This result expresses the fact that the number of representative points in
phase-space remains constant,

3. ~ The possibility of deducing the fundamental Inws of statistical mechan-
ies from the equations of motion of an ensemble of systems, s based, in elas-
sieal physices, on the validity of a suitable ergodie theorvem, that allows us to

7964
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substitute the microcanonical averages in phase-space for the time averages (4).
The mest satisfactory formulation of the ergodic theorem seems to be that
of Birkhoff, which, on the basis of the results of the two preceding Sections,
may be extended to the class of nonconservative systems which we have been
exanining,

For these systems, Birkhoff’s ergodic theorem may be stated as follows:
« Let us conxider an isolated system with an unspecified number of degrees
of freedom, subject to nonconservative forces; the average with respect to the
time parameter v (average over a dynamical trajectory in the phase-space

with co-ordinates ¢ and p*) of any function f of the points of phase-space %8
]
that is integrable sccording to Lebesgue, defined by lim (]/O)U(P )dr, exists,
= Y 0o J T
0
and does not depend on the initial time. Moreover if, and only if, the dyna-

mical system is metrically transitive, that is to say, if and only if, the surface *

of the o Hamiltonian » (that we suppose to be an integral of the equations of

motion d/I*fdr - 0) cannot be decomposed into two sets of points 5y, o both

with a positive measure, and both invariant with respect to the motion of the

syxtenn, the average with respect to the aforesaid parameter is equal, apart

from a set of points representing the initial states of the system (initial phases)

with Lebesgue measure zero, to the microcanonical average over ™. That is

to say, we have '
o {/(,/’ p*) do

Him ff[’/(r), PO = ¢ :

o fdcr*

0 FA

where do* is the invariant microcanonical measure of the surface element

of o*.

Starting from this theory we ean then deduce, in a way which is comple-
tely analogous to that ased for the conservative systems, the canonical distri-
bution law for an enscemble (gas) of systems (particles) subject to dissipative
forces,

It follows:
exp - g i e, pRy|de, o dg dpf oL dpE

TRY . .
fexpl gt q, p)]de, ... dg dp§ . dp*

where pois still o universal constant.
Reealling, then, the espressions 1% g3, p* pgdt) and detining

(17) fe Byl

M 1B Pawguuai: FKrgodie Theory in Statistical Mechanies (London, 1964) (see
partienlarly Seei. 3 and Seet. 4).

w .
= te H Nuorvo Cimento 1,
L
h
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we ohiain
expl - /")’,ll(Aq, M dy, codgdpy codp,
] expl pAdllg, pylde, odygdpyodp, ’

(18) AN =

This relationship is an obvions generalization of Boltzmann®s well-knowy
distribution Law for conservative systems.

Remembering expression (7) of () we zee that the number of particles
with energy H (g, p)-- e deeveases continually as ¢ inereasess this is due to the
fact that friction forees tend to diminish and ultimately annul the energy of
every single particle. The final state of the ensemble (6 — oo) will be a state
of zero total energy.

Phe physieal meaning of the substitution of /8, for ffin (18) is casily perecived.

Let us ealt 7y the initial temperaturve of the thermostat and consequently
of our gas (before the dissipative forces begin to work). We will, therefore,
have fBe=1[kT,. Starting from =0 the temperature of the gas; instead of
remaining  constand, deerveases continually according to the law 7 Typ(t)?
and the gas assumes at every instant the equilibrium distribution correspond-
ing to the temperature T,

Note, furtmermore, that it we inerease adiabatieally the temperature 7,
of the thermostal, aecording to the Taw 7, Tup(!) 3 the gas continues to
have the Bollzmann distribution corresponding to the constant temperature 7,

From the physieal point of view, the most interesting ease to which we ean
apply the results we have obtained, is that of the gas of free particles subject
{o the frietion forees — amop.

Using the formulas of the last Seetion we obtain the generalization of Max-

well's distribution Law for this case

Oz .
(19) AN - T piexp - pelvede,
\ T
with
0) / ! [~ 24t]
: P NP |— 22 .
{ I, 5T, ©X] /.

On the basis of what we found Jor the more general case, the interpretation of
these results is immediate (7).

") Note that. so far. we have assumed that the dissipated energy associated with
the noneonservative forces lms not heen reabsorbed in any way by the thermostat
H. instead. this were not case (and if the reabsorption were complete). Boltzmaun’s
distribution would remain invavied.  This. for instanee, happens in the case of an
cleetron gas immersed inoa thermostat constituted by neutral molecules. The existence
of frietion forees  forees deriving from the collision of the eleetrons with the molecules

doex not alter the Boltzmann distribution assumed by the eleetron gasc the tem-
persture of which remaing constantly equal to the witinl temperature of the neutral

TeBe
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We could, moreover, develop without any difficulty the statistical thermo-
dynamies of our gas subject to energy dissipation due to friction forces.

It seems more doubtful whether it is possible to find—apart from the ecase
of the gas of free particles subject to friction forces—other cases of real phys-
ical interest that can be dealt with by means of the theory we have deve-
loped. This is due to the fact that if we want the Hamiltonian H* fo be a
constant of motion, the potential ¥ must depend on ¢ in a very special and
perhaps even artificial way.

We ean, however, give as a second example the case of a system of linear
vscillators subject, not only to the friction force, but also to an attractive force
—kexp[—2At]Jz. For such an oscillator we have

and the Hamiltonian

. ¥k
H*:Hexp[:zltt]:g;b +§x3

is still an integral of the equations of motion. For a system of oscillators of
this type, Boltzmann’s generalized distributien formula, which we have found
in this Seetion, holds good.

4. — The results obtained above, can be extended even to the quantum-me-
chanical ease. We must first of all note that the Hamiltonian formulation
for the nonconservative systems outlined in Seet. 1 of this paper, allows us to
effect the quantization of these systems through a process which is the ob-
vious generalization (3) of the usual process by which we pass from classical
to quantum mechanies. Starting, therefore, from the Hamiltonian H*(q,, Pr)
we shall obtain the corresponding quantistic operator by substituting the cano-

molecular gas. We ean. on the other hand, deduce this result directly by solving
the system of Boltzmann equations for the electronic and molecular distributions in
the hypothesis of a Lorentz gas, for which the loss of energy is due to the elastic
eollisions of electrons with molecules. The dynamical frietion oceurring in the
equation of mean electron molion for a Lorentz gas is a typical illustration of a dis-
sipative effect which ean be ealeulated in a kinetie theory, as mentioned in the foot-
note of p. 171. )

(3) ses CaLpirora (3). For other coniributions to the quantization of noncouser-
vative systems see: E. Kaxat: Progr. Theor. Phys.. 3, 440 (1948); K. H. Ker~en:
Can. Jouwrn. Phys.. 36, 371 (1958); K. W, . Sresex: Proe. Phys. Soc., T2, 1027
(1958); G. VaLenting: Kend. Ist. Lomb. Seienze, 95, 255 (1958); PP, i, Sona: Faergic
Nucleare, 13, 318 (19686) has recently studied s more extensive clws of nonconsery-
ative systems from the point of view both of closical, meclumies and of quaniam

~, -3

e hanies,
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nical variables ¢, and p’ with the Hermitian operators defined by the usual
commutation rules:
*. o3
[g-s p.]= b, .

.

In the g representation and in the Schridinger picture, we, therefore, obtain
the following quantum-mechanical evolution equation

(1) i

=~
n)i [9))
~ e

<
=H*{¢,, — i —; .
(A b llaqr$ T)w

Given, then, an ensemble of systems (such as a gas of particles), subjeeﬁ to
nonconservative forces, of the type we examined, and admitting for this en-
semble, the existence of the integral of the Hamiltonian H*, thanks to the
, 'i'alidity of suitable ergodic theorems which are an obvious extension of the er-
godie quantum-mechanical theorems (%) for systems subject only to the action
of conservative forces, it is then possible to substitute the time averages (with
respect to r) with suitable microcanonical quantum-mechanical averages over
the states contained in a H*-shell, to which, we suppose, our ensemble of 8ys-
tems belong.

It is then easy to establish statistical distribution formulas for nonconser-
vative systems which are an immediate generalization of the well known for-
mulas of Bose-Einstein and of Fermi-Dirac. We, in fact, obtain

(22 T g-
exp[(x +fe) = 1)

where, as in the classical case, we have put 8,=f¢(t)? (in the case of fric-
tion forces it is still ¢(t) = exp[— 2At]). We see, therefore, how the behaviour
of dissipative systems of the class studied in this paper, can be deduced from
that of the corresponding conservative systems in a way analogous to that
in which we pass in classieal statistical mechanies from conservative to non-
conservative systems.

(*y I. E. FarQuuar (}) (see especially Sect. 8).

RIASSUNTO

Viene studista o Meceanien Statistica di una certa classe di sistemi soggetti a forze
dissipative. tn particolie si estendono aleuni fondamentali teoremi relativi @ propricti
dello spuzio delle fani ¢ s generalizaa la formula di distribuzione clivsica di Boltzmann.
SEomostra infine Pestensione dei risultati ottenuti al cuso dells meccanion quantisticn
geperalizzando 1o formule di Fermi-Dirne e Bose-Finsten,
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CrarHeTHHMCCRAN MEXAMMKA HEROUCCPBATHBHLIX CHCTCM.

Peatonme (7). — Wi3yuaercs CTATHCTHYCCKAR MeX4HHKL OOALIIOrQ KAacca CHETEM,
NOZBEPKEHNbIX ACTICTBIIO HEKOHCEPBATHBHLIX ClUl. B 4actHCCTH, BLIBO/STCA HEKOTOPLIC
dyHOaMeHTAAbHDIC TEOPEMbI, KAcaIouniecs cBOICTS (azoBoro npocpaicrsa wododwaerea
GOpMYNA KAACCHYECKOTo pacnipesenenig BojlbUMAHA Ml TUKOY0 KA USKOHCEPBATIH-
BHbIX cycTem. Hakowetl, yCTaHapusaroTCs GOPMY b TS AHCCILLMIBILIX CHCTCM, ROTO-
PLIC ABIMIOTCH HENOUPEACTBCHILIM 000BIMCHHEM CHUTHCTIUCURIN pactpeacacinit buise-
DinwTeiia 1 Gepmn-Ldupaka. )

(Y Hepesedeno pedariyuett.
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A Lie-Admissible Model for Dissipative Plasmas (7).

P. Romax and R. M. Sav7iLn

Department of Physics. Boston University - Boston. Mass.

(ricevuto il 6 Agosto 1969)

1. ~ In the present note we introduce a model for dissipative plasmas construeted
in terms of an clementary generalization of well-known basie equations for plasma
physics to dissipative conditions.

For this purpose, let ns first reeall the role of Hamiltonian mechanies for deriving
the Liouville equation of a conscrvative system.

We consider an m-component system in phase space represented by the Hamil-
tonian H{qy, p,). the density olqy, pr, 1) and the velocity V = (dq,/dL. dp,/dt), where

F=1.2....,n On account of the property
o dg, o dp, ol el

) Vrs g STl S 0,
o Al Op,. ot 2 Opr TP oG

where sunmation over repeated indiecs is asswmed. and by defining the Poisson bracket
for any pair of funetions (g, p,) and Blg,. p;) according to

) ; a4 o od B
) [ Bly= o= e — e o
S CP CPy O

the Tiouville cquation for our system is given by

-~

(3) LI ) Vg (5 blo I, = 0.
€

From eqs. (1) and (2) we elearly see the basie role of Hamiltonian mechanies for
deriving eq. (3). This implies as a consequenee that the Liouville equation (3) possesses
well-defined limits of validity. sinee Hamiltonian mechanies is applicable in its general
formulation to conservative (or holonomic) svstems and is extendible only to a few

(") Research supported by the UL s, Air Force under Grant No. AF-AFOSR-385-67.
(*) In eounnecction with the limits of validity of Hamiltonian mechanies see. for instance. I, GoLp
sTRIN: Classical Mechanics (Reading, Mass,, 1065),

Reprinted from Lettere al Nuovo Cimento, 2, 449 (1969) 449
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specific dissipative (or nonholonomiec) systems (1). For instance, when there is a dissi-
pative condition which cannot be expressed in terms of a gencralized potential, Hamil-
tonian mechanics is not longer valid, and the problem of the same basic procedure for
deriving an explicit form of the Liouville equation has not been fully clarified yet (2).

2. — In a recent paper (%), an algebraic criterion for selecting a generalization of
Hamiltonian mechanics for dissipative systems has been introduced. This criterion can
be essentially summarized as follows. The Poisson bracket (2) can be considered. from
an algebraic viewpoint. as an abstract product

(4) 4-B=1[4,B],,

which defines a Lie algebra L. If one considers a dissipative framework, then a generali-
zation of Hamiltonian mechanies generally implies an enlargment of the basic product
according to an extended bracket

(5) AoB=(d,B)

which in principle defines no longer a Lie algebra.

The above criterion for selecting enlarged procedures restriets the algebras defined
by (5) to the so-called ILie-admissible algebras. These are nonassociative algebras U
with abstract product .4 o B such that the attached algebras U~, which are the same
vector spaces as U, but with the new product

(6) [4,Bly=AdoB—Bod.

are Lie algebras.
More explicitly, the above algebraic criterion restricts the possibile generalized
formulations by means of the condition on the enlarged bracket

(7 (4. B)— (B, 4) = ¢[4, B}, ,

where ¢ is a scalar (¢ 0 and s co) with respeet to ¢, and p,.
Some features of this selectivity criterion are:

1) The Hamiltonian procedure itself satisfies the requirements as basic formula-
tion since

(8) [A’ B]p_' [B, A]p = 2[A~ B]m .

2) The generalized procedure reduces to the Hamiltonian mechanics when the
system becomes conservative, since a Lie-admissible algebra can contract itself to a
Lie algebra (%).

(*) For a large bibliography on the generalizations of the Hamilton and Lagrange formulations
since 1873 see, W. D, MACMILLAN: Dynamics of rigid bodies (New York, 1936).

(*) R. M. SaNTILLY: Dissipativity and Lie-admissible algebras, Coral Gables preprint no. CTS/M/67/2.
To appear in Meccanica (April 1969).

(*y R. M. SanriLLi: Suppl. Nuove Cimento, 6, 1225 (1968).
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3) A well-defined content of a system in a conservative condition can be preserved
for its extension to dissipative conditions since the original Lie algebra invariance I
is «imbedded » (5) in the enlarged algebra U.

Among the generalizations of the Hawiltonian meehanics for dissipative systews
satisfying the above restriction we consider the so-called pseudo-Hamiltonian me-
chanies (f) which, in terms of two-parameter formulation can be introduced by means
of the equations (%)

. 2 ol
qk = -
aplc
(9) A
. ol
Pr= M -+ / ko
a(,h;

Fo=1,2,.0, p0,

where 1 and u are free paramcters (s 0 and s oo) independent of g and p;, and f;
are the components of the external forces.

A physical interpretation of the parameters 1 and p can be introduced as follows.
Consider a (diserete) conservative system described by the Lagrangian and Hamiltonian

L= T(q) — Vg, oL

(10 H= 1)+ Vig), L

where, as usual, 7' and V' represent respectively the kinematic and potential energies.
Suppose that the system for a given period of time becomes dissipative under the action
of an external force. Then the kinetie and potential energies generally vary and we
can write as true Lagrangian and Hamiltonian for the dissipative conditions

Ly = Tp(q) — Vplg) -+ external terms.

() H
D

I

o(p) + Vplg) -+ external terms .

The above quantities can always be written in terms of the original kinetie and
potential energies as

Lp = A1(q) + wV{g) + ..\

(12) i
Hy= AT(p)—nV{g) + ...\
where the quantities
T i
1t A= 2 e 2
(13) T e

represent the variations of the kinetic and potential energies with respect to the cor-
responding values for conservative conditions and ean be considered. generally, as
functions of ¢. ¢, and ¢ e.g. A= Ag 1) and p=pu(g. 1)

Suppose now, as a « perturbative approach », that cither the variations (13) of T
and of 7 are small enough to be approximated by constants, or that the true varia-

(%) R. M, Sanrirni: Nuovo Ciinento, 51 A, 570 (1967).
() R. J. DurrIN: drch. Rational Mech, Anal., 9, 309 (1962).
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tions (13) can be approximated by some suitable chosen averages in phase space. Then,
because of the independence (7) of 4 and g from ¢. ¢, and t. the pseudo-Lagrange equa-
tiong are given by

d eLp, el d el ¢l

14 S s S a = B 1.2
(14) qt 2qe oq, At oq, i, Ji 1

%

and the pscudo-Hamiltonian equations (9) follow a

. cHy Il oLy oL
qp ==, = /'[,T Pp== = /R
- CPr P Cq oy,
(19) . ol ol s
Pr= - P A fr= 5—(1—: A fes =1, 2., 1.

In this formulation the total time derivative of any funetion (g, py, t) is given by

(16) — (for f.=0).

dr or o oH ol
dt ot

e o s _i, {f e
o y o
o, e aqp.

By recalling that we are in a dissipative condition. the total energy is not conserved
and its variation in time is represented by

17 dH, i+ oH eH 20 for A
P 0, or At —p .
4 di “ 2 Opr s

Finally, from (16), the generalized bracket is given by

84 OB 2.4 aB
(18) (A B)= 1 4 ob
aq. Opx.

" -a—~ -

Pr P
where .1 and B are any funetions of ¢, and of p,.

We clearly see that pseudo-Hamiltonian mechanics sabisfies the above sclectivity
criterion since the algebra [U(4, )T~ characterized by the product (18) is a Lie algebra
on account of the property (%)

(19) (Aa B) - (Ba ji) = ('1’“/‘) [*A:]}Jp .

(") In this formulation the cisobropy » of the dissipativity in phase space is expressed by the inde-
pendence of the 4 and ;¢ parameters on the degrees of freedom. A further extension of the formulation
for anisobropic conditions can be investigated by associating different parameters A and g (with k=
=1,2,...,n) with cach pair of canonical variables ¢ and px.

(%) Let us also note that from an algebraic viewpoint only onc paramcter is essential, since the
algebra U(A, p) characterized by the product (18) is isomorphic to the so-called isotropic algebra with
product

94 8B 1a8B 84
(d % B) = — #h meme oo m— % —
aqr  Oprk & Oqr dpr
where
od 8B ad 3B 8B dd

" " B 8.4
dq: Opr  Oakdpi’ da: opr

dqx Opr

and = A/u. Thus, from an algebraic viewpoint, the two-parameter formulation (9) is equivalent to
the Duffin formulation ().
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I'urthermore, the procedure itself reduces to Hamiltonian mechanies when the para-
meters 4 and p obtain the values + 1 and —1, respectively.

An interesting aspect of this generalized procedure is that the true Hamiltonian H
for a conservative region is formally preserved in a dissipative region, where it assumes
the name of pscudo-Hamiltonian. since the dissipativity of the system is represented
by the parameters involved in the formulation.

Pseudo-Hamiltonian mechanies has been introduced for representing some dissipative
cleetrieal network and for describing small motions of dissipative systems about a posi-
tion of static equilibrimm (%), It has been also used for introducing a model of digsipative
ficld theory by performing an extension to continuous system (%), for whose purposc
the above seleetivity criterion was derived.

In the following we shall consider the above « perturbative approach » where 1
and p are constants.

3. - In connection with plasma physics, pseudo-Hamiltonian mechanies could be
of some interest cither for investigating plasma in dissipative conditions because of
exchange of encergy with an external system (e.g. an electric or a magnetic field), or for
investigating partial regions of globally conservative plasmas with internal exchange
of energy (or of momentwn or of angular momentum), whenever the dissipativity does
not allow the use of Hamiltonian mechanics (e.g. when the dissipative forces are not
expressible in terms of generalized potentials ().)

Let us consider a dissipative plasma according to one of the above conditions. The
generalization of the Liouville equation in terms of pseudo-Hamiltonian mechanies is
given by
e*H

+o H) + A+ e =0,
t 3q;, Oy

PSS

(20)

(a3)

where (g. 1) is now the bracket (18), the third ferm in the Lh.s. comes from the con-
tribution of ¥-¥ which is now no longer zero as in (1), and O is a collision term.
Let the pseudo-Hamiltonian H be of linear velocity force type, i.e. '

2 e =1,
( ) qu apl: t

with K a constant. Then, by (20) and by computing the total time derivative of o
we get (for € ==0)

(22) 0 == gy exp [— AL},

where A = K(A-+ x). Thus, under the above conditions, the particle density in phase
space is no longer constant, but it decreases or increases in time corresponding to
KA+ ) >0 or K(i+ u)< 0, respectively. For A= —p==1, ie. when the pseudo-
Hamiltonian mechanies reduces to the Hamiltonian mechanics, we recover the constant
behavior in time of o for conservative conditions.

Let us consider a collision term of the form

@79

23 g
(23) .
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where g, is the equilibrium distribution and ¢, is the relaxation time. Then the gener-
alized Fokker-Planck equation in terms of pseudo-Hamiltonian mechanics is given by

ce Xo—o
(24) ét —+ V‘ng + F'V’,Q = — w.‘.f:‘:_wl.’ ,
where
(25) Ve=q, F=p, X=1+4tKA+pu.

If the above equation refers to an cleetron gas under the action of an electric field E,
then for small deviations from the equilibrium configuration we can write

1 t,
(26) e:}@—*F(V'Vqu'— eE-V,0,) ,

so that to first order, by assuming g, to be independent of g,, we have

1 £,
(27) QZXQO“F eE’Von-

Under the above assummptions, the electric current and the conduectivity tensor
defined for conservative conditions by

e, 00,
28 Jem= ——t v, 50
( ) £ m zf F:e 817,-
and

e, Ogy
29 Tye=—— Vo dv,
(29) ! n J oV, v

respectively, will become in our dissipative framework

e*t, m
30 Jp = — B,
(30) E mX, *
e*i, my
(31) Ty;= X 3i5 5

where we have assumed a Maxwell distribution.

This result illustrates, in the case of our example, how the parameters 4 and u of
the formalism influence the physical quantitics of the system. More explicitly, these
quantities represent a decrease (increase) of the clectric current and of the conductivity
tensor with respect to the corresponding quantities of a conservative condition when
Kt (A+ p)>1 (< 1). Thus the parameters of the formulation can be used to determine
the best fit for physically established values of J and of 1;;. Of course, when the para-
meters are contracted to the values A= -— g =1, then all the corresponding expres-
sions for conservative conditions are recovered.
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T.et us also note that our « perturbative approach » seems to be compatible with the
considered example of an elementary dissipative plasma, since also for the conservative
formulation the solutions corresponding to (24) are calculated for small deviations from
the equilibrium configuration.

In a similar way, other equations for a nonrelativistic or a relativistic plasma can
be extended to a dissipative condition either according to the above « perturbative
approach » or by means of more general procedures.

In any case, when a dissipative condition appears in a region of a plasma and the
true Lagrangian L, and Hamiltonian I, are conceived in such a way as to represent
the variations of the kinetic and potential energies according to (12), then the Liouville
equation of the system will be of the form given by expression (20) when A and p are
independent of g, and p,.

Conceivably, further investigations of the above model may be interesting. For
instance, one could study the possible connections between the instabilities of a given
region of a plasma and the exchange of energy, momentum or angular momentum
between the considered region and the rest of the system.
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Apports de chaleur et mécanique dissipative.

J. FRONTEATU

Faculté des Sciences, Laboratoive de Physique - Tananarive

(ricevuto il 15 Ottobre 1970)

Summary. The assumption of a dissipative model for heat transfers
is introduced and the coherence of some of its consequences is shown.

1. - Intreduction.

Du fait de la mécanique statistique et de la mécanique quantique, le for-
malisme proprement (*) hamiltonien est aujourd’hui omniprésent en physique.
Ceci signifie que le physicien contemporain postule gue toute interaction é&lé-
mentaire, quel qu’en soit d’ailleurs le niveau, moléculaire, atomique, nuclé-
aire ou subnucléaire, est un phénoméne non-dissipatif. Dans ces conditions,
_ la notion de dissipation n’a de sens que pour les interactions macroscopiques,
que 'on comprend comme des phénomeénes statistiques. Quelques auteurs ont
cependant tenté, depuis peu, de faire sortir la physique et surtout la mécani-

(°) On désigne ici par formalisme « proprement » hamiltonien la traditionnelle méea-
nique hamiltonienne des systémes econservatifs, par opposition aux formalismes qui
en dérivent et qui traitent les syvstémes dissipatifs soit en introduisant et en conservant
un terme de foree dissipatif dans les équations d'Hamilton (*), soit en effectuant un
changement de variable portant sur le temps (2), soit encore en introduisant deux para-
métres caractéristiques de la dissipation (3).

(1) 8. Griasv: Rend. Adecead. Naz. Lincei, 39, 447 (1965).

(* P. Carpirora: Nuoro Cimento, 46 B, 172 (1966).

() P. Romax and R. M. SanNTiiri: Lett. Nuoro Cimento, 2, 449 (1969).

Reprinted from I Nuovo Cimento, 2B, 107 (1971 )
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que statistique (1), de ce cadre peut-étre trop étroit que constitue le
formalisme proprement hamiltonien. Le présent article va dans ce sens:
Pauteur essaie A’y décrire les apports de chaleur a l'aide d’un modeéle dissipatif.

Le modtle méecanique classique de la chaleur ne couvre, & proprement
parler, que le premier principe de la thelmodynamiqu(‘a_gighél‘}; peut pous-
ser plus loin le mod¢le mécanique gu'en surajoutant une 7 a Pévolu-
tion non-dissipative de chaque moléeule. Le présent article tente de dévelop-
per d'une autre facon le modéle méeanique de la chalg’u&;ag_l s’agit de com-
prendre Pentropie et le second principe sans qu’il soit "> besoin d’une
statistique, mais en postulant pour chaque molécule une méeanique dissipative.
A long terme le but serait de ramener la thermodynamique a la dynamique
en réduisant les concepts d’apports de travail et de chalewr a ceux d’apports
hamiltonien et non-hamiltonien d'énergic méeanique, la variation d’entropie
stant lide au earactére non-hamiltonien des apports de chaleur.

L'outil fondamental de la méthode sera le théoréeme d'évolution des volu-
mes dans Pespace des conditions initiales d’un systéme différentiel quelconque
(nous l'appellerons théoreme de Liouville « vrai») (**%3) qui généralise le cas
particulier traditionnel de la conservation des volumes dang 'espace des phases
de la mécanique hamiltonienne.

Le modele dissipatif présenté ci-dessous est évidemment le plus simple
gu'on puisse imaginer. Notre but est d’essayer de montrer, dans une premiére
étape, que ce mcdele est compatible avec les résultats classiques de la thermo-
dynamique. On limitera Pétude au cas du gaz parfait, c’est-a-dire d’un en-

semble de particules ponctuelles, identiques et sans interaction. Ce gaz sera

& I’état propre non relativiste, ¢’est-a-dire que les vitesses des particules seront

toutes faibles devant e¢.

2. — Le modéle dissipatif proposé.

Nous postulerons que tout apport de chaleur peut étre représenté par une

force de la forme
F = omv

() 8. Guiasu: Compt. Rend. dc. Se. Roum., 12, 1087 (1962).

() F. Fer: Compt. Rend., 260, 3873 (1965).

(®) ¥. Fer: Compt. Rend., 260, 1159 (1965).

(*y J. FRONTEAU: L'entropic et la physique moderne, CERX, rapport interne MPS8/Int.
MU/EP 66-5 (1968).

(®) 8. Gurasu: Rer. Rowm. Math. Pures Appl., 11, 541 (1966).

(®) F. FEer: Compt. Rend., 265, 205 (1967).

(®y F. Fer: Compt. Rend., 265, 239 (1967).

(*Yy J. LrouvvitLe: Journ. Math. Pures Appl., 3. 342 (1838).

(12) . G.J. Jacost: Vorlesungen iiber Dynamik. Oewrres (complément) (Berlin, 1884), p. 92.
(%) J. FroNTEAU: Le théoréme de Liourille et le probléme géndval de la stabilité, CLRX,

65-38 (1965).
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agissant sur chaque particule (de masse au repos constante m); « est une cons-
tante (*), positive ou négative suivant le signe de l«apport» de chaleur.
Par la suite, de telles forces seront dites « forces calorifiques ». Dans expres-
sion de ces forces, v est la vitesse par rapport au référentiel K, dans lequel le
gaz est au repos macroscopique (le centre de masse du gaz y est fixe).

Insistons sur le fait que le modeéle proposé ci-dessus n’est évidemment
qu'une hypothése dont Pauteur ne prétend puas établir d’un coup la validité;
il s’agit seulement d’attirer 'attention du lecteur sur quelques conséquences
de cette hypothése. '

3. — Application des théorémes généraux de la dynamique classique.
3'1. Théoréme du centre de gravité.

(5m) e 3 F=Somv=aSm.

Or, P désignant une particule guelconque,
SmGP=0 (définition du centre de masse G).

En dérivant dans K,, il vient
Smev=0, SF=o0.

Ainsi, le mouvement du centre de gravité n’est nullement affecté parl’existence
des forces calorifiques; I’apport de chaleur ne modifie pas sa vitesse. Remar-
quons en passant que ce résultat est conforme & la position d’Arzelies quant
4 la transformation relativiste des grandeurs thermodynamiques (ef. (*4).
Introduction, page XXVII, ou page 671).

3°2. Théoréme du moment cinétique.

dcg__ .
—d’—t-——‘ZMgF.

Pour les forees ecalorifiques,

SHUF=a3 GPAmv = oo, .

) A queiques détails prés, le modéle conduit aux mémes résultats si on remplace
la constante « par une fonction «(f) commune A toutes les particules.
(") H. ArzeriEs: Thermodynamique relativiste ef quantique (Paris, 1968).
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En intégrant, il vient:
G, = (&,), exp [«t] (Pindice 7 caractérise I'ingtant initial) .

Le moment cinétique macroscopique du gaz reste nul s’il Pétait au début de
Papport de chaleur.

3'3. Théoréme des forces vives.
i3 B,,) = 2 4B,,= 387 = I Fvit,
SFodt =D omv-vdt = :x(E mvz)dt .
En intégrant, il vient
5 Buy— (3 Bou)iexp [221]
L’énergie cinétique du systéme varie (exponentiellement) sans pour qu’autant

le centre de gravité se déplace, et sans pour qu’autant apparaisse un moment
cinétique d’ensemble.

4, — Application du théoréme du viriel.
Simit=—}3F GP=—¢,

(p = (ppreuion + wcsl (pOuI' un gaz parfait, wlnc = O) M

“alculons le viriel des forees calorifiques
1
Peal = > Z amv-GP = -:—g-t- [Z m(GP)ﬁ] .

La théorie du viriel postule, du fait de 1’équilibre statistique du gaz, que
> m(GP)* est une constante. En conséquence

(pcl.l =0.
Les résultats classiques découlant de-la théorie du viriel ne sont done pas
modifiés par Vintroduction des forces calorifiques. Entre autre, pour un gaz

parfait, on a 4 tout instant

z Ecin = q?pre“ion = -}P ‘7 M
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5. — Introduction de I’entropie fine [ef. (7)].

Considérons I'équation du mouvement de chaque particule du gaz soumis

aux forces calorifiques

my = amv,

c’est-a-dire, en ramenant le systéme au premier ordre,

dX/dt = X'

Introduisons le jacobien

AdX'[dt = aX’, X =192,

D(z, y,2, @',y 2)

= A
D@y Ysy 2y Tsy Yiy 25)

Pindice ¢ caractérisant I'instant origine, et définissons ’entropie fine par la

relation

8;= K log|J| (K constante de Boltzmann).

On sait que le jacobien J commande ’évolution temporelle des volumes dans

'« espace des conditions initiales» & 6 dimensions =, y, 2, @', ¥, 2'. L'entropie

fine sera donc une mesure de cette évolution. :
Appliquons maintenant le théoréme de Liouville vrai (11%) au systéme dif-

férentiel considéré ci-dessus:

d . .
T log |J|= divergence du second membre du systéme ramené au premier ordre,

d cr' ¢y | &
—1 = 2 2
4% 1 ar + cy + oz

d
a—;iog’{J{:&x;

or (cf. Subsee. 3°3)
d’ou

ou encore

Bar) | B , Bl
8".’1’, a!// azl ?
arF,,/d:

E/ =2,

log |[J| =

25 =°

3 Ay, /dt

2 K, '

cin

d-Ecln
Ecin '

K
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En définissant Pentropie comme une grandeur extensive, il vient

ds= 3 as,,

dEcln
Ecln

ds.—.—g-Kz

Insistons sur le fait que les variations d’énergie cinétique considérées ici sont
dues aux forces calorifiques.

6. — Passage a P'entropie macroscopique.

6'1. Introduction de¢ la réversibilité. — Soit 8 la température cinétique du gaz,
¢'est-a-dire, 4 un facteur prés, Pénergie cinétique moyenne des particules.
Notons qu’il s’agit de la température du gaz, et non de celle d’une source exte-
rieure {cf. & ce propos (), p. 682).

Considérons maintenant un apport dQ de chaleur, que nous interpréterons
4 Paide de forces calorifiques, et cherchons & quelles conditions, 6 et d@ étant
donnés, la fonction d8 définie ci-dessus passe par un extremum.

Les N particules constituant le gaz étant affeetées d’un indice j, posons

E = (Ecxn); b Xj= (dEcln)! *
Avec ces notations,

2 dEcln . "'YJ'__
3_K dS - ‘; ( Ecin )i— g Ei - F(Xj’ Ei) )

Le probléme de lextremum de dS revient & trouver les conditions d’ex-
tremmum de la fonetion F(X;, ;) sachant que:

flX,) =2 X,=dQ constante donnée,
i

g(E;) = Y E; = N§ constante donnée .
J

Appliquons la méthode des multiplicateurs de Lagrange; 1 et u étant deux
paramétres auxiliaires, les X, et les E; caractérisant I'extremum sont définis par
1a compatibilité des équations suivantes:

or 4 of

ox, T tex, T H .
7 A 20 j=1,..,XN,
or C cg

er, T AeE, e, =0
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c’est-a-dire:

I%’—}-l:O, B =1
.X! /l
_--E_‘;—*-‘u:o’ X,.::—A—z_

Les conditions d’extremum sont done

(Ban)y = By = (Bun)y = = (B )y,

(AB,), = [E ), = (AE ), = ... = (dE, ), .
La econdition (E), =(E,),=...= (#,), définit Pétat d’équilibre parfait.
Tout apport de chaleur tel que (d_l?cm) (dE,), = ... = (dE ), fait passer &

un état d’équilibre arbitrairement voisin. La ’cmn&formation est réversible,
et I'on vient de retrouver que dans ce cas dS connait un extremum.

6°2. Caleul de Q[0 pour un apport de chaleur réversible (cas de la transfor-
mation a volume constant).

4@ = > dE, (dB,, dues aux forces ecalorifiques),

K0=3E, (K constante de Boltzmann),
dQ z dEcin 3 z dEcin
o A S| GF . 3
0 (23K)E,, 2 B,

La transformation étant réversible au sens défini ci-dessus,

E oin = Ecin et ( cln)l ( cin = (d'Ecln)N ?
d’ou
dQ 3 NdBu, 3. dFE.
7 -3fm, iV, —¥S,
%9- % KENd(log E.,;) = d8S .

On retrouve bien que dQ/0 est intégrable dans le cas d'une transformation
réversible.

6'3. La fonction H de Boltzmann. — La méeanique statistique définit la
moyenne @ de toute fonction @ i l'aide d’intégrales étendues & 'espace des
phases, ¢’est-d-dire, puisque les particules du gaz parfait sont identiques (méme
masse m), étendues i espace x, ¥, 2, 2,3, . Désignons par ¢ la densité de
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population de cet espace.
B chgdv _ f@gdv .

- )

- fgdv N

N, nombre de particules, est une constante.
Appliquons cette moyenne 4 entropie fine 8, [ef. ()]

- 1 f
S! = "ﬁ fS,Q dl) .
Or, o = g,f|J]| (i caractérise Pinstant initial),

S, = Klog ]']‘ '
d’ol
5 K 9
Sf = I\—T_J“Q lOg —Q—dU y

- K K
S,z_.TV- Qloggdv—F-;\: olog o, dv.

En postulant une densité initiale uniforme,

K K log o,
¥ fg log o, dv = N’?mfg dv = Klog 9; = const ,
d’ou
= K
Sy = -5 olog gdv + const .

On reconnait la fonetion H de Boltzmann H = f o log pdv; retenons

N -
=—=—48, + const .

B=—%

7. — Invariance relativiste de I’entropie fine.

Soient Hy(x,¥ps) et H(ryz) deux référentiels en translation uniforme l'un
par rapport a Pautre le long de Paxe des 2. Le gaz est au repos macroscopique
par rapport & K,.
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Posons

v, = vitesse de K,/K  (vitesse d’entrainement),

?)3
ﬂc="c"7
v, = 1
VISR

La transformation de Lorentz s’écrit

t =}’o[to+ﬂa%] ’
=Y, [zo+ﬂcct0]7
Y=Y,

€T ==, .

(L’indice 0 caractérise les grandeurs définies dans K,. Ce sera Pindice 7 qui
caractérisera tout état initial.)
Posons A=y, u=1y,,0, v=1yp,Ble, k=y, Il vient

T =1,
Y=Y,
z = Azt pty A,ul_l
t = vzy + ki, ¥ k|
Prenons les différentielles
dz = da,,
dy = dy,,

dz = Adz, + pdi,,
dt =vdzy+ kdi,,

d’ou
dirg
defdt = vdz, + kdt,’
)
dyldt =
defdt = Adzy + pdi,

ydey + kdfy
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Nous retiendrons ces résultats sous la forme suivante:
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& =Ty,

Y=Y,

z = A%y + pty

& o
L+ vz’

!

PR
k4 vy’
1
-z_,bt”{"}»zo
b+ vzy’

J. FRONTEAU

(Les trois derniéres relations ont été obtenues en divisant les deux termes des

seconds membres précédents par dt,. Dans ces conditions, le signe " repré-

sente la dérivée par rapport a ¢ et le signe ' la dérivée par rapport a %,.)
Calculons les dérivées partielles et écrivons un jacobien qui nous sera utile

par la suite

D@yzayz)
D(*l'o?/ozoxtlx.llszt;)

¢’est-a-dire, en développant,

or

D(xyzayz) A

D(&oyoodalode) (K +vzg)t’

70+1’23=?a{1+/3¢%} 1

},:»};”
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dont
D(xyzzyz) 1

T A N T R N .

D(ry o2 To Yo%) Y1+ B.(zefc)]*
Le gaz étudié étant dans un état propre non relativiste, on a :; “ e Avee
cette hypothése, on obtient

D(ry=2y=)

D(.I‘O_I/,,:(,.I“é]/:,:é) - b4

1
~
5.
]

Pour simplifier les expressions, introduisons la notation

Dle) _ Dleyzyz)

D(r,) - D(-"u!/l;:'(;‘l'(;’]/(,):«,)) )

Il vient, l'indice ¢ caractérisant Pinstant initial duns.chacun des référentiels
K, et K,

D(r)y _ D(r) D{x) D(uxy,)

D(x,)  D(r)) D(xy) D(x;)’

D(x) ~ l.D(*Eo) .3
Diz) = 3% Diag) 7

(puisque Pentrainement est uniforme),

D(x) _ D(xy)

D(x;) — D(xy)
Passons aux entropie fines

.. D) B D(rg)
= O e \ — log i,
S; leo,_.‘ i)’ (8,)e = K lo D)
Il vient en définitive

8

S, == (8,), (pour .:; < e).

Remarque: Pour obtenir une invariance rigoureuse (gaz relativiste ou non)
il suffirait de généraliser la notion d’entropie fine a Tuide du jacobien de
Pespace (r,u,) a8 dimensions, D(r,w,)/D(ru,). En effet, on démontre que

D(xpuy) .
TN ETEL Sf, (18 age 310).
Dy ) 1 (£ (%) page )

II ne resterait done qu’d terminer le raisonnement eemme pour espace A
6 dimensions,
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8. - Evolution vers Péquilibre.

Jusquw’a présent nous avons étudié les échunges de chaleur avec Pextérieur.
Considérons maintenant DPévolution vers Péquilibre, en 'absence de tout
échange avee Pextérieur, les échanges d’énergie entre particules du gaz étant
dus & des forces calorifiques.

Considérons deux particules du guz, P, at P, et supposons (B> (E,),-
Notous plus simplement E, > E,. Pour parvepir 3 la méme énergie (¢volution
vers l'équilibre parfait) les deux particules échangeront une energie dFE =
= (E, - E,)[2, d’olt 1a variation des deux entropies fines

. 3 dF 3 __(—dE)
a8, = 5 K T 48, = 3 K “m

d’olt enfin dS = d8,, - dS, > 0.
L'entropie d'un systéme isolé ne peut que eroitre (ou rester constante quand
Péquilibre est atteint).

& ok ok
Je remercie les Profs. H. ArzErL1ks et F. FER qui m'ont amené & publier le
présent article lequel, sans eux, serait sans doute resté dans un tiroir, et je
. ’ . emnvers e .
suis profondément reconnaissant™ — Prof. P. KESSLER des encouragements qu’il

n’a jamais cesse de me prodiguer depuis la toute premiére formulation de mes
idées, en 1966.

® RIASSUNTO (%

Siintroduce un modello dissipativo per il trasferimento di calore ¢ si dimostra la coerenza
di alcune conseguenze ottenute cou esso.

(°) Tradusione a cura della Redazione.

HCDGHOC T i1a H JUCCHNATHBHAA MeXaHHKa.

Peztome (*). — BBomuTCs ApenronoXeHHe AUCCHNATHBHON MOIeau Ans MepeHoca Teria
U TOKA3bIBAETCA COrAACOBAHHOCTDL HEKOTODPLIX CACACTBHH ITOIt MOIe.

(" Hepegeoeno pedaryueit.
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DIE VERALLGEMEINERTE LIOUVILLE-GLEICHUNG

G. GERLICH

Lehrstahl B fiir Theoretische Physik der Technischen Universitéit Braunschweiy,
Braunschweig, Deutschland

Fingegangen am 14, Juni 1973

Synopsis

The goneralized Liouville equation is obtained, if the differential equation for the diatribution
function of a physical system is deduced without assuming that Liouville’s theorem i applicable.
The entropy of such distribution functions is determined. If one admits frictional forces, which
are proportional to the velocity, the entropy decreases in the course of time. although. considering
irreversible processes, the entropy of a distribution function usually inecreases. The damped
harmonic oscillator and the consequences for the derivation of the n-time BBGRY hicrarchy are
briefly discussed.

1. Einleitung. Dic verallgemeinerte Liouville-Gleichung wird hergeleitet. ohne
daB der Satz von Liouville herangezogen wird. Da héufig zwischen dem Saiz von
Liouville und der Liouville-Gleichung kein Unterschied gemacht wird. soll zuerst
der Zusammenhang zwischen beiden dargelegt werden. Dies 148t sich am cinfach-
sten durchfithren, wenn man sich nicht gleich auf physikalische Systeme bezicht.
sondern dic Situation mit dem in der Theorie der stochastischen Prozesse iiblichen
Spruchgebrauch beschreibt.

Wir betrachten eine vom recllen Parameter ¢ (der Zeit) abhdngige Schar von
Abbildungen (Transformationen) des reellen n-dimensionalen Raums R” in sich

. 1 .

xf = b (xg, ... X)L 1), i=1.2,...,n, (h
wofiir abkiirzend

x=l(xy. 1) {2
geschricben werden »oll Dic Trunsformationen (2) solien umkehrhar und zweima.
stetig particli nach allen Variabien differenzierbar sein bis auf Punkie vom L-B-
Mals Null. Dicse Avsnahmepunhinenge soll unabhingie von 7 sein. und e ol

ausgeschlossen sein, daf solche singuldren Punkte bei (2 fir ein gewisses 7 iber-
echen in nichisingulire Punkte und umgekehrt.

Reprinted from Physica, 69, 458 (1973}
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Dicse Schar von Abbildungen kann man als stochastischen Prozef3 betrachten:
Die Klasse der L-B-meBbaren Teilmengen des R” bezeichnen wir mit B, und fir
die Variable x, definicren wir durch eine L-B-Dichte f(x,) im R" ein Wahrschein-
lichkeitsmal} P. Die o-Algebra fiir die Variable x sei ebenfalls die Klasse B. Ist die
durch (2) gegebene Schar von Abbildungen fiir jeden Wert des Parameters ¢ B-B-
meBbar, ist durch (2) eine Schar von Zufallsvariablen definiert, die man einen
stochastischen ProzeB nennt (zur Definition des stochastischen Prozesses siehe z. B.
Bauer!)). In der Theorie der stochastischen Prozesse versucht man Verteilungen
der Variablen x zu endlich vielen Zeiten zu bestimmen, insbesondere aber fiir eine
Zeit. Diese letzigenannte Verteilungsdichte von x zur Zeit ¢ soll fi(x, t) genannt
werden. Will man dann den Erwartungswert einer Funktion g von x zur Zeit ¢
bestimmen, geschieht dics mit+f;(x, ¢t) durch

(g (x(0))y = [ g(x) filx, 1) dx, (3)

wobei dx das L-B-Maf im R" der Variablen x kennzeichnet. Mit der Verteilungs-
dichte f{xy) und (2) lautet der Erwartungswert (3) '

<

gty = [alh (xo, D) flxg) dxg. )

Betrachtet man (2) als eine von einem Parameter r abhingige Variablentrans-
formation von X, nach x, die fiir ¢ = f, dic identische Transformation sein soll,
dann gehdrt zu dieser Transformation eine Funktionaldeterminante J, die als
Determinante von éh#/Cxy im allgemeinen eine Funktion von xo und 7 ist:

At
/«xa.z):Det(('hk>. (5)

-
CXg

Mt der zu (2) gehdrenden Umkehrtransformation
Ny = /lﬂl (,‘C. [) (6)
“imnoman aws fund J die Funktionen fund J bilden:

Sty = flh= (X)), J =S o, ). (7)

Py

U sich o4 ddurch eine Transformacion der Integrationsvariablen in dic

o {8y bringen

. . <~ T .

Jeth o, 0) fley) dy, = fg(.\‘)/ J 7 hdx. (&)
stz ot Loncsiueesdiohie fy s sdso e hen durch

for Sy i1
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Mit dem Satz von Liouville erhalt man J = J = 1, also f; = 7, und cinc Dificren-
tialgleichung fiir 7 ist automatisch eine Differentialgicichung fiir f;, dic man die
Liouville-Gleichung nennt. Ohne die Voraussetzungen fiir den Satz von Liouville
soll die Differentiateleichurig fiir f, hergeleitet werden. Dics ist dic veraligemeinerte
Liouville-Gleichung.

2. Die Herleitung der verallgemeinerten Liouville-Gleichung. Die verallgemicinerte
Liouville-Gleichung erhilt man, wenn die Transformationen (2) die von den An-
fangswerten x, abhingigen Losungen eines Systems gewohnlicher Differcntial-
gleichungen sind

=KL a0, i=12 (10)
Dies wird abkiirzend geschrieben als
X = Ki(x1). (1n

Die Umformungen beruhen auf der folgenden Uberlegung: Es sei g cine belicbige
(differenzierbare) Funktion von x, und ¢, dann 148t sich mit der Transformation (6)
eine Funktion & von x und ¢ definieren, fiir die gilt

gx, 1) =gt (x1),1), ‘ (12)
g(h(x09t):t)=g(x031)' (]3)
Hierfiir erhdlt man mit der Kettenregel und mit

Bkt (xo. 1)

ct

= Ki!x=h(xo.t).v (]4)

bei Verwendung der Summationskonvention

-~

é ¢ .
":—g(Xo.f_) = __:_g(.h(x01 t): t)
at ct

~
)

cH
22

g oht og

&
-

at x=h(xy. 1) 6[ 6.¥ti

~
E

+ Kf__-) .
t cx? x=h(xg, 1)

(15)

x=h (xq.1) (

Dies kann man auch als Gleichung in den Variablen x und ¢ lesen. wenn man sich
die Variable x, mit (6) ersetzt denkt

(o

'fg - ('4
5t
oxt (

!

N

K (16)

g

~

: g(.\‘o.r){l

<
-~
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Da f gebildet wird aus einer Funktion f(x,), dic unabhiingig von ¢ ist, erhilt man
aus (16) fiir £ die Differentialgleichung

YooY o (17)
ct cxt

Multipliziert man diese Gleichung mit J = !, ergibt sich

i + JiK el
ot axt

=i(f‘lf)+K‘i—(i-lf')-f S g1 ju =0, (18)
ot axt at

oxt
bzw.
0 : dlnJ ¢ N
fflTK'tﬂff‘+fl(lfl + K f/lan>—_—0. (19)
ct cxt ¢ cx
Mit (16) folgt hieraus
¢ . v dinJ
—fi + K f + fi — = 0. (20)
Cct cxt Gt | =h=1 (x, 1)

Wenn man in der letzten Gleichung den Faktor bei f; aus (11) bestimmen kann,
ohne thn mit der Transformation (2) berechnen zu miissen, ist (20) die verall-
gemeinerte Liouville-Gleichung.

Sind die Ableitungen von A* (x4, t) nach x§ und ¢ vertauschbar, erhilt man
mit (14), der Kettenregel und den Rechenregeln fiir Determinanten

¢K!

d
‘—_“‘In‘j(.’(/).[)z " (2‘\

ol rxt x=h(xg, 1)

Die Umformungen, die zu dieser Gleichung fihren. sind die gleichen, die beim
Beweis des Sutzes von Liouville durchgefithrt werden (vgl. z.B. Chintschin®),
Khilmi?)).

Die ber (2) gerannten Differenzierbarken sforderungen sind nétig, um die Ver-
tuschbarkeit der Ableitungen von /4 nach x§ und ¢ zu sichern. Mit den vorne
genannten Einschrinkungen ist es dafiir hinrcichend, die 2mal stetige Differenzier-
barkeit von K!'(x, t) nach x’ und ¢ zu tordern (vgl. z.B. Kamke*)). Die aus-
zeschlossene Punkumenge vom Mafl Null soll sich nach Voraussetzung im Laufe
der Zert nicht dndern und ist durch K¥ (x, 1) gegehen. Ber den so eingeschrdnkien



— 93 —

46, G GERETCH

Koy sind dic Vorau sctzongen fie den Eindeutigheitssatz vor Lasungen i
Systeme gewohelicher Differentiadgleichungen erfiillt. Deshalb sind aush i
Losungen von (11) umkchrbar cindeutige Transformationen von x, auf x. wic ex
bei (2) vorausgesetzt wurde.

Setzt man (21) in (20) cin. erhilt man die verallgemeinerte Liouville-Gleichuig

/) ( R

—— 4 K'—f 4 f = 0. (22
it oxt ('.\j‘
die man auch in der Form
i + -2 (K'f)) = 0. (23

at ox!
schreiben kann. Die iibliche Liouville-Gleichung 14Bt sich auch in der Form (23;
schreiben, doch wird fiir sie ¢K'/fx*' = 0 vorausgesetzi.

3. Berechnung von J und J in Spczwalfiillen. Fir die Umkehrbarkeit der Trans-
formation (2) ist notwendig, daBl J ungleich Null ist. Dies ist nach dem Satz von
Liouville sicher erfiillt, da dann sogar J gleich eins ist. Aber auch ohne den Sat
von Liouville, d.h. mit einer Abschwichung der Voraussetzung ¢K'/éx’ = 0 1ah:
sich zeigen, daB J ungleich Null ist. AuBlerdem wird in manchen Anwendungen
des Satzes von Liouville weniger benétigt, daB J = J = 1 ist, sondern es wiirde
in diesen Fillen reichen, J oder J tiberhaupt zu kennen, ohne vorher die Differen-
tialgleichungen (11) 16sen zu miissen. Dies ist nicht nur mit den Voraussetzungen
des Satzes von Liouville, sondern auch im folgenden Spezialfall gegeben. Setzt
man nimlich voraus, daf§ ¢K*/éx" hochstens eine Funktion der Zeit 7 und nicht
eine Funktion von x ist, erhilt man fiir (21)

oK!

g InJ(xy,1) = = ¢(t). (24)
ot

0x" |x=h (x. )

Diesc Differentialgleichung 148t sich integrieren
InJ(xp,2) = [c(t’)ydt’ + glxe). (25)
o

Da fiir ¢ gegen 1, In J gleich 0 werden muB, gilt
g(xo) = 0. (26}

Also ist J nur eine Funktion der Zeit

J(xo,1) = exp (fc(t’\ dt'). (27}

\rg .
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die fiir jedes endliche ¢ ungleich Null ist. Als Spezialfall folgt aus dieser Rechnung
der Satz von Liouville: Mit ¢(r) = 0 ist J = 1, woraus sich die Invarianz des

MaBes fiir alle ¢ bei der Transformation (2) ergibt. Da nach (27) J nur eine Funk-
tion von ¢ ist, ist auch J nur eine Funktion von ¢, also gilt

ot

J =7 = exp (} c(t’)dt'). (28)

fo

In dem Fall (24) sind also J und J bekannt, auch wenn man nicht explizit die
Losungen (2) des Systems (11) kennt.

4. Die Entropie der Verteilungsdichte f,. Die Funktion c(z) spielt bei der zeit-
lichen Anderung der Entropie der Verteilungsdichte f; eine besondere Rolle. Die
Entropie der Verteilungsdichte f; ist gegeben durch

S: = —[filn f dx. (29)
Mit (9) kann man dies schreiben als

S, = [ JFIn(J~)dx = =] J"fIn fdx + [ J-fInJ dx. (30)
Fithrt man hier die Variablentransformation (2) durch, folgt

S, = — [ flxo) In flxo) dxg + [ f(xo) In J dxo, (30
was man schreiben kann als

S =So + {nJ). ‘ (32)

Mit der Voraussetzung (24) erhdlt man
t
S, = 8o + [clt’ydr. (33)
fo

Die zeitliche Anderung der Entropie der Verteilung f, ist also gegeben durch die
zeitliche Verdnderung von {In J) und im Spezialfall (24) durch ¢(z):

~d— S, = clr). (34)
dt

Mit den Voraussetzungen des Satzes von Liouville ist ¢(¢) und damit die zeitliche
Underung von S, gleich Null,
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Betrachtet man als Beispiel ein System von N Massenpunkten, auf dic neben
iiblichen konservativen Kriiften noch Reibungskrifte der Art

(Iimy K = —~r (35)

wirken, ist

oK?

ox!

= —3Na. (36)

Auch in dem etwas allgemeineren Fall, wenn die Werte » fiir die Teilchen ver-
schieden sind, ist dies eine negative Konstante. Deshalb nimmt diec Entropie der
Verteilung fi(x, r) ab, wihrend bei irreversiblen Prozessen normalerweise die
Entropie einer Verteilung zunimmt. Dies ist kein Widerspruch zum zweiteyn
Hauptsatz, da der Entropiesatz der Thermodynamik nicht einfach als Zunahme
der Entropie einer Verteilung ausgesprochen werden kann. Man kann das Wesent-
liche schon bei einem einfachen Beispiel, dem geddmpften harmonischen Oszillator,
erkennen: Hierfiir lautet die veraligemeinerte Liouville-Gleichung

_c;_f,_ + -—f‘— — (a1 + ﬁx)—(—f—‘— —afy = 0. 37
ar cx cr
Die charakteristischen Differeniialgleichungen dieser partiellen Diflerential-

gleichung erster Ordnung

s = p, —= XU — pPX, — T X 38
ds ds ds b d & %)

dr i dx de df;
S

sind mit der zweidimensionalen Anfangsmannigfaltigkeit
t=0, X = Xg, =1, J1 = f(xg, vo) 39

zu 16sen. Eliminiert man mit der ersten Differentialgleichung in der iiblichen Weise
den Parameter s und 16st mit '

Jfi = fxo.v5) ™ (40)

die letzte Differentialgleichung. bletben nur noch die Diflerentialgleichungen des
gedampften harmonischen Oszillators. Mit @ = (g — 132! Jauten die Losungen

R —tar AY . A 1 .
xX=e COS (vl 4+ —— SINn o } Xog + — Sin wf vy |, t4ih

2 )

SN2
~3ar 2 : . A -~
r=ce 4o ) SIn ot Xg -+ [ COS (il — S oo J U o, (-
e 205 _
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deren Transformationsdeierminante (Cx/¢ xo) (d0:(e) — (8x]0ve) (dv)dx,) in Uber-
cinstimmung mit (28), (9) und (40) gegeben st durch e™™. Die nach den Para-
metern x,. b, aufgeldsten Losungen

5. ° |
X, = e | cos mr — sin mf |} x — — sin wt v |, (43}
2 o
ot o? . X . .
e —— G+ wmsinwix + {cosml + —— SINWI Y (44)
40 2w

miissen in (40) eingesetzt werden. Wahit man als Verteilung f(xo, v,) eine Gauf-
verteilung

i

Lo

F(xo. vo) ~ €xp (=, X5 — ¢305), (45)

sieht man, daB sich beim Einsetzen vor (43) und (44) die Breite der Verteilung
mit e~ ¥ verandert, also abnimmt. Ohuie den Faktor J = = e in (40) wiirde
diese Verringerung der Breite zu einer Abnahme der Gesamtwahrscheinlichkeit
fithren. In Ubereinstimmung mit (34) und (36) nimmt also die Entropie der Ver-
teilungsdichte f, ab, was die anschaulich klare Tatsache beschreibt, daB im Laufe
der Zeit mit immer groBerer Sicherheit die Werte x und ¢ des geddmplien harmo-
nischen Oszillators in der Umgebung der Null liegen.

5. Folgerungen fir dic n-Zeiten BBGKY-Hierarchie. In der statistischen Mecha-
nik wird der bei (2) definierte stochastische Proze8, der gar nicht so sehr ,,zufallig”
ist, als Hilfskonstruktion verwendet. um andere stochastische Prozesse zu be-
schreiben, die verglichen mit (2) wirklich ,,zuféllig” sind. Dies geschieht in der
Weise, daB als Bildbereich nicht der gesamte R". sondern nur ein Teilraum niedri-
gerer Dimension verwendet wird. dessen Variablen mit x” gekennzeichnet werden

sollen. Die Schar von Zufallsvariablen ist dann
X =R (xo, 1), (46)

wobei x, die Variablen des Gesamtsystems zur Zeit o und x” die Variablen des
Teilsystems zur Zeit 7 sind. In Ref. 5 ist bei Verwendung des Satzes von Liouville
die BBGK Y-Hierarchie fiir die n-Zeiten Verieilungen solcher Prozesse hergeleitet
worden. Bei den meisten dort durchgefithrien Umformungen wurde weniger J = L.
als vielmehr iiberhaupt dic Kenninis von J oder J bendtigt, Solche Umformungen
sind also auch im Spezialfall (24) moglich. Der Ausgangspunkt fiir die Aufstellung
der n-Zeiten BBGKY-Hierarchie ist eine Distributionsdifferentialglcichung. Die
hierfiir notigen Uberlegungen lassen sich anhand einer weiteren Herleitung der
veratlgemeinerten Liouvilic Gleichung erliutorn.
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Die Funktion f, kann man mit einer A Distribution /™~ in der Form schreiben
A =J""(x 1) = jf" (X, 1) 6 (x — XV AX, 1) dy'
= [ (x = h(xo, 1)) flxo) dxo = [ f*/(x0) dXo. (47)

Mit der Kettenregel und (14) erhélt man aus

¢ [ 0 ’ T AP
| frgxrdy = 2 g (h(xo, 1)) = S L
ct Ct ('t 6x‘|x:h(x°_”
) é 3K}
= K% =[T‘7(K‘g)—g " ;]
0% fxmn x9.0 cx OX" dx=h(xg.1)

= “fg(-t) K d(x — hxg, 1)) dx

ax!

— J‘g(x) 9K 0{x — A{xg, 1)) dx (438)
ox!

emne Differentialgleichung fiir /*, die dullerlich so aussieht wie die verallgemeinerte
Liouville Gleichung (22). Multipliziert man die Differentialgleichung fiir f* mit
J1x,) und integriert iiber x,, ergibt sich die verallgemeinerte Liouville-Gleichung.
Zur Aufstellung der n-Zeiten BBGKY-Hierarchie muf} Jie Differentialgleichung
fir 8(x" — A" (xq, t)) aufgestellt werden. Die nétigen Umformungen unter-
scheiden sich von (48) nur dadurch, dal} statt der Ableitungen nach allen Variablen
von x nur die Ableitungen nach den Variablen x" des Teilraums vorkommen. Des-
hialb ist klar, daB auch die n-Zeiten BBGKY -Hierarchie aufgestellt werden kann,
wenn nicht der Satz von Liouville gilt und insbesondere auch wenn das Gesamt-
system nicht mit einer Hamiltonfunktion beschrieben werden kann.

Herrn Professor E. Richter danke ich fiir die vielen anregenden Gespriche.
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Abstract

The objective of this paper is to outline some applications of nonconservative forces
in physics, with particular reference to thermodynamics.

After some generalities on particle optics, the author points out that the fundamental
tool in this field, namely Liouville’s theorem, has a much wider bearing than is currently
believed, applicable indeed as it is to any dynamical system, conservative or not.

The importance of the Jacobian of evolution, which governs the time evolution of the
measure in the dynamical space studied, leads the author to justify the introduction of
the concept of “fine entropy” associated to any particle of the system. He shows in fact
how this notion allows us to build, on a dissipative basis (purely dissipative to begin with)
a thermodynamical theory of evolutive phenomena. He insists on the necessity, for him,
to consider the evolutive aspect of phenomena as primordial, with regards to the probabil-
istic aspect. ‘

A short incursion into Quantum Mechanics lays once again insistance on the necessity
to study evolution wherever it appears. The author comes finally back to “fine Thermo-
dynamics” and shows that it admits a relativistic covariant extension, compatibie with
macroscopic relativistic Thermodynamics.

The connection between the physical ideas presented in this work and recent studies
on strong nonconservative interactions is indicated in the Foreword.

Copyright ® by Hadronic Press, Inc., Nonantum, Massachusetts 02195, U.S.A. All rights reserved.

Reprinted from Hadronic J., 2, 727 (1979) [excerpts]
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Avant-propos.

Ce mémoire résume huit amées de l'histoire d'une tdée, et j'lat
beaucoup hésité q l'éerire. En effet, il comporte wne part d Tautobtographie ;
or ceci n'est pas un genre 4§ la mode chez les Seientifiques puisque, bien au
eontraire, leur style s'est fait, ces derniéres anndes, de plus en plus tmper—
sonmel. Aggravée souvent par 1l'usage d'une langue véhiculaire étrangére, cette
dépersomnalisation de 1'exposé est presque devenue le garant de 1'objectivité
seientifique ; on comprend dome, d'entrée de Jeu, que toute forme de publication
autobiographique risque de susciter bien des eritiques. Ainsi, pourquoi faire
wn 1ivre sur un sujet qui n'est pas traité complétement ? Les publications dans
les revues sctentifiques ne sont-elles pas suffisantes ? Au plan purement
scientifique, pour les résultats acquis, il est clair que quelques articles
suffisent. Cependant, si l'objectif est de déerire sur le vif le cheminement
incertain d'une idée, ce livre a sans doute sa Justification. L'écueil pédago-
gique est évident : l'exposé ne sera pas assez didactique ; on ne trowvera ici
que des résultats fragmentaires regroupés autowr d'un théme encore trop
’ philosophique. Mon espoir serait pourtant d'amener le lecteur @ dépasser ces
tmperfections techniques pour atteindre 1'idée qui, & mon sens, est la chose
-<mportante que je dois essayer de faire partager. Autre écueil possible : celut
des citations et des références. Le sujet que nous allons aborder ensemble est
vaste ; il touche plusieurs domaines sctentifiques traditionnels dont Je ne
pourrai présenter ni les résultats classiques ni les acquisitions réeentes.

-J 'espére que’ le lecteur saura reconnaitre que ce n’est pas ld procédé pour
minimiser les travaux des autres. Voilg pour les références scientifiques.
Reste le probléme des remarques d'ordre autobiographique. Se battre pour faire
adnetire une idée suscite des soutiens inestimables et des oppositions parfois
8évéres, réactions qui somt toutes trés tmportantes pour le chercheur. I1
faudra done que j'en fasse état, mais J'essaierat de le faire de fagon ausst
anonyme que possible. Il serait dommage de soulever ici des querelles de
personnes. ’

Boissy—la-Riviére, aofit 1974.
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Mécanique et Thefmodynamiqﬁe

Dans ce premier chapitre, je vaisdéfinir le probléme qui me préocupe,
et j'utiliserai 3 cet effet un langage presque d&pourvu de math8matique afin
d'essayer d'élargir quelque peu l'audience de 1'exposé. J'espdre que ceux qui
tiennent i la forme math&matique ne seront cependant pas rebutés par ce chapitre,
promesse leur &tant faite que, dans la suite du livre, ils trouveront la jus-—
gification rigoureuse — ainsi que le développement chronologique —- des idées

exposées,

Je vais beaucoup parler de la Thermodynamique et, puisque mon but est
d'en ?résenter une vue nouvelle, il me faudra souligner 1'intér@t d'une telle
tentative par comparaison avec la pensée classique. On pourrait donc se proposer
de faire tout d'abord une critique serrée et détaillde de la Thermodynamique
traditionnelle, mais cela nous ménerait trds loin et risquerait d'étre vite
fastidieux. J'emprunterai donc une autre voie, laquelle consistera i décrire
cette sorte d'insatisfaction que j'ai toujours ressentie en présence de la
formulation classique de la Thermodynamique et de la Mécanique statistique,
et ce livre s'adressera surtout & ceux qui auront ressenti quelque chose de
semblable.

L'objectif est de jeter un pont entre la Mécanique et la Thermodynamique
ou — plus exactement - un nouveau pont, puisque tel est déja le rble de la

Mécanique statistique. Il s'agit en fait de redonner au mot "thermodynamique" son

sens étymologique, les phénoménes calorifiques &tant décrits par une dynamique de 1
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chaleur, de méme que les phénoménes non calorifiques -par exemple le mouvement des
planétes— sont décrits par la Dynamique classique. Dans une Mécanique nouvelle,
englobant Mécanique classique et Thermodynamique, devrait &videmment figurer ume
grandeur du type entropie qui permettrait de distinguer les phénoménes calorifiques
~de -ceux qui ne le sont pas. Nous allons montrer tout d‘'abord que la Mécanique tra-

ditionnelle porte en germe 1'idée que nous venons d'&noncer.

La Mécanique classique dtudie au premier chef le mouvement de ce qufelle
appelle les "points mat&riels", c'est-i-dire des mobiles qui ne sont pas trop petits
(sinon la Mécanique quantique entre em scéne), qui ne sont pas trop rapides (sinen
c'est la Mécanique relativiste qui interviemt), et qui ne tourment pas sur eux—
mémes. Le lecteur sait qu'on représente ces points matériels par des points géomé-
triques affectés d'une masse. Etudier le mouvement de tels objets pose d'emblée
le grave probléme de la définition expérimentale du temps et de la masse, mais
nous supposerons ici que cette difficultd est résolue. Nous saurons donc mesurer
des positions, des temps et des masses. Ceci &tant admis, qu'est—ce que comprendre
la dynamique d'un mouvement ? Il s'agit depuis Newton, aprds avoir mesurd la va-
riation temporelle de la position du mobile, de pouvoir la retrouver par le calecul

en intégrant une équation différentielle de type impos& , 3 savoir :

a2y (;(’
(l) m-——-z-“
dt

»
> -
1a force ir’étant 1a traduction mathématique de 1'influence du monde extérieur sur
le point matériel de masse m , dont la position & 1%instant ¢ est ¥ . La forme
de » elle, n'est pas imposée a priori:'c'est 1'intuition du physicien qui 1%in-
cite 3 essayer telle ou telle fonction f;‘ afin de retrouver par le calecul, & 1%ai-
de de ce mod&le, tel mouvement qu'il aura mesur@ auparavant. L'exemple nous a &té
‘donné par Neéwton qui a imaginé, puis vérifié, la forme qu'il fallait don-—
.ner 3 f;— pour comprendre les lois du mouvement des plan&tes. Ceci est bien connu,
de méme que 1'introduction de la notion d'énergie em MEcanique ; en multipliant la
relation (1) par une variation infinitésimale de la position, om obtient 1'Egalité
suivante, dont les deux membres ont la nature physique de ce Qu'op est convenu

d'appeler &nergie :

- -~
25
. - 6 @#-F &
at?

Le membre de droite découle de 1'influence du monde extérieur ; om 1'interprétera
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donc comme 1'énergie fournie par 1l'extérieur, 3E® , alors que le membre de gauche
sera interprété comme 1'Energie regue par le mobile, 8EF . Cette double image satis~

fait le besoin de conservation inhérent & l'esprit de 1l'homme, puisque la relation

{(2) prend la forme :

3) 8EF = §E® .

.~

qui consiste 2 dire qu'i chaque instant le mobile absorbe 1l'énergie que lui four-

nit le monde extérieur.

Paradoxalement, la difficulté provient de ce que, jusqu'i présent, les
physiciens n'ont eu besoin que de modéles mécaniques relativement simples, lésquels

ont permis d'8crire la conservation de 1l'énergie sous une forme apparemment plus

plaisante mais sfirement moins générale que (3). Cette formulation restrictive
a ses origines dans les travaux de Newton lui-mEme puisque, pour &tudier la
dynamique des plandtes, il a suffi de choisir une force“S qui ne dépendait
que de la position'? et qui, de plus, en dépendait de fagon particulidrement

pratique, 3 savoir comme le gradient d'ume certaine fonctiom :

-3

@) f}’ @ = -grad o).

Par la suite, il s’est avéré que la plupart des problémes que les physiciens ont
abordés avec l'esprit mécaniste ont &té résolus 3 l'aide de modé&les du type précé-~
dent. Avec la  restriction (4), les deux membres de la relation (3) deviennent
intégfables [ sEF = d (% n Vz) » GE® = -4 @} , ce qui signifie qu'il n'est plus
nécessaire d'envisager la conservation de l'énergie 3 chaque instant, en suivant

le mobile pas 3 pas, mais qu’on peut maintenant la considérer globalement, entre
deux instants bien différents, et ce indépendamment du détail du trajet suivi. En

introduisant le concept d'énergie cinétique, E i, = % n v2 , on en arrive ainsi

3 la relation :
- (5) (Ecin)y - (Ecindy = - [«az - «:,] .

ce qui signifie toujours que l'énergie absorbée par le mobile est &gale 3 1'énergie
perdue par le monde extérieur dans son interaction avec ledit mobile. Malheureuse-
ment, le cas particulier (5) a fini par détrdner 1'expression générale (3), 1'usage

faisant de (5) le vrai principe de conservation de 1'énergie mécanique. Du méme
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coup, c'est la Mécanique restreinte caractérisée par (4) et (5) que l'Histoire a
baptisée Mécanique conservative, définition que nous admettrons d'ailleurs, pour
nous conformer 3 1'usage, et malgré 1l'équivoque qu'elle entretient. Si 1l'on se
souvient enfin que la formulation la plus élégante de la mécanique conservative
reste, aux yeux des physiciens, celle qui.a &té proposée par Hamilton, on comprend -
le réle de premier plan que joue le formalisme hamiltonien dans la Science contem-

poraine.

I1 faut remarquer, cependant, que les mécaniciens ne s'en sont pas tou-
jours tenus 3 la dynamique comservative définie ci-dessus. En effet, par exemple,
pour comprendre le mouvement d'une particule &lectrisée passant dans l'entrefer
d'un aimant, on a df représenter le rdle du champ magnétique par une force Tj? dé-~
pendant de la vitesse de la particule, et non seulement de sa position. Mais il
s'agissait encore d'un cas trés particulier, la force en question n'apportant pas
d'énergie, de telle sorte que le phénoméne avait pu &tre absorbé par le formalisme
hamiltonien. Mais il y a eu les fusdes, et il a bien fallu Egmprendré leur dyna-

mique,ce qui a exigé qu'on fasse appel i un modéle de type fr.u (3—3) g? . oﬁ‘#

est la vitesse de la fusée et w la vitesse des gaz &jectds. Or, ce modéle, qui con-
fient entre autres un -terme paralléle 3 la vitesse du mobile, est de nature radi-
calement nouvelle, en ce sens que ce n'est pas un modéle conservatif. De toute
fagon, il y a toujours eu le probl&me des mobiles frein&s par des frottements (par
exemple, la pierre qui tombe en chute libre dams 1l'air, et non dans le vide), et
les mécaniciens ont &té amends, pour en comprendre la dynamique, 3 introduire des
modéles non conservatifs, dépendant de la vitesse ou de son carré. Or, puisque
1'expérience prouve que le frottement "dissipe" 1'énergie mécanique sous forme de
chaleur (tel est le terme consacré par l'usage), les mécaniciens ont donc admis
depuis fort longtemps qu'il existait un lien entre les modiles non comservatifs et
les phénoménes calorifiques. Et pourtant cette idée n'avait jamais &t& exploitée

3 fond, d'ol le besoin que nous avons ressenti de développer la mécanique dissipa-—

tive ou, si 1'on préfére, la mécanique non conservative, avec l'intention de 1'as-
9 k]

socier 3 la science de la chaleur, c'est~d-dire & la Thermodynamique.

Traditionnellement, et malgré le modéle dynamique des frottements dont
on vient de parler, 1%étude de la chaleur n'appartient pas 2 la Mécanique. Obligés,
pour comprendre les phénoménes calorifiques, de créer des concepts nouveaux, les
physiciens ont du méme coup créé une science nouvelle, la Thermodynamique. D'emblée
cette science s'est définie 3 1'échelle macroscopique. Cela signifie que les objets

-dont elle &tudie le comportement sont des systémes, c'est~3a~dire des ensembles
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d'objets microscopiques qu'elle renonce i individualiser. Ainsi, un gaz enfermé
dans une enceinte constitue un systdme qu'il s';git d'étudier globalement, sans se
soucier du mouvement des diverses moldcules du gaz. La Mécanique, elle, aurait con-
sidéré chaque molécule comme un point matériel & étudier individuellement. Malgré
cette différence importante, ¢'est la Mécanique qui a2 fourni 3 la Thermodynamique

son premier postulat, & savoir le principe de conservation de l'@nergie @

6) SEF = 8E® .

A tout instant, le systéme considéré regoit l'é&nergie que lui fournit le monde
extérieur. Puisque la MEcanique, qui pourtant -on 1'a vu~ avait abordé le probléme
. de la dissipation par frottement, n'avait pu expliquer les apports de chaleur, le
premier réle de la Thermodynamique devait donc &tre d'assumer cette notion nouvelle
en la distinguant de 1%'énergie mécanique. Expérimentalement, on savait faire la
distinction. I1 fallait donc d'abord introduire des notations pour rendre compte
des mesures ; 8Q serait la chaleur fournie par 1'extérieur, et 8% 1'apport d'é—

nergie mécanique, d'oli la forme thermodynamique de la conservation de 1'é@nergie :

) SEF = §Q + 8T .
11 reste 3 souligner que les thermodynamiciens, qui ont admis 1'int&grabilité de
T o T
SE,(SE™ = 4U) , ont su se préserver du leurre de 1'intégrabilité de 1la

forme différentielle 6Q , lequel efit entrafné la Thermodynamique dans une dégé-

nérescence "conservative" du type (5).

L'expérience ayant prouvé que, méme s'ils sont Egaux en grandeur, un
apport de chaleur et un apport d'énergie mécanique ne sont pas gquivalents, il

fallait pouvoir représenter par un nombre cette différence de nature. C'est la

raison:pour>laque11e Clausius a introduit le quotient Tg » que nous appellerons
1'apport d'entropie :

s

€ e

T représentant la température absolue. Lorsqu'un systéme regoit de 1'&nergie,
seule la partie calorifiqua de ce transfert entraine un apport d'entropie. La dis-
tinction devenait ainsi radicale entre 6Q et 8€ . Si maintenant le systéme &vo-
lue longtemps, et qu'on se propose de calculer 1'apport total d'entropie corres-—
pondant, il faut considérer les variations instantanées successives, en suivant

pas 3 pas la transformation. Heureusement, il existe un cas idéal ol le calcul se
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simplifie. C'est le cas de ces &volutions tras spéciales que la Thermodynamique a
baptisées transformations réversibles, et qu'on a définies comme des processus
infiniment lents, suites continues d'&tats d'équilibre, c'est-a-dire d'atats qui
seraient 2 tout jamais stables si le systéme &tait isolé du monde extérieur. Pour

une &volution de ce type, la forme différentielle J¥l devient intégrable, et das

lors, on peut calculer par une banale soustraction 1'apport total d'entropie entre

deux &tats €] et €3. La lettre S représentant la fonction entropie, cela s'derit:

(9) ey = Sz - S’ .
€]

réversible

En fait, ce cas n'est qu'une idéalisation, toute &volution vraie &tant plus ou
moins irréversible. Le second principe de la Thermodynamique consiste i reconnaitre
que les faits imposent toujours, pour une transformation irréversible, que 1'apport

total d'entropie soit inférieur & la variation correspondante calculde dans le

cas idéal de la réversibilité :

. 82 6Q 62 5Q
(10) T, < T = 5275
' € A&
irréversibi® févetsible

Les physiciens ont toujours &té intrigués par ce second principe et ses implica-
tions philosophiques, 1'univers devant évoluer irréversiblement, selon ce principe,
wers un état d'équilibre qui ne pourrait &tre que sa mort. Ils ont donc étudié de

txrés prés les deux relations (9) et (10), mais il semble gu'ils aient négligé le

probléme que pose la forme méme du quotientJ%%. Et pourtant ce quotient, que rienm

nie rattache directement aux autres concepts de la Physique et de la Mécanique, a
suelque chose d'hétéroclite et d'un peu génant. C'est cette constatation qui a

Y

porté 1'auteur & rechercher une origine mécanique au - de la Thermodynamique.

Chercher dans la Mécanique les racines de la Thermodynamique n'ést pas
une idée nouvelle, puisque tel est le réle que s'est assigné -et avec succds~- la
Mécanique statistique : dans cet esprit, tout systéme de la Thermodynamique est
congu comme un ensemble de points matériels au sens de la Mécanique, et il s'agit

de retrouver les principes de la Thermodynamique 3 partir des lois de la Mécanique
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et des théordmes de Probabilitds régissant le comportement de syst&mes constitués
d'une multitude de points matériels. La Mécanique statistique n'a pas rencontré de
difficultés particulidres 3 propos de la conservation de 1'énergie. En effet, puis-
que c'est une loi qui, d'aprés la Mécanique, est valable pour chaque élément du
systéme, on congoit facilement qu'on la retrouve pour le systéme entier. La Méca-
nique statistique s'est donc attachée 3 interpréter le second principe de la
Thermodynamique, c'est—-d-dire la double relation (10). C'est a cet effet que
Boltzmann a introduit sa fonction H, que nous noteroms ici HB. Pour mémoire, et pour
souligner la difficulté du probléme sans entrer pour autant dans des détails qui
seraient inutilec dans ce chapitre, rappelons quelle est 1'allure de cette fonction

-

définie par une intégrale portant sur une certaine densité de probabilité p :

(an H = p Log p dX
T

Boltzmann a ensuite démontré que cette fonction HPE et la fonction entropie des
thermodynamiciens, S, avaient un certain nomﬁre de propriétés en commun, lesquelles
ont justifié 1'audacieuse et géniale assimilation que Boltzmann a faite de ces deux
grandeurs, & un coefficient de proportionnalité prés :

12) ‘ § = -k HP

Malheureusement, le fait que deux grandeurs aient certaines propriétés communes
n'implique pas que ces grandeurs soient identiques. Aussi, méme si 1'idZe de
Boltzmann est exacte —comme nous nous appliquerons 3 le prouver dans les chapitres
qui suivent- , une identification sur la seule base de propriétés communes laisse
le chercheur un peu insatisfait. C'est pourquoi nous allons essayer d'expliquer,
sur une méme base mécanique, la double forme que la Physique a donn&e 3 la notionm
d'entropie : pourquoi ece quotient ég-, pourquoi cette fonction uB , et pourquol

cette relation (12) entre les deux aspects de l'entropie ? Bref, notre livre est

.

une tentative pour habiliter la Mécanique 3 traiter un probléme qui, actuellement,

n'est pas de son ressort, 3 savoir les échanges de chaleur. Le prix 3 payer —i

notre avis- est de sortir de la Mécanique conservative et d'accepter une certaine

-

classe de forces F dépendant des vitesses. Notons qu'on s'en tiendra i une dyna-

mique de points matériels, les mobiles en rotation sur eux-mémes n'ayant pas encore

-

été introduits dans la théorie.
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111

Le théordme de Liouville

X étant un vecteur 3 n composantes réelles

X = (x(l), ’x(z) (n)),

XCRu »

secessrssss X

-

VF une fonction i valeurs dans R°
Fe e, @ £,

et t une variable réelle qui, tr@s souvent, représentera le temps, un systéme

différentiel du premier ordre s'écrit

o £ -rao

. . . N . . n
c'est-3~dire, en projection sur les n axes de la base choisie pour R,

r (1)
%%—— = f(l) (x(l), x(z),........... x(n), t)

(@)
d 2 1
]E20 @ @

(n) s t)

precescesses X

D R R I I R A R X R I I I Y

(o)
'.glé._,: £ (x(l)’ X(Z)’"__._”_“ x(§)’ £)

On sait que 1'importance des systémes différentiels du premier ordre tient
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i ce que tout systéme différentiel, d'ordre quelconque, peut 8tre transformé
en un systéme du premier ordre qui lui est &quivalent. Ceci étant dit, nous nous
proposons de rappeler un théoréme trés important qui a &té démontré par

Liouville en 1838.cn

Plagons-nous dans le cas (tr&s courant) ol le systéme {11 admet pour

tout t une solution' unique
Xt =X Xo,t) N

X, représentant les conditions initiales
X, = X(XO,O) >

et considérons le déterminant fonctionnel

AL N 76 5|
£ D[] DI ]

Le théorsme de Liouville porte sur la dérivée de ce jacobien 3.t

J

= J(%yot)

dJ
dt

t _lim Jeen ~ Je

b 0 h

Grice 3 la relation suivante, qui nécessite qu'on exprime Xt+h en fonction

de Xt’
5 = DE{cﬂJ - D[.ktﬂ;] . D fx,] - D(xuh] J
t+h - DX ] D[X,] DlX) DX "7t

‘1a définition de Jt devient :

el
43 . lm J EA

dt 4 h

0 J. LIOUVILLE. Journal de Math. pures et appliquées 3, 342 (1838)
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aJ D[Xt"h] 1
t 3 lim D
dt t h °

h—> 0

Pour exprimer xt+h en fonction de X et calculer le déterminant -;;ggiia , b &tant

un accroissement arbitrairement petit, utilisons le développement de X +h en
ne gardant que les deux premiers termes (la suite du calcul montrera que cela
suffit) '

dXt .
L LT *

Xt étant solution du systdme différentiel 11, i1 vient :

Xioh = X +hF ['xt, e .

Prenons le temps d'écrire ceci en projection sur les axes de Ro .

1 1 1 1 2
£+i = xé ) + h f( ) {xé 2 xé ), cecssstcan xénz t]
(2) 2) (2) ) _(@ (n)
Xoeh = x, + h £ Ext s Ko Ty cenenanae xtn, t]
1 2
w0 = x®ene® [0 O e ]
I1 vient alors :
&) ) - e))
ik 3xih Crreeevenennenenenss Fean
Exél) axéz) . axé“)
o (2 () x(2)
of,..) Eeih tih e, e
el | (D ) ax ™
= |, ax, t
D[Xt]
: PG
o '
ax 1) axéz) axén)
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c'est-i-dire :

(€)] (1) (1)
o of o
1+h Sxf:l) ]'_xt’:] ;B ————axéz) [Xt’t-] ceeer B -——-—axén) [xt’:]

—5£(2) 28D 98 Tx ¢
D] h—-——axﬁl) [Xt’y::); 1+h D LT R h—-—yaxén [x,t)
DI X

L]

O % %4 060 e0ses00R0000900600s0800TACRIEOOGODDOGO

(n) () . @ Xt ]
hi’éﬁ [Xc,"}; h ::éz) [Xt’ﬂ reeee I axin) [*

En négligeant les termes en h d'ordre supérieur 3 1, il reste :

D[X +h] = de)
e TR o w® b, ]

On reconnalt la divergence du champ de vecteurs F, d'oli :

D¥, ]

===~ =1+hdivF [x, t .
D[Xt] [ t ]
L'expression de la dérivée d J¢ devient alors :
dt
Te. lin hatv F . J, div Ffx_,¢]
hrraniie ————— = iv .
dt t 1 0 h t [

Nous retiendrons ce r&sultat sous la forme

d :
Ty Log Jt div F

C'est le théordme de Liouville.
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On remarque tout de suite que, si la divergence est identiquement nulle,
J est une constante. On calcule alors la valeur de cette constante 3 l'instant

initial, et 1l'on trouve :

<

b {x(x ,0) D (%]

Ainsi, une divergence identiquement nulle implique Jt =1 ; or la réci-~

proque est &vidente. On retiendra donc l'dquivalence de ces deux propriétés :

div F z o &) Jt =1

Le lecteur aura déjd fait le rapprochement entre ce jacobien Jt
identiquement égal & 1 ( pour div F = 0) et le fameux déterminant des matrices

optiques qui, lui aussi, est toujours &gal 3 1. En effet, en optique corpusculaire,

les traces projetées sont détermindes —— souvenons-nous du cas du champ

magnétique quadrupolaire —— par des équations différentielles du second ordre
: P . z s g2

dans lesquelles mne figure pas la dérivée premiére %;, c'est.a.dire des

équations de la forme

2
E‘—z' + K(S)Z“O’

ds2

ol K(z) est une fonction de s qui dépend du champ considéré. Cétte équation est

8quivalente au syst@me suivant, oli z et z' sont alors deux variables indépendantes :

dz _

= (z2') = -~ K(8) z
Calculons la divergence.

div F a% (z') + “;?Z' E—K(s)z] .

% et z' &tant indépendants, la divergence est identiquement nulle, ce qui

implique Js z 1. Or, le systéme &tant linéaire, sa solution s'écrit :

%g Ag By %o

s s
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et le jacobien Js’ d'aprés sa définition

o Dlas, 2]

8 D[zo , z“)]

est justement &gal au déterminant de la matrice optique. L'affaire est réglée.

J'ai affirmé, il y a quelques lignes, que la dérivée -g% ne figurait
pas dans les &quations différentielles des trajectoires projetées de 1l'optique
corpusculaire. Autrementdit, il a'y apparaft pas de terme de frottement, lequel
serait en.% ; c'est qu'en effet la dynamique des particules chargées soumises
3 un champ magnétique est une dynamique conservative. Cette remarque nous améne
tout naturellement & la formulation hamiltonienne de la M&canique, selon laquelle

le mouvement de tout systéme dynamique conservatif est régi par les &quatioms

'£= 1, 2 covcevoeee Ly

dans lesquelles les q(f) sont les L paramdtres repérant la configuration du
systéme, et les p( ) les L moments conjugués, H =‘R(p(£), q( ), t) &tant
1'hamiltonien du systéme matériel considéré. Or ces équations d'Hamilton constituent
un systéme de 2 L &quations différentielles du premier ordre. La divergence

associée se calcule trés simplements

‘L
3 3
div F = [ + (—- jjg#] )
> o (B - s B

et 1'on trouve O identiquement., Le jacobien correspondant est donc toujours &gal
1.

@r

@ (D
D s
Toute formulation [pt It ] =
hamiltonienne 4 D[pée) , qéﬁ)}

Nous aurons beaucoup 3 dire sur le résultat
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précédent. Commengons par son interprétation géométrique. Notons 1'espace TRn,
et appelons D tout domaine compact de I' . La solution Xt = X(Xo, t) ‘du systéme
différentiel {1} est une application Lft

Q.

X | X

(4] t

qu'on appelle flot, ou &volution temporelle, et qui transforme T et g)point
par point :

P

T PUNNS LSS { r
Q.
D > B, .
. . . . . . n .
Puisqu'il n'est pas question de représenter les n dimensions de R, dessinons I
comee s'il s'agissait d'un plan. Nous obtenons alors le schéma suivant, qui est

la reproduction de celui qui a &été utilisé au chapitre précédent pour représenter

1a marche d'un faisceau de particules.

= X(Xo,t)

ol
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La mesure de iZk (son hypervolume, dans mp)est 1'intégrale :

)ﬂas @t) " X, , '
D. 1 2 3 )
ol dXt est 1'2lément d'hypervolume dXt = dxt dxg ) dxé ) ....,.....dxlEn N

.

L'application\ft définit un changement de variables, t &tant alors un paramdtre ;

X, =X [xo.,t-_] .

Passons aux variables Z . L'int8grale devient, d'aprés Jacobi,

es Q) = D [X’J dX, ,

D[xoj
et le jacobien de la transformation est justement le déterminant de Liouville
Jt = J(Xo,t) e
es &) = JX , t) dX_
t o o
(o]

Ainsi, c'est le jacobien de Liouville qui régit la variation temporelle de la mesure
dans T . Nous retiendrons ceci sous forme différentielle :

X, =J, dX, .

En conséquence y

g =1 = ﬁ{es @ sﬁ(es Do)

c'est.i.dire que,pour un systéme conservatif, les domaines;D gardent une mesure

constante bien qu'ils se déforment lorsque le temps s'écoule .

On reconma®t la propriété &noncée au chapitre précédent pour les
surfaces fermées représentant un faisceau, mais elle est devenue maintenant
une propriété de caractdre extrB@mement général, qui est l'une des bases de la

mécanique statistique traditiomnelle.
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Avant d'aborder au chapitre suivant la critique de 1'usage restrictif
que l'on fait d'ordinaire du théoréme de Liouville, il reste & formuler deux
Temarques. Nous noterons d'abord que 1'invariance de la mesure de ‘éD par le
£flot ‘ft: est un théoréme de comservation plus large que la conservation de 1' énergie
totale du systéme. En effet, on a /‘Ies(@t) 2 M{es@) dés qu'un hamiltonien H
existe pour l'ensemble des forces agissant sur le systéme, lors méme que le

=jﬁ(p( ), q(e),tﬁ Cste.

I1 s'ensuit en général une ambiguité sur le sens du mot "conservatif", lequel

champ de forces varie avec le temps, ce qui entrafne H

peut &tre utilisé lorsque c'est H,ou lorsque c'’est la mesure des domaines gD,que
le mouvement conserve. Nous le définiroms ici par 1'invariance de la mesure de
xout@ « En notant par }{ la non.existence d'un hamiltonien pour 1'ensemble des
forces, nous résumerons la situation par le tableau suivant, dans lequel les
qualificatifs "dissipatif" et "non conservatif" sont d&finis synonymes. Par

la suite, si nous avons besoin de distinguer le signe du phénoméne, nous parlerons
de "dissipation" lorsqu'il y aura perte d'énergie, et d' "anti-dissipation"

lorsqu il y aura absorption d'énergie sous forme non hamiltonienne.

H= zt(pd), q-(f)) H = cSte /Wes (@)., cste
. Systémes conservatifs
i “ﬁ(p(f),q(z),t‘) u ¢ c5te /V{es(m)a cSte -} —
1 ystémes non conser— ,
/{ /l/ Asles(@)#' c°te 3ati?:eou "gissipatifs

‘Nous remarquerons - pour terminer que le théoréme de Liouville
n'est rien d'autre que 1'&quation de continuité dams T =®" ., Pour le vérifier,
admettons qu'on sache définir, 3 1%instant initial, une c_iens:.té d'états
e, =P (%) en tout point X, € r,- Le flot (Pt lui fair correspondre em Xt € r,

une densité d'états de la forme :
pe= pl) R x.e) .

[3 xJ
En effet, si J_ = D[X est différent de zéro, on peut inverser Xt = X(X,,t),
o

ce qui fournit Xo = X" (Xc,t), dfolt successivement :

' -1
X, = J_ dX = J(X,t) dX = 3 [x (Xt,t‘),t] ax_ }(xt,c) ax_

Puisque les &tats intérieurs 3 dxo se retrouvent dans d}{t, la densité se
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comporte comme l'inverse de 1'élément d'h);pervolume dxc w Jt dXo sen d'autres

termes,

ptm?&%&a—; ox) Rzt |
t? .

Le théoréme de Liouville
d

__.Lo' = gi
It th div F ,

14

s’écrit donc &galement

Log P = div ¥

B

-

ou

d .
I Log ﬁ( Xt’t) = - div F(Xt,t) N

clest d.dire :

] dXe . -
T Log ﬁ(xt,:) + [grad Log ‘R(Xt,t):l. T * div F(_Xt’ t) =0

s-z—fk(xt,t) + [grad ﬁ(xt,c)] . F(X,t) +,‘R(Xt,t) div F(X_,t) = 0 .

En yésumé,

op
—t : = = X
5t * div (DtF) 0 , avec F ac

On reconnalt la forme de 1'équation de continuité, écrite en suivant le flot lﬂ_ .
On notera qu'il ne s'agit pas seulement ici de 1'&quation de continuité dans tR3,
qui est d'usage courant, mais de 1'équation de continuité dans l'espace des

-

gtats, TI'= an, associé 3 tout systéme différentiel.
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w

Evolution et Stabilité

Si 1l'on consulte un ouvrage de physique ou de mécanique statistique, la
probabilité est encore trés grande aujourd'hui pour qu'on n'y trouve pas le
théoréme de Liouville énoncé et démontré comme au chapitre précédent. Le théoréme
de Liouville, pour la plupart des physiciens, c’est la conservation des volumes
dans l1'espace des phases de la Mécanique hamiltonienne. Autrement dit, c'est
la cas particulier :

divFzo0 R Jt = 1 , /“Fs@t) E}‘{es(‘Q) pour toutfl).

Aprés avoir utilisé@ ce résultat pendant plusieurs années sans chercher 3 en

savoir plus, il m'a semblé en 1964 que cette loi de conservation ne pouvait &tre
‘qu'un cas particulier d'une loi d'évolution plus générale. La référence au

mémoire original de Liouville 8 se trouvant chez Tolman[zj(qui ne 1lfutilise d'ail~
leurs pas explicitement), il m'a &té facile de retrouver ce que j'ai alors

appelé le théoréme "vrai', c'est - & - dire 1la forme générale :

d -
ar Log Jt div F,

{1] J.1I0UVILIE . Journal de Math.pures et appliquées 3, 342(1838)

LZ}KZTOLMAN - The principles of Statistical mechanics, Ularendon Press,
Oxford (1938) [ef page gg]
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IS

avec divF  non identiquement nulle. Mais je continuais & ne pas comprendie pour—
quoi les auteurs ne faisaient jamais appel 3 cette forme originelle. Pourquoi
tenait-on tellement au cas particulier, au point d'en oublier le cas général ?

Car c'est bien ce dont il s'agissait : les physiciens, 3 force de travailler dans
1'hypothése conservative, avaient oubli& 1'&noncé général du théordme de Liouville.
Pour s'en convaincre, il suffit de vérifier que ceux qui ont récemment utilisé

le théoréme "vrai", l'ont d'abord énoncé et démontré comme une extension du
théordme de Liouville : la d&monstration de S.Guiagu (que je ne connaissais pas

en 1965) date de 1962[1}, celle de D.Kh.Morozov date de 1972[2% V.P.Maslov en

parle méme comme d'un tout autre théordme, qu'il appelle le lemme de Sobolev ™7

Heureusement l'affaire est en cours de r8gularisation. V.I.Arnold , par exemple,

£

énonce le théordme de Liouville sous son vrali nom et sous sa forme générale .

Le lecteur pensera peut—8tre que je donne trop d'importance i un point de terminolo-
gie : puisque le théoréme existe, peu importe le nom qu'on lui octroie. J'acquiesce-
rais s'il ne s'agissait que de cela. Mais, comme je 1l'ai d&ja dit, c'est le

théorgme lui-méme qui avait 8té oublié, et cet oubli cachait le fait suivant,qui est

de la plus haute importance, et sur lequel nous nous &tendrons dans tout ce livre :

la physique orthodoxe contemporaine est une physique conservative ; tout modé&le non

conservatif, tout mod&le dissipatif, est radicalement exclu des théories
fondamentales, Pour le physicien orthodoxe, point n'est besoin de parler de la

forme générale du thBoréme de Liouville, laquelle nme peut s'appliquer qu'a des
modéles rejetés a priori. L3 éncore, les choses sont en train de changer (nous

le montrerons plus loin) et les physiciens ne sont plus aussi intransigeants qu'il
y a dix ans, Les termes que je viens d'employer ne soniog%us rigoureusement exacts.
Bien qu'ils soient trop catégoriques aujourd'hui, je les maintiendrai pour souligner
1'impression d'&touffement que j'ai ressentie lorsqu'i partir de 1965 j'ai essayé

de parler de modéles dissipatifs dans un milieu de Physique orthodoxe.

L'idée &tait pourtant passionnante.L'une des formes élémentaires de
1'Evolution n'est.elle pas la formation et la destruction d'agglomérats, et peut.

on s'empBcher de penser 3 la gendse de toutes les structures matérielles ? Les

noyaux se sont formés ; il a fallu pour cela que des nucléons s'agglutinent.

1] 5.GUIAGU. C.R.Ac.Sciences de Roumanie 12,1087 (1962)
£2) D.Kh.MOROZOV. Soviet physics JETP 35, 902(1872)

3] v.P.MASLOV. Théorie des perturbations et méthodes asymptotiques. Dunod-Gauthier. )
Villars (1972) @oir page 214}

&] V. ARNOLD. Equations différentielles ordinaires, EditionsMir Moscou (1974)
{voir page 196]
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Puis, lorsque les noyaux ont capturé des &lectrons périphériques, ce fut encore
une forme d'agrégation. Ensuite, les mol8cules se sont formées par assemblage
d'atomes, et pour parvenir aux organismes vivants, il a d'abord fallu que se
constituent les macromolécules. A l'autre bout de la chafme de l'univers, on
retrouve le m8me fait : les planétes sont groupées, les &toiles aussi, les
galaxies également. Or, comment imaginer que tous ces astres ont toujours été
assemblés ainsi, de toute éternité ? Comment ne pas ressentir le besoin de
comprendre le phénoméne dynamique d'agglutinement, et son inverse, la désagrégation
Ceci dit,je me garderai bien d'eésayer de définir de facon plus philosophique
ce que 1'Homme entend par Evolution. En tant que physicien, je pense m'Btre déja
beaucoup avancé sur ce terrain incertain en introduisant,comme je viens de le
faire, une notion générale d'évolution synonyme d'agglutinement et de désagrégationm.
Par la suite, j'essaierai au contraire de rapprocher ce concept trop vague des
grandeurs précises qui sont familidres aux physiciens.

Le iecteur aura déja compris le rSle primordial que peut jouer le théordme

de Liouville. Sous sa forme générale,

d .
Fr Log Py div F ,

n'associe-t-il pas, en effet, un certain type d'agglutinement ou de désagrégation,
que mesure la variation de la densité d'étatsdans I = R®, 3 un certain type de

phénoménes physiques, & savoir les phénoménes mon comservatifs 7 Alors, comment

refuser d'envisager 1'hypoth@se suivante qui vient immédiatement & 1'esprit :

1'Evolution est due aux phénoménes dissipatifs, et les mod&les conservatifs ne

peuvent décrire qu'une sorte de repos emtre des périodes &volutives. Un point

délicat doit 8tre souligné dés maintenant. La densitd. p,» dont la variation est
ane mesure de 1'Evolution, est la demsité dans 1'espace des 8tats, T' , du systéme
différentiel considéré. Si ce systme résulte d'une description dynamique (qui est
du second ordre différentiel), 1'espace I ne sera pas 1'espace de configuration
r* {dans lequel nous vivons si L = 3) -mais 1'espace
des positions et des vitesses,'B?L, et un agglutinement dansIRZL a'entrainera

2L

-pas nécessairement un agglutinement dans]RL. Passer de W ETRL ne sera pas chose

£acile.

Pour la dypamique d'un systéme 3 une dimensiom (L=1), 1'espace T est le
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le plan RZ, et le théoréme de Liouville donne une interprétation simple de
quelques résultats &tablis depuis longtemps par les mathématiciens, 1'avantage
&tant — et il n'est pas négligeable — de permettre au physicien de "sentir" la
démonstration, de telle sorte gue le résultat devienne pour lui quasi-&vident.

Considérons par exemple le systéme de deux Equations

1) .
3:: - (D (x(1), x(z))

(2)
(dhé 2 - f(z) (x(l)’ x(z))

et plagons-nous dans 1'hypothése ofi les fonctions f(l) et f(z) sont telles que
le systéme admette une solution périodique, de période T,
Gy . LW
o1 %
: (pour tout t)
() _ ()
*eer *t

la divergence 8tant négative, en moyenne, sur une période :

1 (div F) 4 1 ! af(l) af(z)
— IF - P A ———— v
T iv t T ax(l) ax(z) ) dt < 0

4]

Soit C la courbe fermée qui représente la solution périodique dams RZ, et Mt
le point courant de C. Introduisons alors le référentiel local formé de la

1 ) 2y . . . . .
tangente Mt né ) et de la normale Mt St) + & la trajectoire C, puis construisons
une petite surface (6S)tqui contient—Mtf Du fait de la périodicité, la dimension

. . . 1 : PR N
de cette petite surface suivant la tangente, 6n£ ), redevient périodiquement la mdme;

.
L=

K2)
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elle ne peut donc pas tendre vers zéro. Comme, par ailleurs, (GS)t tend vers zéro
quand t tend vers 1'infini (puisque la divergence est négative, en moyenne, le long
de la trajectoire), c'est la dimemsion Gnéz) de (GS?: qui tend vers zéro. Ainsi, avec
le temps ,la petite surface s'écrase le long de la trajectoire périodique C. En

d'autres termes, toutes les trajectoires voisines de C tendent vers C. On dit

~gque le systéme jouit de la stabilité orbitale asymptotique, et le fait que la

IS

condition i
2t 5@

1 W TALGE T 2t
T ax (1) a2

implique ce type de stabilité pour ume trajectoire fermée de fR2 constitue le
critére de Poincaré. On trouvera facilement les démonstrations classiques chez
J.Stoker et chez T.Vogel par exemple l, et 1'on verra que 1'illustration qu'en
donne le théorsme de Liouville n'est pas inutile pour le physicien. La démons-
tration précédente présente aussi 1'avantage de montrer simplement pourquoi
1'on ne peut pas étendre le critére de Poincaré i un systéme différentiel dont
l'espace des &tats , T , posséde plus de deux dimensionms. En effet, prenons
par exemple le cas de T'= R3. Soit un petit volume ((W)t qui accompagne Mt dans
son mouvement périodique. La périodicité implique, comme plus haut, que la
dimension anél) de (&V) e suivant la tangente ne tende pas vers zéro. Si la
valeur moyenne de la divergence est négative, on en déduit, puisque ((W) doit
alors tendre vers zéro, que sa section par le plan normal 3 la tra]ecto:.re en H
-devient; arbitrairement petite ; mals ceci ne signifie pas que les dimensions
5n§2) et ‘5":(; ) de cette section tendent individuellement vers zéro. Les

trajectoires voisines de C ne convergent donc pas nécessairement vers C.

Autre résultat classique qu'entrafne le théoréme de Liouville, le
eritére négatif de Bendixson stipule que, dans tout domaine A de Rz ol la
divergence garde un signe constant, il ne peut exister de solution périodique [2]_

. 2 . . _ o
En effet, soit dans A € R” une trajectoire fermée Co' Elle est, par définition,
sa propre transformée par le flot qt:

c--——‘ﬁ——;c;_c,

@ 4 [+

[!] J.J.STOKE’P Nonlmear vibrations tn mechanical and electrical systems.
Interscience publishers, New York (1950} [vou' page 253}

T.VOGEL l'héome des systémes évolutifs. Gauthier-Villars (1965} [vozr page 46‘]
{2) S. LEFSCEETS. Differential equations, geometric theory.
Interscience publishers (1957) [voir page 22?]

T.VOGEL . Théorie des systémes évolutifs
Gauthier Villars (1965) [voir page 42];
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ce qui implique, pour l'aire de la surface qu'elle limite,

M{es (gl) EMBSA(Q> ;

or ceci est incompatible, d'aprds Liouville, avec une divergence de signe
donné, laquelle impliquerait une variation de 1l'aire. Ainsi, si la divergence
est de signe constant dans A QTRZ, aucune courbe fermée de b ne peut prétendre

8tre une trajectoire.:

En 1965, lorsque je réfléchissais au théordme de Liouville et aux
quelques applications que je viems de rappeler'D], ce qui m'amenait tout natu-
rellement & sortir du cadre hamiltonien, quelques autres chercheurs isolés
faisaient de méme, dont je ne connaissais pas les travaux. Ils s'intéressaient
gvidemment tous & la Mécanique, et le titre trds &vocateur de 1l'ouvrage de
T.Vogel 2 résume cette tendance. Cependant, deux voies apparaissaient d&ja,
nettement séparées. En effet, la Mécanique hamiltonienne est une mécanique
différentielle 3 divergence nulle. A priori, deux possibilités se présentent
donc i ceux qui cherchent & sortir de ce cadre. Ou bien 1l'on abandonne la
formation différentielle, au profit, par exemple, d'unme formulation intégro-
différentielle, et c'est la Mécanique héréditaire que proposent T.Vogeltg]
et F.Fer 41 ou bien 1'on garde la formulation différentielle, mais avec umne
divergence qui n'est pas identiquement nulle, et c'est la Mécanique dissipative
" que S.Giua§u[5]d'une part, et moi-méme d'autre part, cherchons 3 introduire
en physique théorique. Dans un livre récent, T.Vogel a de nouveau souligné
1'intérét de la Mécanique héréditaire. J'essaierai, dans les pages qui viennent,
de montrer le rdle que peut jouer la Mécanique dissipative. Pour terminer ce
chapitre, je me contenterai de souligner que la Mécanique dissipative, parce
qu'elle est de forme purement différentielle, utilise une technique mathé&matique

relativement simple, ce qui est um avantage won négligeable.

(1Y J.FRONTEAU. CERN 65-38 (1965)

{2 T.VOGEL. Pour une théorte mécaniste renouvelde, Gauthier-Villars (1973)
[B1 T.VOGEL. Théorie des systémes évolutifs, Gauthier-Villars (1965)

{41 F.FER. GR. Acad. Sc. Paris 260, 3873 et 260, 4159  (1965)

BJ S.GUIAGU. Attt dell’ Ace. Naz. dei Lincei, Rome, 39, 447 (1965)
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Lfentropie fine

On sait que Clausiusgl qui a introduit en physique le concept et le

vocable d'entropie, a lui-méme interprété la variation d'entropie comme une
mesure de 1'Evolution, et il est remarquable, par exemple, que Jean Perriéﬂ
ait intitulé “Evolution" le chapitre qu'il consacre & la thermodynamique.
Puisque 1l'on vient de voir, en &tudiant les systémes différentiels, que la
variation de la densité Py dans 1'espace des état% r, est &galement une certaine
mesure de 1'Evolution, le lecteur ne s'&tonnera pas qu'on ait poursuivi le

rapprochement et que l'auteur ait proposébld'appeler Yentropie fine" la quantité

£ _ Po
St = k Log Jt = k Log o

ol k est la constante de Boltzmann et J. 1le jacobien de Liouville, 1'indice
supérieur £ affecté i St rappelant l'éﬁithéte "fine". Entropie : on comprend
cet emprung 3 Clausius, au titre de 1'Evolution ; mais pourquoi entropie "fine"
alors que, depuis Boltzman&‘! 1'entropie est une notion d'essence collective ?
Tout simplement pour souligner qu'au contraire 1'auteur congoit 1'Evolution
comne un phénomé@ne qui existe au plan individuel , c'est-3~dire pour chaque
particule d'un systéme. Si m@me c'est la collectivité qui est responsable de
1'évolution non_consetvative, cette &volution mérite d'8tre décrite pour chaque

-

€lément de 1'ensemble. Techniquement, la grandeur Log Jt étant associde i tout

{1] R.CLAUSIUS. Théorie mécanique de la chaleur, Eugéne Lacroiz, Paris (1868)
{2 J-PERRIN. Les éléments de la physique. Albin Michel (1934)
Eﬂ J.FRONTEAU. CERN, MPS/Int MU/EP 66-5 (1986)

[4] L.BOLTZMANN. Vorlesungen iiber Gastheorie,J.A.Barth, Leipsig (1896)
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point matériel dont la dynamique est régie par un systéme différentiel, elle
permet de définir 1'entropie de ce point, de méme qu'on a su en définir analyti-
quement 1'énergie et 1'impulsion. En 1966, lorsque l'auteur a parlé pour la
premiére fois d'entropie fine, la surprise a été grande : l'entropie est un
concept essentiellement colledtif ; 1l'entropie fine ne saurait donc avoir de
sens. Louis de Brogliel avait pourtant introduit quelques années auparavant

1a notion d' "entropie de la particule isolée mais, compte tenu de 1'opposition
existant entre Louis de Broglie et les théoriciens de 1'Ecole de Copenhague 3
propos de la Mécanique quantiquézl ceci n'dtait pas fait pour amener les
physiciens orthodoxes & accepter la notion d'entropie fine. Par contre, pour
1'auteur, savoir que Louis de Broglie avait créé une Thermodynamique de la
particule isolée &tait un encouragement i poursuivre dans sa propre voie et
pourtant, i l'&poque, rien ne permettait de saisir le lien analytique

existant entre l'entropie fine et l'entropie de la particule isolée. Ce probléme

ne devait &tre abordé que beaucoup plus tard. [cf chapitre IX 1

Nous nous proposons de donner tr@s vite quelques arguments physiques
en faveur de la définition de 1l'entropie fine mais,auparavant, montromns qu'il
est possible d'8tendre la notion de moyenne de la Mécanique statistique au cas
d'un flot non comservatif, et que cela conduit & des ré&sultats cohérents. Revenons
au systéme différentiel L<*. . F (X,t) 3 divergence non identiquement nulle, et

dt

considérons sa solution Xt = X(Xo,t), le flot Lftcorrespondant, et la densité Pe

définie dans T =R". Rappelons que

P p(X)
0 []
Pe 3: I(X,.6) p(Xy,t)

et qu'en inversant la relation Xt = X(Xo,t) on obtient X, = X-l(Xt,t), ce qui

fournit :
! L
e T p[ X (X,,t), t] (X5t
En résumé, P, peut s'exprimer de deux fagon différentes, 3 savoir :

p.= p(X ,t) et P m@(xt,t).

{1]L.de BROGLIE . la thermodynamique de la particule tsolée,Gauthier-Villars,
Paris (1964)

[21L.de BROGLIE .Une tentative d'interprétation causale et non lindaire de la
Mécanique Ondulatoire | Gauthier-Villars (1956)
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Soit alors g(X,t) une fonction donnée, qui est définie dans T et qui, pour
cette raison, sera dite fonction d'état. Si le produit g(Xt,t)pt est sommable

dans Ft, on introduit, par amalogie avec la Mécanique Statistique classique,

la moyenne :

g(xtst) pt dxt “i‘" g(xt:t) C-P(Xt:t) dxt 5

T Te

!

<g> T
Ft N

oli N est le nombre, constant, des &tats considérés .

Si la fonction g(i{t,t)pt n'est que localement sommable dans ., nous définirons

"la moyenne relative 3 tout domaine compact ﬁ{ et rt H

1 1 Q
“§ | 8t oy & =gl e, dx 0 ax ,

<g>
D
t

’ . e d

Proposons—nous maintenant de calculer la dérivée Ir <g> . (Formellement,
c'est_a.dire aux difficultés de convergence prés, le calcul qui suit est le
méme pour I't et pour 5% ; c'est pourquoi nous ne le ferons que dans le cas Ft).

Effectuons donc le changement de variables défini par Xt = X(Xo,t), t étant

‘ S - d J‘ = J(X ,t) = Eff&i___
alors un paramétre. Il vient, compte tenu de ce que € o’ D(xo) ¥

1
g(Xt,t)pt dxt =5 g[X(Xo,t),t;] p(xo,t) J(Xo,t) dxo .

Te To

Du fait de la relation P Jt =0, wp(Xo), il reste :

) 1
®L = § g [X(Xo,t), t] p(X)) dX_ .
t r
o
Le calcul de la dérivée en t est alors immédiat: puisque Fo ne dépend pas de t,

.

on peut dériver sous le signe somme. On obtient ainsi :

g—t— <g>r;t = —é—]{»gtad g[X(Xo,t),t] . %(Xo,t) + —g%"[x(xo:t)stl}ﬂ(xo) dXo
T
o
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d'oli:

d 1 . kA ]

& o % {grad g [xx,0,e) Flrexg,0,e]  + 32 xex,0.e y
o

D(X¢)
p(xo,t) ]‘)‘(‘x‘g‘y dxo »

clest.i.-dire, en revenant aux variables X,

1 3g .
r W {grad 3 (xt,:). F(Xt,t) s (Xt,t) }pt dXt

ape
t t

On retrouve ainsi, dans le cas non conservatif, le résultat classique de la
Mécanique Statistique conservativeﬂ]. La trame de la démonstration donnée ci-
dessus figure dans un rapport de 1966 [23, mais & 1l'époque 1'auteur. n'en avait
pas écrit le résultat général sous la forme précédente. Telle qu'elle est
présentée aujourd’hui, la démonstration est beaucoup plus récente et résulte
d'un échange épistolaire avec S.Guiagu 3. On remarquera encore que le résultat
précédent n'est que l'extension am“ d'un théorémg‘]déjé démontré dans R3.

En guise d'exercice {car le calcul direct est plus rapide), appliquons
maintenant le théor&me précédent au calcul de la dérivée de la mesure de

Qt.c_ I‘t -en admettant que P, me soit jamais nulle.

k-4 — 3 & — >
}‘fes @ = ax, = i b W TN <o

t
t t
. . dp
d d 1 d 1 t
=t - = mn—— —— o A Eoay B m N e o)
rrae @t) N 3 < b >;Dt N IE ( pt) th p?_ It &

[_l'] J.YVON. Les corrélations et l'entropie en Mécanique Statistique classique.
Monographie Dunod (1966) [voir page 32]

12) J. FRONTEAU. CERN MPS/Int MU/EP 66-5 (1966) [voir page 33]

{3)A.CHALJUB, J.FRONTEAU, S.GUIASU.Correspondance 1972-1974

[4] PHAM MAU QUAN. Sur une théorie relativiste des fluides thermodynamiques. Thése,
Paris(1955) ‘_voir page 37]
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_d__ P _]_ .d_. > = N< -L- div P>
dt”‘es @:) N <°t ic Loes e, 9 > Q

t €

)fes @t) - ‘A (div F) dX, .

Q-!ﬂ-
[

B

‘C'est 13 une autre forme du théoréme de Liouville ﬁl

Au vu du calcul et du résultat précédents, on comprend qu'il soit
possible de mettre au point une mécanique statistique non conservative. C'est ce
qu'a fait S.Guia§xP], sur les bases suivantes :

1) On détermine la distribution d'&quilibre dans r, en recherchant

1'extremum de l'entropie de Boltzmann

- L pO Log Oo dxo s
o

extremum 1i& par l'existence d'une énergie de valeur moyenne domnée. On sait

qu'on trouve la distribution de Gibbs.

2) Cette distribution initiale est transformée par le flot [i)t en une
nouvelle distribution, e+

3) On calcule la dérivée de la moyenne des fonctions d'état, (Le lecteur
Temarquera que les résultats de Guiagu différent des ndtres).

-4) On étend au cas non conservatif le théoréme de Birkhoff relatif
4 1'égalité des moyennes temporelles et des moyennes prises sur I‘o pour un

gystéme en &quilibre.

Nous n'en diroms pas plus sur la mécanique statistique non conservative,
Ppuisque divers ouvrages de S.Guiagu y sont consacrés. Le lecteur pourra égale-

ment prendre connaissance d'un int&ressant article de P.CaldirolaB].

({}J. FRONTEAU, CERN 65-38 (1965) [poir page 5]
V.ARNOLD, Equations différentielles ordinaires, Editions Mir, Moscou(1974)
[voir page 1961
{2 S.CUIA§U. Attt dell'AccademiaNazionale dei Lincei, Rome, 39, 447 (1965) ;
-GUIAGU. Revue roumaine de math.pures et appliquées,l11, 541 (1966) ; .
S.GUIASU. Aplicatii ale teoriei informatiei.Sisteme dinamice, Sisteme cibermetice.
Editions de 1'Académie de Bucarest (1968)
0.ONICESCU, 5.GUIASU. Mécanique statistique. International Centre for mechanical
Seiences, Udine (1971) Springer Verlag

) P.carprrOLA. Nuovo Cimento 46 B, 172 (1966)
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Revenons enfin i l'entropie fine et présentons deux résultats curieux
dont, pour 1'auteur, la coexistence a toujours &té plus qu'un hasard heureux.
D&s qu'on accepte la notion d'entropie fine,

p
o
Sf-kLogJ =k Log —
t t Ot

on peut calculer l'entropie moyenne ,

£ 1 ’ o
<St>r & k(LogF;-)Otht ,
t r
t
c'est_i.dire !
£f,-k k
< st >r ¥ P Log Ot dXt * N (Log po) F’t dXt.
£ r
. rt t

fn sait que p, peut s'écrire C—P(Xt,t) : en appliquant le changement de variables

Xt = X(Xo,t) 3 la seconde intégrale, il vient donc :

£ 5

t
t

= '% @(Xt,t) LogCP(Xt,t) ax, k p(Xo) LogP (XO) ax .

. < § N

I’t ) I"o

On reconnaft la forme de la fonction HB de Boltzmann,

HB ﬂf pLog pdX ,
T

et le résultat précédent s'écrit :

B £ B
k Ht N<St> k Ho

A la constante k Hg prés, l'entropie de Boltzmamm, - k HIé , apparait donc bien
comme l'entropie totale du systdme, puisque c'est N fois 1'entropie moyenne des
N &tats considérés. Ceci est en soi une premidre justification de la définition
de Si et du vocable d'entropie fine, mais considérons une autre conséquence

de cette définition.
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.

Soit la dynamique dissipative la plus simple possible, & savoir :

3 T 1 2 3
2 terd,¥- 0",y
m 41 . A (24 - t €R , m_ = constante rdelle positive,
-] dtz dt o -

A = constante réelle (positive ou négative).

Introduisons le systéme du premier oxrdre &quivalent :

&y
Friiai
& A =
— P Gpuini v
dt m,

c'est—i-dire,en projection,

) &

dy =

dt ‘ £=1,2,3 .
a® 4 b

dt mo v

({) et v(b é

Calculons alors la divergence de ce systéme, les y tant indépendants

3
1¢)) {
. - E :' v 3 A (1) - a A
div F lf ay(t) + av(f) {mo v ] } ’3 m .
= | .

On en déduit, compte tenu du théordme de Liouville et de la définition de

1l'entropie fine,

£
ds A

t d .
T ka? LOth kd,_.VF 3k;: .

Si maintenant 1'on utilise 1'expression de la dérivée de 1'énergie cinédtique,

4E in > dV_ 2 A 2 2 A
v =m V.‘—i-t—==m°v.—; V= AV =2 Eo- Ecin ,
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il vient :
dECin/dt: - A
Ecin b
dol :
d Sf dE dt
. 3 k cin/ .
dt 2 E

cin

. : | S .
En introduisant Tf et dQ , définies par les relations

. £
Ecin 3 kT
f =
et dqQ dEcin .

- - - - L4 a * - s .
le résultat précédent s'écrit sous une forme qu'on reconnalt immédiatement :

Ainsi, si 1'on imagine de d&crire un apport de chaleur (positif ou négatif) par
un modéle dynamique non conservatif —— le mod&le précédent, beaucoup trop

élémentaire,sera étendu par la suite {chapitre VI)~ la notion d'entropie fine

réalise la synthdse desdeux dé&finitions classiques de 1'entropie. D'une part,

par sa moyenne statistique, Sf conduit 3 la fonction Hﬁ de Boltzmann ;

t
d'autre part, appliquée i une dynamique dissipative, elle conduit & la
forme de Clausius d§ = Q%,. Que ce fiit 13 coincidence fortuite, l'auteur n'a

jamais pu le croire. C'8tait pour lui, au contraire, les prémices d'une

thermodynamique fine.

En 1966, la Physique ne pouvait accepter cette idée. Fondement de la
M8canique Statistique et de la Mécanique Quantique , le formalisme hamiltonien
était inattaquable. Les mod&les dissipatifs ne pouvaient &tre que des palliatifs
macroscopiques. I1 était impensable de les introduire au niveau de compréhension
le plus profond. Je 1l'ai bien senti lorsque j'al publié ces quelques pages
intitulées "L'entropie et la physique moderne'™-. Les réactions furent pour le
moins réservées. Je regus quelques lettres en réponse 3 mon rapport, mais
les encouragements. furent extr@mement rares. Je profiterai donc de l'occasion

pour remercier aujourd'hui ceux qui, trés t6t dans le courant de 1966, m'ont

[g J.FRONTEAU CERN MPS/Int  MU/EP 66~5 (1966)
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apporté un £lément d'espoir. Je pense i ce professeur de 1'Université& de Genave,
& ce grand physicien britanniqueet 3 ces quelques compatriotes que je ne nommerai
d'ailleurs pas, par souci d'anonymat, de méme que je ne nommerai pas ceux que

je n'ai pas su intéresser. Je ne citerai qu'une phrase extraite d'une lettre que
je n'ai jamais oubliée, et qui m'a beaucoup aidé 3 poursuivre mon travail : "Ce
que j'approuve entidrement chez vous est que vous sortiez carrément des idées
courantes et des chemins battus. Je crois en effet que c'est la seule chance de
sortir de la crise actuelle de la théorie. Je vous félicite, et je vous assure

de toute ma sympathie pour votre effort.

Cependant, le comportement moyen des physiciens m'avait quelque peu désespéré.
L'incompréhension &tait profonde ; en effet, 3 1'&poque, la mécanique dissipative
ne constituait pas une discipline s c'était un domaine fou 5 i'y travaillais seul

(je ne connaissais pas les travaux de Guiagu, et réciproquement d‘ailleurs), et je
comprenais d'autant moins les réactions de la majorité que mon comportement

scientifique me paraissait trés normal. Spécialiste d'optique corpusculaire,

je n'avais ni le temps ni les compétences pour développer seul 1'&tude des
mod&les dissipatifs, pas plus en Thermodynamique fine qu'en Mécanique quantique,
oil cependant je pressentais d&ja qu'on pourrait trouver des applications. Je
venais donc demander de 1'aide aux physiciens compétents. En réponse je ne

trouvais gudre que scepticisme et froideur. Jeune encore, prompt & la révolte,

.~

j'avai§ de la peine i admettre cette fin de non-recevoir, car j'avais 1'impression
que ce n'&tait pas 3@ moi qu'on s'en prenait, mais 3 toute une forme de pensée

qui me semblait possible, et qu'on refusait a priori. Profondément décu, je
résolus néanmoins de continuer 3 &tudier les mod&les dissipatifs pendant les
quelques années que je m'apprétais i passer loin de 1'Europe, dans un poste

d‘enseignement que j'avais accepté 3 1'Université de Tananarive.
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PHYSIQUE MATHEMATIQUE. — Une dynamique associée a I’équation
cinétique Frey-Salmon. Note (*) de M. Jean Fronteau, présentée par
M. André Lichnerowicz.

On propose d’associer une dynamique continue 3 I’équation cinétique du fluide isotherme en
théorie Frey-Salmon.

Soit un fluide isotherme 2 un seul composant; ¢ étant le temps, et m, ;, w la masse,
la position et la vitesse d’une molécule, T = T (¢) sera la température du fluide, et

v =0 (32, ¢) la vitesse moyenne de ’écoulement dans un champ de forces )2 = ;( (;, ).
Les hypothéses de J. Frey et J. Salmon () conduisent 4 une équation cinétique du type
Fokker-Planck :

-

PSS Y S n
1 %f+w.grad,f+ z(—.gradwf= ak—T[3f+(w—-v).grad,,f+ 'l—';rAwf]
t m m m

ol i est la constante de Boltzmann, f (;, —w', t) la fonction de distribution simple, et

b g . .. * . . . oy
o = & {x,¢) un coefficient positif caractérisant le fluide 4 la température T. Ceci étant
admis, nous suggérons de prendre en considération I’équation suivante, qui pourrait
décrire le mouvement de toute molécule du fluide soumise & son proche environnement

(le fluide voisin) et au champ de forces X(;, 1) :

‘ d;l; - dd [« 4 2
3] mE=X—akT(w—-0)—~(kT) grad, logf
m

Nous allons montrer que — sous certaines hypothéses — (2) implique (1); (2) sera donc
un modéle dynamique possible.

FORMULATION EULERIENNE DE LA DEMONSTRATION. — Soit I’y , = R® I’espace des
phases des particules du fluide; % et w repérent un point fixe de T, ,. Faisons les hypo-
théses suivantes :

(A,) La densité du fluide de phases est une fonction f (;, , t).

(A,) La vitesse d’écoulement dans I'; ,, vecteur de RS, est une fonction V(;, w, 1).
(A;) Le fluide de phases se conserve : (@fjoty+div,, , (fV) = 0.

(A, Le fluide réel, lui, s’écoule dans ', = R3 4 la vitesse moyenne v (x, £ ); il est soumis

4 un champ de forces X (.:c., t) et sa température est uniforme, T = T (£); un coefficient
scalaire o = oz(;, ¢) compldte la description.

(As) Le vecteur V(;, w,¢) est de la forme suivante, qui exprime (2) en coordonnées
d’Euler :
w
P - - - ———
V= -1-[X—akT(w-v)-—-E(kT)zgrad,,Logf eRr;
m m
Reprinted from C. R. Acad. Sc. Paris, 280A, 1405 (1975)
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il vient alors :

g+v.gradx_ of = — fdiv, ,V _ [¢f.(A3)];

af - T 11> — - o 2——" I .
-a—;+w.gradxf+—r; X—akTw-— v)—-—"-l(kT) grad, Logf |.grad,.f

- —

= —f{div,&}+ ~1-div,,,[X—akT(w—;)-—g(kT)z-g_r;;wLogf]} [of.(A5)]-
m m

Tous calculs faits, avec ’hypothése (A,), on trouve (1) puisque div, w = 0.0On remarquera
que le calcul précédent n’est qu’une extension & R® de la méthode (*) qui permet d’établir

Péquation de diffusion dans R3, (8p/dt) = D A, p, & partir de I’équation de continuité
——p

(0pfot )+div, (p ;) = 0 et de la relation » = —D grad, Log p.

FORMULATION LAGRANGIENNE. — Soit I’espace des phases a l'instant £, I', ., et a
tout instant ¢, I . 9, étant un domaine de I', ., nous admettrons les hypothéses
suivantes :

(B,) La densité dans 2, est uniforme, f; = 1.

(B,) il existe un flot @, toujours inversible

i: =i(f0’ i"'o’ £) avec J,=M¢O’ (ve).
W, = M)(Xo, Wo, t) D(xo, wo) »

On a donc aussi :

-5 - - -
Xo=7Y (xxa Wey t):
- i

wo':"l’(x:s 0, £)

et Pon en déduit que [d}.,/dt, dfé,/dt] est un vecteur de R® qui s’exprime sous la
forme V (35 o 5,, £). _ )

(B;) Le fluide de phases est conservé par le flot @,, ce qui peut s’écrire f; = fo/J, = 1/J,.
En effet, J, commande I’évolution temporelle des volumes; il commande donc la variation
de Vinverse de la densité . On en déduit que

1

J (xo’ g5 t)

=

|

s"écrit aussi, en utilisant 3 et , f;, = f (X, 0y, 7).

Enfin le théoréme de Liouville [(*), (®), ()], appliqué au flot ¢,, s’énonce :

®) %:J,div,h,tv,

ou encore, puisque fo = 1, dffdt = —fdiv_ . V.
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B,) Le fluide réel s’écoule dans R? 3 la vitesse moyenne v (x , ¢ ); il est soumis & chaque
4. y £ q

instant au champ de forces X (; » £) et sa température est uniforme, T = T (¢); le coefii-
cient scalaire o = o (;,, t) compléte la description.

dx, =
‘E‘t' = Wy, .
@ ®Bs) ] [dynamique (2)].

fj—l—‘i-“l[x akT(w,—v)——m(kT)zgradmLogf
dt  m

A partir de (3) et (4), méme calcul que dans le cas de la formulation eulérienne;
on retrouve I’équation (1), écrite en suivant le flot ¢, :

-

—— B —
. %{-i—w, gradx,f+§ grad,, f= aﬂ[3f+(w,—v) grad, f+ TA,,,f].
m

Remarques. — (a) I’équation (2) est I'équation de Langevin, dans laquelle le terme de
diffusion aléatoire a été remplacé par un terme de diffusion continue exprimé a I’aide de
la fonction de distribution f (;, 1—4'), 7).

(b) La dynamique (2)-(4) n’est pas hamiltonienne. Cependant, elle devient conservative
quand les deux termes en kT et en (k T)* se compensent identiquement, c’est-a-dire
lorsque :

- -y '——_‘.)
— ak T (w,—v)—(o/m) (k T)* grad,,, Logf = 0, ce qui équivaut & :

D _mfw,—0(x, O] -
J g(x,,t)em{ TRT() f

g étant une fonction indépendante de ;5,.
(¢) Le terme de diffusion peut s’écrire de fagon plus condensée 2 I’aide de la fonction :

(5) ' S/ =LogJ,

que nous avons introduite en 1966 sous le nom d’entropie fine (?) et qui, avec les hypo-
théses (B;) et (B;), devient S/ = —Logf.

La dynamique (2)-(4) pend alors la forme :

d;‘ g - - o 2 - f
) m—d-=X—o:kT(w,~v)+—(kT) grad,, S’
¢ m

et la diffusion est ainsi reliée 4 la croissance de I’entropie dés le niveau microscopique.

Signalons enfin que le concept d’entropie fine qui vient d’8tre utilisé est trés proche
de la notion d’entropie de la particule isolée au sens de M. Louis de Broglie (%) [la compa-
raison a été abordée récemment (7)], et qu’il a vraisemblablement des points communs
- quoique aucune comparaison n’ait encore été publiée — avec Ie concept d’entropie
microscopique introduit par I’école de Bruxelles (%).

(™) Séance du 21 avril 1975.
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(*) J. LiouviLee, J. Marh. pures et appl., 3, 1838, p. 342.

(® L. pe BrocLe, La thermodynamique de la particule isolée, Gauthier-Villars, Paris, 1964.

) S.R. pe Groor et P. MAZUR, Non-Equilibrium Thermodynamics, North-Holland Publishing Company,
1969. -

(%) 1. PrIGOGINE et coll., Nature, 246, 1973, p. 67; Chemica Scripta, 4, 1973, p. 5.

(®) S. Guiagy, Rev. Roum. Math. pures et appl., 11, 1966, p. 341.

(®) J. SaLmon, J. FRrey et coll., Comptes rendus, 264, série A, 1967, p. 978; Nuovo Cimento, 51, série B,
1967, p. 437; chapitre dans Modern Developments in Thermodynamics, B. Galor Ed., John Wiley, 1974,

(") J. FrontEAU, CERN 65-38, 1965; CERN, MPS/Int. MU/EP 66-5, 1966; Nuovo Cimento, 2, série B,
1971, p. 107; Ann. Inst. Henri-Poincaré, 18, série A, 1973, p. 99; article & paraitre aux Annales de I’ Institut
Henri-Poincaré, 22, séric A, 1975,

Université d’Orléans,
U. E. R. de Sciences fondamentales et appliguées,
45045 Orléans Cedex.
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MECANIQUE STATISTIQUE. — Une nouvelle hypothése d’irréversibilité.
Note (¥*) de M. Jean Salmon, présentée par M. André Lichnerowicz.

Une mécanique statistique irréversible cst obtenue en modifiant la loi du mouvement de deux
particules en interaction centrale. Le second principe de la thermodynamique est conséquence
de cette loi et la nécessité d’un postulat d’irréversibilité du genre chaos moléculaire disparait.

l. INTRODUCTION. ~ Le systéme d’équations de B. B. G. K. Y représente la forme
évoluée et rigoureuse de la mécanique statistique classique. Pour un gaz de particules
de masse m soumises i une force d’interaction centrale X;; dérivant d’un potentiel o,
I’équation d’évolution de la fonction de distribution double £, s’écrit en désignant par f;
la fonction de distribution triple, par ¢ le temps, par x et w les vecteurs position et vitesse,

iy Wiz, i X Ui Xar s

(N Wy — +W, — + —
Jt 0%, 0%, m Ow, m ow,
+J[§-‘-’ Sz 4 Xas .-_._af‘“]dx3dw3 =0.
m ow, m 0w,

La loi du mouvement est :

daw; cQ
2 m—=X,.=—_7
@ dt ! 0%

Le caractére réversible de I’équation (2) a la suite de I’équation (1) la rend incompatible
avec le second principe de la Thermodynamique. L’'équation (2) contient en outre la
fonction inconnue fy,;. Il est donc indispensable d’introduire un postulat qui ferme le
systeme B. B. G. K. Y en le rendant irréversible. Pour un gaz dilué, deux postulats ont
été proposés. Le premier est celui du chaos moléculaire de Boltzmann f,, =fi/, en
dehors de la zone d’interaction. Il fut trés vivement critiqué & une certaine époque parce
qu’au début d’une collision il impose que les particules oublient les corrélations de vitesse
passées mais il permet d’obtenir une équation cinétique efficace, conduisant 4 des résultats
bien vérifiés par ’expérience, tandis que la perte d’information liée au chaos moléculaire
apporte l"accroissement d’entropie conforme au second principe de la thermodynamique.
En revanche, I’équation de Boltzmann n’est pas adaptée au cas des gaz denses.

Le second postulat est celui de la relaxation linéaire de J. Frey et J. Salmon [(}), (3), (3)].
Les fonctions { désignant les fonctions de corrélation de position de ’équilibre local,
il s’écrit
‘ Xz =fuo—fifa Ve X123 =fraa— fifafsVias

X 3 X 5,
[*‘L} — 22 _]Xusdxsdwa = )%*2

m ow, m Jdw,

(3

t désignant la valeur moyenne du temps de passage dans la partie répulsive du potentiel
d’interaction lors d’une collision et f la fonction de distribution simple. Ce postulat
conduit & I’équation cinétique Frey-Salmon dans laquelle n, est la densité particulaire,
v, le vecteur vitesse moyenne, T la température et K la constante de Boltzmann :

(4) Ut 4y Or _m KT

1
ot 0%, 2m

T B[3f1 +(w,— Vl)é’f—l + gAwa,

w, m

Reprinted from C. R. Acad. Sc. Paris, 280A, 1559 (1975)
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avec
(%) B= — 871.[ d(p Cﬂ/ 20y = 8" J d(p eTWET (2 g
3KT dx dx 3KAT? dx

Il en résulte que

08,
(6) S; =—-K |f; Log f; dx, dw,, —é——g 0.

)

L’entropie simple S; ne peut décroitre tandis que la formule du coefficient de viscosité
B = m(r B)™' est bien vérifiée par I'expérience (*). En outre la présence des fonctions {
¢limine les divergences en gaz denses. Le postulat de la relaxation linéaire peut comme
celui du chaos moléculaire sembler absurde, mais si I’on s’interdit tout postulat I’équa-
tion (1) devient, en négligeant f,,; en milieu dilué
¢fin | 2 0/12 12 afll Cifxz

@) Sl Wy S bWy S S =0,
at c'?x, 0%, m 6W1 m 0w,

d’olt pour l'entropie double S, un résultat physiquement inacceptable.
(8) S, = — I(J‘f,2 Log f,,dx, dw, dx, dw,, 222 -0,

S, est une entropie statistique, alors que S, a la suite du postulat d’irréversibilité est une
entropie thermique ().

2. UNE NOUVELLE LO! DE LA DYNAMIQUE. — Le caractére réversible de I’équation du
mouvement entraine 1'obligation de casser la réversibilité du systéme B. B. G. K. Y au
moyen d’un postulat. Pour éviter cette contrainte, nous proposons de modifier la loi du
mouvement, en €crivant

dw,

9 m o = +TA(P[(W2“W1)+ g(—- - :ﬁ— )Lngu]

dt 6x, ow, 0w,

Au terme habituel en -V ¢ se superpose un terme donnant a cette équation un caractére
irréversible. Il contient le temps de relaxation 1 et I’entropie fine log £, , notion introduite
par J. Fronteau (°). t et log f;, traduisent des effets collectifs. Le laplacien Ag de ¢ est
en facteur. Par suite ce terme irréversible s’annule pour un potentiel en 1/r. Bien que
I’interaction entre deux molécules soit d’origine coulombienne le potentiel ¢ est par suite
d’effets quantiques du type Lennard Jones ou Sutherland. son laplacien n’est pas nul
et le terme irréversible intervient. Dans cette perspective, I'irréversibilité est d’origine
quantique.
L’équation de Liouville déduite de cette nouvelle loi du mouvement est
LIPS ) P . B PR X

ét cx, sz m 0%, 0w, m 0x, 8w2

I R o S|
m CWy m o\ 0w, W,

A T'équilibre maxwellien, le terme irréversible s'annule.

(10)
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Effectuons maintenant dans le second membre de (10), 'approximation
(an Sriz=/fifze”

Cette approximation est valable si dans le développement de f;, en fonction de f,, f, et
de leurs dérivées, le terme (11) est dominant. Ce fait a été établi dans les travaux qui ont
conduit a I"équation cinétique Frey-Salmon. Admettons en outre que les fonctions f;
et f, varient trés peu en position a Uintérieur de la sphére d’interaction. Nous allons obtenir
deux résultats. D’une part en multipliant par dx,, dw, (x,, = X, —X%,), en intégrant et
en tenant compte de

<« 0 2
(12) a’ =J. Age ® KT x? dxzj‘ 1 51-—(? e % x? dx,
0 o KT\ dx

nous retrouvons ’équation cinétique Frey-Salmon avec 8S,/d¢ = 0. D’autre part en posant
f=fMh, fM désignant la distribution maxwellienne, il vient

- 2 2 - 2 - 2
(13) ﬁz‘ﬂﬁ_f_ﬂffﬁ‘fr[ﬁ(?ﬂ> +E(ohz> ]dxldwldwli-o.
nt

. 3 -
ot h\ Cw, h,\ éw,

Les entropies simple et double S, et S, ne peuvent décroitre. Cette nouvelle loi du mou-
vement assure la cohérence entre la dynamique et la thermodynamique.

3. Concrusion. — Nous avons modifié la loi de la dynamique dans un champ de
forces de telle maniére qu’elle entraine sous cette. nouvelle forme le second principe de
la thermodynamique, alors que sous sa forme usuelle, elle ne pouvait en rendre compte.
Le prix a payer a été lourd, car il a fallu introduire des effets collectifs. Ainsi 'interaction
entre deux particules n’est plus totalement indépendante du comportement de la popu-
lation des particules.

(*) Séance du 28 avril 1975.

(') J. Frey et J. SaLMmon, Nuovo Cinento, X, 51 B, 1967, p. 437.

(?) H. DorMosT, J. FREY, J. Satmon et M. VaLton, Compres rendus, 264, série A, 1967, p. 978.

%) J. Frey, P. LAIGLE et J. SALMoN, Rev. gén. Therm., n® 105, septembre 1970, p. 1027-1043.

(*) J. FRey et J. SALMON, Modern Developments in Thermodynamics, edited by B. GaL-Or, Wiley, 1974.
(*) J. YvoN, Les corrélations et entropie, Paris, Dunod, 1966.

() J. FronTEAU, Nuove Cimento, 2 B, n° 1, mars 1971, et communication privée 1974

Conservatoire national des Arts et Md:iers,
292, rue Saint-Martin,
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Abstract

On functional relations between reduced distribution functions and catropy
production by hamiltonian perturb R. Dobbertin (Université Paris
VI, Laboratoire de Physique Théorigue et Mathématigue, Paris, France),
Physica Scripta (Sweden) 14, 85-88, 1976.

Functional relations are derived which link the reduced distribution functions
of a classical N-particle system through the entropy production due to
microscopic deviations from hamiltonian dy These relati have
been used in an earlier paper for the ciosure of the BBGKY-hicrarchy
and may be useful for the establishment of collective particle models in
particular and the understanding of irreversibility in general.

1. Introduction

In a recent paper [1], we established relations between reduced
distribution functions and non-hamiltonian perturbations of a
system of N classical particles. These relations allow to close the
BBGKY-hierarchy in a new way and to reproduce certain well
known approximation schemes. The non-hamiltonian perturba-
tion was introduced in a rather formal way as a relaxation term
in the Liouville equation.

In this paper, we are not concerned with the technical aspects

- of the closure problem, but we ask and try to answer the question
whether such concise relations have a more fundamental signific-

_.ance in statistical mechanics. For this purpose, we derive them
under less formal although quite general conditions.

As long as an N-particle system can be described by a hamil-
tonian, Gibbs’ statistics is founded on the well-known Liouville
equation. In this case, the statistics can be based on the distribu-
tion of conserved quantities, in particular energy. If a hamiltonian
is not sufficient to describe the system (c.g. open systems in con-
tact with reservoirs, random perturbations, collective models etc.),
the only conserved quantity may be the extension in phase. The
concept of Gibbs’ ensemble still holds; "as the evolution of the
probability density is naturally described by a continuity equa-
tion, the only possible generalization of the Liouville equation is
to allow that the particles of the system may move according to
other equations of motion than the hamiitonian ones (the addi-
tion of an inhomogencous term to the Liouville equation in form
of a collision integral implies in fact the same extension).

In spite of the great success of Hamilton’s dynamics, there are
some fundamental reasons to assume that real processes follow
only approximately the hamiltonian laws of evolution. As Ruelle
[2] pointed out, the time evolution of large systems of particles
as considered in statistical mechanics is probably characterized
by a sensitive dependence on initial conditions. On the one hand,
a real physical system is never totally isolated and even very weak
random perturbations will be amplified and shall affect signifi-

cantly the evolution of the system. On the other hand, very small
systematic deviations from the hamiltonian interparticle forces,
in particular collective contributions, will in general modify con-
siderably the microscopic time evolution. Recently, Ingarden and
Kossakowski {3} claimed the need of generalized dynamics for a
sound foundation of quantum statistical mechanics. Assuming
the particle dynamics to be described by semi-group rather than
group transformations (and that leads immediately to non-
hamiltonian dynamics), they got, differently from the more or
less subjective manipulations like coarse-graining, perturbation
approaches etc., true (non cyclic) irreversibility without using the
thermodynamic limit with its serious restriction of generality.

The persistent inability to prove the ergodic hypothesis in order
to justify the microcanonical ensemble could express the possibil-
ity that real physical systems are not ergodic [2]. This conjecture
and the various attempts to understand elementary particles as
collective phenomena are sufficient motivations for exploring the
concept of statistical mechanics of non-hamiltonian systems.

We generalize thus Gibbs® statistical mechanics according to
an approved heuristic principle by attenuation of its fundamental
assumptions; the general admission of non-hamiltonian dynam-
ics would not correspond 1o observations; but we suppose the
microscopic evolution to be determined by perturbed Hamilton
equations

. o

= = XXy eees Xgps 1
B o, 1y s 1) [¢)]
. oH :

LR I ¢ & SN Y 2
[/} Py x, > £) 3]

such that in the macroscopic limit, the ensemble averages of total
momentum and energy

P-Z pDydr, 3)
H
E- f HDydry @

be conserved in absence of external forces.

The hamiltonian expresses that part of reality that can be de-
scribed in invariant space and time (characterized by the cor-
responding conservation laws) and the perturbations X and Y
reflect the (random or systematic) deviations of real systems from
the idealized hamiltonian world.

For the sake of simplicity, we assume the sysiem to be isolated
{zero-boundary-conditions for the distribution functions), but the
system is nevertheless open in the sense that the particles (the

Physica Scripra i+

Reprinted from Physica Scripta, 14, 85 (1976)
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hamiltonian degrees of frecdom) interact with something elsc in-
side the volume of the system.

The probability density D, is described in the phase space
spanned by the x;~{(p,, ¢, ~1, 2, ..., N and its temporal evolu-
tion obeys the generalized Liouville equation {4]:

Q.DA'+ 3(3_”?_13&’_?’_’?2&) + Z[‘Z(XxDN)*'B'(YfDN)] -
ar c\opy 89, oq épy t Lepy &4y

(&)
fDNdI',, =1; dly=dx, .. dxy )]

The **divergence”™ of the non-hamiltonian “forces” must not
be identically zero, otherwise they could be brought into a hamil-
tonian form:

. v
w0 oK oYy
py o 8py  8q

0 )

=

The Gibbs entropy (which gives in the asymptotic limit the
correct expression for the thermodynamic equilibrium) is

Sy =~ Syo— fDN In Dydly

and its time derivative becomes after substitution of (5)
. D,

Sum— J.aa—l”ma.!n DYdAn,

aY,) J‘
=N dr, =3 |2, Dydr;
aqi N T N N

-3

ol
] 2P

&)

The « can thus be considered as microscopic entropy produc-
tion rates. Micro-irreversibility in a general sense means S}, >0,
unless the equilibrium state is reached. A sufficient, but probably
not necessary condition for .S;N >0 is the assumption «, >0, which
selects among all admissible dynamical models a particular class
that we call strongly micro-irreversible. In the following paper,
we will give a particular model for a non-hamiltonian system for
which the Gibbs entropy is not conserved.

The question of measurability i$ not really important for our
purpose; we mention only that the microscopic entropy produc-
tion rate is in general not directly measurable in one macroscopic
experiment. According to Jaynes [5], the Gibbs entropy is the
minimum value of the measured entropy and the microscopic
entropy production rate is therefore the minimum growth rate
of measured entropy, We add the remark, that we limit ourselves
to classical systems, the problems being the same in guantal
systems (excepted the terminology).

2. Functional derivatives of the reduced distribution funciions

Dy =1 is no longer a solution of the generalized Liouville equation
and the concept of equal a priori probabilities is no longer justi-
fied. It is possible to take this fact into consideration in setting
up the initial distribution. But we prefer not to prepare particular
initial states: therefore we make the mentioned property of the
generalized Liouville system explicit in the definitions of the re-
duced distribution functions. We introduce a set of conveniently
gentle functions y, which attribute certain weights to the solu-
tions of the generalized Liouville equation and define the reduced
distribution functions now as follows:

Physica Scripta 14

:

14
Foleact) = = Jexp [- T z(x)] Dydx, ... dxy 9
Qu at
V’
Foplx, %y, 8) = jexp [-3 7alx)]Dydx, ... dx, (10)
QN a.d
with
On =~ fﬁxp (-2 7)) Dyd Ly (11)
a4

If the initial condition or the final asymptotic state allow it,
we can put x =0 and recover the Liouville statistics.

Latin indices indicate particle species and serve frequently as
shorthands for the phase space variables. N, is the number of
particles of species @ and n, = N,/V. We use now for the six
generalized forces the notations X, =(X,, ¥).

Let Ay be the hamiltonian Liouville operator; we write then
the generalized Liouville equation as
i)ﬁ

7

D
+ Ay Dy + 3 K22 4wy Dy=0 an
¢ 1241

with
N
ay= 2
=1

Qnr Fa, Fop ete. are functionals of the #, and we are going now
to calculate their functional derivatives with respect to the «,.
As (12) contains

oy ==

(13)

1,1

as well as K, we write for instance the functional Qy in the form

O Ky + ey, K,y +2p1,0)

_ aDy, aDy
= e *x{ Dy(IK,, K, )+s[z =+ 3 ——]+...}d[‘.
f { N By g ; Pi oK, = q’"‘aK,,, 2

(14)

Using the definition of the first functional derivative

dQy - 6Qn
% -1 20 gt dx,

we get by partial integration

dQy J‘ [ oDy @ (
=y -y e~ _ S,
de Jemo 7 i oK,  axy
and finally

90k
SKy(x,)

3Dy i(e”‘xa—l)—-‘v)] dx,...dxy

15
Pl Gl (s

and proceeding in the same way, we obtain
o fe"‘vD dx, ... dx,
5K YLy X, ... Gxy

- 8Dy 28(x,~y) 2Dy
- X ) b b ¥ Y dve, L de
J. ‘ V(M‘ Vi e ak,,) e

., &D, 2 _, aDy)
+(Ny— 84p) J. l}’ 1-*’§;—,— ;—x:(z ".VEK::’)]

x(x, - y)dy,... dxy.

(16)
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The 8-functions come in because Dydx, ... duy is not only a
functional but also a function of =x.

In order to calculate (15) and (16), we need now the partial
derivatives of Dy with regard 10 K and «. To get them, we derive

(12) with respect to « and X: -

f) ) 2Dy

LAy + DK, —+ ¥ . P, 17
(ar i ; *ox, “") a0y b an

F) a aDy- 8Dy

ot Ayt S K )~'-——~. 18
(3’ S {ox, " aN. ek, 8%y a8

The solutions of the equations of motion (1) and (2) are the
characteristics of the first order partial differential equations (12},
{17y and (18).

In order to make our initial conditions maximally noncom-
.4tal, we switch on the perturbing forces in a sufficiently smooth
manner at {=1, Using shorthands like 2(r) =«(x(1), 1), we can
now easily write down the solutions of (12), (17) and (18):

¢ L
D,,(l)uexp(——f a,,(a)da) Dy1y) (19)
1o
aDy(1
Pl | (- 1) Dytr) @,
Doty
aDy(t) t aD(7) ( {“ )
- - = - do] dr.
oK, .[ e Bt @n
The substitution of (20) and (21) into (15) yields
-6anN N,(' 8 ..
—_— . E - ((1—1,) e" %5 Dy(2
3K, 0 axl« o) € (1))
t (3
ey f 2Dy exp( —f (o) da) dr} dx, .. dxy
ta ax,(x) .
' (22)
With the aid of the rule
Qy _ [8K(x) Q0 @3)
Soe(x) Salx) 8K(x))
and the relation
3 6K(x,)
= - 24
ax, da(x) 8x—x,) @9

derived by functional differentiation of (13), we calculate now the
functional derivatives with respect to the x,:

dIn Qy

a0 1t = 1) IFAx, t] @) + Rylox, )] @5)
SR(x) .. 1 J" aDy(7)
Ryx,tla) = =V ———5«():) e xx vl M&‘x,(r)
3
x eXp ( had f ay(o) da) drdy. (26)

If the system is strongly micro-irreversible,

Ryx,1]2) = 0.

t-te—0

Otherwise, we write = {xDydly + Az =5 + Az, where >0 ac-
cording to the assumption of micro-irreversibility and we get at
least

Rylx, i) = 0.
L—fp—C

In the limit £, - — oo, we have thus

1 8inQyi

Fyux,tig) = ~ ——— —_—
@ b Ralt 1) 820X, 1) gy

27

The substitution of (20) and (21) into (16) and the use of the
rule (23) yield

__L 6
Qx d25(0)
e (1 1) FogXy 9, £) = 80Xy = ¥)0p Fy

3 T
- fo e Xx exp(— J' a,,(a)dn)
s T

. [é!_((i,_) aD{x) 8K(x,) eDy(r)

+ (N = 8p) =it 222
) (No =) Say(¥) ax,(7)

J’e"n D, dx,...dxy

] drdx,...dxy
(28)

The last integral in (28) disappears again in the asymptotic limit
a1, 1 ~1y-. We find thus, in the asymptotic limit, the func-
tional derivative of F, with respect to «,:

6F, 5in Ox 1 6 "
— - - = F, 4+ — = ~Xx D,. ... dx
Say Say Q),»ézb.e ¥ Dy dxy ... dxy
3,
-1t~ 1) [Fan—ﬁ,,~—’f£Fa] (29)
b
or
1 6F, 6
“F F, = e —8 . 282 10
Fab a“‘d ”b("' o) 6ub n, a ( )
1n a similar way, we get
1 6F, O.,+96
Fopo=FopFp = —— = 22X 3
ase= T e " LY O, PR 3n

and so on for the higher distribution functions.

We see that the eventual weighting of the Liouville distribution
does not affect these relations. It is easy to verify, that a func-
tional differentiation with respect to the weights 7, would give
the same relations (30), (31) etc. In that case, one recovers Bogol-
jubov’s generating functional for the BBGKY-hierarchy. In an-
other paper, we will study the possibility to interprete the weights
as the kernels of integral transforms relating different ranks of
randomness in the sense of Tchen’s repeated cascades in turbu-
lence theory [6].

3. Conclusions

We have derived with a2 minimum of assumptions the expected
functional relations that link two reduced distribution functions
through the microscopic entropy production.

As the tendency to overcome the fundamental problems of sta-
tistical mechanics by attenuation of the hamiltonian dynamics is
rather new and certainly not yet generally admitted, we have
spent some place for arguments in favour of this procedure, but
it was not the purpose of this paper to study the various problems
raised by this generalized approach. Nevertheless, the established
relation between correlation and entropy production is thought
to be a significant, although tiny contribution to the general
problem and it may be useful as well for the study of collective
elementary particle models.

As we mentioned, there are other ways to get these functional
relations much easier and the closure techniques developed in
{1] are independent of the specific meaning of « and do thus not
hinge upon the interpretation given in this paper.

Physica Scripia i+
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Thermodynamic Properties of Non-Equilibrium States
' Subject to Fokker-Planck Equations
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Department of Physics, Kyoto University, Kyoto 606

(Received October 18, 1976)

‘We investigate the relationship between fluctuation theory and thermodynamic theory of
non-equilibrium states assuming the Fokker-Planck equation for the evolution law, and
deduce two formulas corresponding to the entropy and entropy-production balance equations
in thermodynamics

: 8/ _‘11) i ( (_ _@)_ ) -
L Gt( log o ¢+ Fr, Ji —log o V)=V, X ¢4=>0,
0 p v, v, aV.\
I o (VXD ot (J,V,X,,—-Z o V,)¢_ —2<T,,V,V, g ——ax’)«pso.

(¢ and ¢o are time-dependent and steady-state solutions of the F-P equation. They are also
contained in Ji, V,, X, and T). The inequality in I represents the second law of thermo-
dynamics (ensured automatically by the ¥-P equation) while that in II the evolution criterion
for stability (not automatically ensured) reflecting the Glansdorfi-Prigogine theory, and are
considered to realize the thermodynamic proposition without recourse to the local-equilibrium
assumption. We discuss briefly the laser instability as an example.

§ 1. Imiroduction

Fokker-Planck equations have been a useful tool in studies of fluctuation phe-
nomena since the physical investigation of the Brownian motion was advanced

P2t was attempted also with the equations to provide a statistical

in early days.
mechanical framework for the theory of non-equilibrium states so that the pertinent
physical law may be formulated; for example, the entropy increase and Onsager’s
principle.*

Thus it would be natural to imagine that an intimate relationship might exist
between the statistical theory of fluctuations with Fokker-Planck equations and the
thermodynamic theory of non-equilibrium states due to Glansdorff and Prigogine.™®
To date, however, little has been analyzed about the relationship. The present
paper (together with a forthcoming one) aims to fill this gap: We intend to
show that several important concepts in thermodynamics can be incorporated

*) The first important investigation along-this direction which we wish to cite is the paper
by M. S. Green” who showed the H-theorem and a derivation of the Onsager’s reciprocal relations
in the framework of Fokker-Planck equations, and the paper by N. Hashitsume® who showed the
Onsager’s principle (according to his nomination) of variation in some limited case of the.equations.
(For this see a recent paper bv the author.’™)

Reprinted from Prog. Theor. Phys., 57, 1523 (1977) .
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into the statistieal mechanical framework by means of the Fokker-Planck equations.
The concepts of interests are; entropy flow, entropy production, balance eduatiqns{
stability-instability, and also several types of variational principles. In this paper
we discuss these matters except the variational principles for which a more com-
prehensive treatment is necessary and is deferred to our later paper.’® Sections -
2~4 are devoted to establishing the two formulas of entropy and entropy-production
balance equation. Their thermodynamic' significance is discussed in § 5, which is
shown to be connected closely with the evolution criterion of Glansdorff and
Prigogine” and is useful in studies of instability.

In spite of the thermodynamic feature so announced, we must remark here
on a difference between the starting point assumed by the ordinary thermodynamics
and that by our Fokker-Planck framework. That is, the former requires the
so-called “local equilibrium assumption” on the basis of which the entropy concept
is introduced similarly to that in thermal equilibrium, whereas in the latter it is
discarded and replaced by the explicit use uf ‘“‘ensemble” the probability density"
of which is made subject to the Fokker-Planck equation. However, this change
will make the applicability of thermodynamics unifying. A good example is laser,
for which a qualitative discussion is included in § 6.

§ 2. Balance equations

Let us denote a probability density function of the set of n state variables
{z,} (in the Cartesian coordinate system) by . Then, the Fokker-Planck equation -
for ¢ which we treat throughout this study will be chosen in the form

op_ _ 0 0 0y (o,
" (vﬂ¢>+axﬂ(DM ax,>’ @

where D,,, a symmetric and positive tensor satisfying
D, =D, , D,5>0 for any real vector &,, (2-2)

will be designated as the diffusion tensor, and v, as the total drift vector.
{(In presenting such equations as in the above, we use the usual summation con-
vention such that a doubly repeated index implies the summation with respect to
that index.) These are in general functions of {z,} and 2z It is known® that
Eq. (1) is a truncation up to second order of a series with derivatives to infinite
order, 1i.e.,

0p_sh (=170 2.3
at pynyt S! ax“x .. .axl“ ( Iﬁmp:u) ( )

so that the drift vector and the diffusion tensor are expressed as

- 10K
=3 A = hbtat..4 2.4
e 2 Oz, (2:4)
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and

Dﬁ,z_‘% K, . (2-5)

As is known from the theory of stochastic processes,” the coefficients K’s are
related to the conditional expectation of the Wiener process as follows:

K,(x) = ljfn <£#St,+_4§)t_:;rﬂ(t) () =x‘>, A (2-6)
K.(x) -hrp<<x LB+ 4E) —x, (t)zn(x L+ 4E) —x,(2)) z,(t) =7, \ 2-7)

It is notable that the mean forward derivative K,(x) which arises in the
corresponding Langevin equation for a Brownian motion B(x(£)) in

de,=K,(x)dt+dB, (2-8)

as its mean velocity is generally unequal to the total drift v,(x), but is related
" to the latter as Eq. (2-4). The writing of a Fokker-Planck equation in the
form (2-1) (which retains the diffusion part as self-adjoint)- is not just for the
purpose of convenience but for the physical significance of the total drift v, in
many respects.* Note that the adjoint manipulation associated with the spatial
differential operations on ¢ is possible only under the satisfaction of the boundary
condition for ¢: That is, the probability density function ¢(x t) must be rapidly
decreasing for |x| —>oco (the natural boundary condition according to Graham®)
which we assume throughout. -

Leg. us rewrite the Fokker-Planck equation (2-1) in the form of equation of
contingity, and consider its effect on any quantity M represented as a function of
the sp‘ace-time variables:

a¢
+ - =0. 2.9
% ax,.( ) | 2-9
We may write an equation involving My, by virtue of Eq. (2-9), as
—(M¢) + (J My = (07, M M. (2-10)
ot (’ix,,

Here, the current vector J, which continues ¢ may be obtained from Eq. (2-1) as ]
Jo=v,—D,, a log ¢, (2-11)
0z

showing that the current vector is linearly dependent on log¢; a fact which is
specific to the Fokker-Planck equations. Equation (2-10) represents the local .
time variation of the density associated with M which consists of two origins;

' This eonforms to a de:,cnpuon by R. Grauham in a recent article”’ where he changed the
nomtmn of the total drift (the present o,) to K,
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'viz., the divergence term — (8/0x,) (J,M{) and the source term ((3M/dt)+J,
X (0M/0z,))¢. Thus, it corresponds to the balance equation associated with
the quantity M in thermodynamic theory of irreversible processes.” (Here, the
probability density ¢ replaces the mass density of a constituent substance, and the
space of the state variables (i.e., the phase space) by which the F-P equation is
written replaces the real space.) It is more clearly demonstrated as follows:

dit L Mydz= 'LgMng,,d(r,, (=) + L@g +J, »g‘i—f)([;dx, (2-12)

where the two kinds of the integration are specified by the volume element dx
and the g-th normal component of the surface element do,(x) of a region £ whose
boundary, 0%, is a smooth surface of £. On the right-hand side of (2-12) the
first surface integral represents the contribution to M in £2 flowing from outside
and the second volume integral that produces within £ itself. The natural bound-
ary condition on ¢ ensures that the integral on the whole space (denoted by R")
makes the flow contribution to vanish, so that

d (M, , oM _
2 J, pax= L” <'25F +J, "07,.>¢dx' 2-13)

§ 3. Entropy and entropy production

The notion “entropy production” is a basic one in thermodynamics of irre-
versible processes, which we wish to formulate from the present standpoint. Here
we assume that the diffusion process described by the Fokker-Planck equation (2-1)
is stationary by requiring the coefficient functions v, and D,, to be all time-
independent. We also assume the existence of a steady-state distribution ¢y, which
satisfies

— .0 (p,, 9% 1
0 6.2:,. (v"(bn) N ax# (D/"' ax) - (3 )

under the natural boundary condition. This may impose some further restrictions
on the nature of the total drift v, and the diffusion coefficients D,,, which we will
discuss later to an extent of the stability consideration.

Entropy is a curious quantity since Boltzmann, Gibbs, Ehrenfest and Shannon.*®
Concerning the Fokker-Planck equations (2-1) and (3-1), the natural definition
of the entropy functional of the distribution ¢ relative to iy is- the following

?

integral:

" We will not go into the historical problem of how to define the entropy in non-equilibrium
states.'” Our standpoint is, however, that as far as concerning Fokker-Planck eguations the adop-
tion of the Gibbs entropy functional could provide a far-reaching understanding of thermodynamics.
Note that De Groot and Mazur® used the same Gibbs functional to discuss the entropy balance
equation set up in the coordinate space. The present formulation extends their treatment to the
whole phase space. :
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S0 = [(10g L) pds. 3-2)

This is under the normalization condition

'f ddx= j adv=1, (3-3)

which are ensured by the respective Fokker-Planck equations. This suggests to
introduce the entropy for the present purpose as a space-time function M (x £)
whose balance equation is to be sought:

1, .
M= —log ¥ . (349
, 7
Our first theorem, then, is expressed by the formula which corresponds to the
entropy balance in thermodynamics as follows:

—g—i(f—log—;—b—“-)g{;+£~;(g}l<~logﬁ>—Vl>¢=Vp4 s 7 (3.5)

where . '
X,‘Ea‘%‘( —log ;bﬂf’:) (3-§a)

V=D, X=D. 2 (-t &), | (3-5b)

and regarding the current vector introduced in (2-16)

J,,z——v,.?'v,“-{- V., v..=D, 9. log ¢ . (3-5¢)
ox,
We have arranged this formula together with several defining equalities so that
it may preserve a formal analogy to the usual thermodynamic version of the
entropy balance. That is, the divergenee-characteristic term of the entropy flow
Ji(—log(¢/)) ¢ plus the extra one — Vi) on the left-hand side and a term
- bilinear in regards to the two vectors X, and V, defined in Egs. (3-5a2) and
(3-5b), respectively, on the right-hand side of Eq. (3-5). Evidently, the vector
X, corresponds to the (generalized) force and V, to the flux, although in the
present version these quantities contain the instantaneous distribution ¢(x£); a
basically different feature from what the ordinary thermodynamics indicates. The
point of implication of formula (3-4) is that the removal of the local equilibrium
assumption in the ordinary theory still enables one to maintain its essence of the
assertion of entropy balance written in the phase space- in the present Fokker-
Planck framework, provided the entropy density is so defined as to conform to
the Gibbs functional. } ' -t

Thus, in view of the right-hand expression of Eq. (3-5), we designate the
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quantity V,X, as the entropy prodiuction in the present framework. It is then
interesting to inquire the balance equation associated with this quantity in conneétion
with the work of Glansdorff and Prigogine.” Our second theorem is to answer
to this inquiry, and is expressed as follows: )

Zp

0 0 oV,
—(V, X/- +—\J VAX,»"'Z AT .“/,..
& v Xput (7, VL)

=2 (T,,,V,,V,+%Zfa ‘?..-".>¢ , (3.6)

z, 0z,

where the tensor T,, designated as the stress tensor, is given by

. -1
Tp= -0 (D50 + D3 2 (o,—09 + 1 J, 0D
0.7:,‘ z, 2 0x;

(3-62)

in which D™ is the inverse tensor of D(D;}D,=0,) and v’ is defined: in
Eg. (3-5¢). We will show the derivation of the two formulas (3-5) and (3-6)
and discuss their physical significance separately in the following sections. Here
we note a simplification of the expression (3-6a) under the satisfaction of the
potential condition® '’

If there exists a set of symmetry relations among the 7 components of the

vector (D) ,=D;}lv,

0

0z,

(Diiv) =2 (Di'vy), . @37
" Ox,

then the differential form — Djjv,dx, is the total differential of a scalar function
denoted by ¢ so that

d¢=— D lvdzx, . (3-8)
It satisfies
0
D,, 5—%= —v,

and, by setting — (0¢/0x,) = (1/y) (O¢n/0x,), is equivalent to

1
——‘v,,g’)o-i‘D,,, gi)o =0 y

v

reducing to the Fokker-Planck equation for the steady-state (3-1). This is the
simplest case of the potential condition’ for which the steady-state distribution
¢y 1s given by '

do=e"* (3-9)

=exp< JI D lvdzr, + const) . (3:92) |



- 148 —

Thermodynamic Properties of Non-Equilibrium States 1529

Under this circumstance
'Ulo:’Ul N JI';—‘";:D““ ’ﬂ, (3‘10)

and the stress tensor T',, becomes symmetric and is simplified to

To(=T.) =22 + 1 v, Om (3-60")
dxdx, 2 0x,; .

indicating that the principal part of the stress tensor comes from the second-order

"derivative tensor of the potential ¢. Such an exposition of the tensor T, is,

however, always possible (even in the absence of the simplest potential condition’

as above), if the steady-state distribution ¢ is represented in terms of the potential

as in (3-9) (thereby (3-9a) may not hold), so that

i) OD;: 1 0 . ”
T,=- 0% 15900 pi 0 (4,—v. 3-6
“ pxzhx, 2 ¢ 0z, 0z (=) (3-6a%)

(Under general circumstances the tensor 7T, given by (3-6a”) may not be sym-
metric, the asymmetric part coming from the third term on the right. Note that
" the antisymmetric part of 7', is irrelevant to the balance equation (3-6).)

8§ 4. Detailed derivation of the two balance equations

Derivation of the entropy balance equation (3:5)

Let us put M=log(¢/¢o), where ¢ and ¢y are time- dependent and a steady-
state solution of the Fokker-Planck equation, respectively, and obtain the right-hand
side of the balance equation for M. For this purpose it is convenient to rewrite
the respective Fokker-Planck equations in the form

9 log ¢+ (vi—v."+ V2) o log ¢+ - 9 (v,—v S+ V) =0, “4-1)

at al’; 61‘;, -

(v, ——m")—leog(b.,-{-—(v;——-v,) 0, (4-2)
0x;

ie., the evolution equations pertaining to the logarithm of the probability densities.
The two velocity-vectors V; and v,° are the same as defined before, ie.,

. frscd a — -Q- o: v.QA. .
Vi=Di L (~tog &), v=D. - log . @3
A subtraction of Eq. (4-2) from (4-1) on both sides yields
3, ¢ ) i 9
=1 +J; — =—V;, —1 -V 4-4
o2 og — e ax‘ % 1 oz, og ¢ 3z, i- ( )

By »mﬁltiplying both sides «of Eq. (4-4) by ¢, we get

(_aa_t log _'/)9[!;+J 6@;10‘; Zo)dﬁ( é@l V*,).‘l"(v‘ ai"; l?f;f{'°>¢
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0 i) 7
v — 2.1 .
axl(VA¢)+anxl (an og¢)¢

L,

_,__i 0 g L :
== 3 Vi + Vi (2 1o Lo 4-5)

0

This last expression is inserted into the right-hand side of the balance equation,
leading us to write Eq. (2-15) for M=log(¢/¢p) as

5il1os 2)y 2-((10g L)g) = — 2 Vi + V. (2 10g L)y,

The first term on the right-hand side may be transferred to the left and incor-
porated into the divergence term. Consequently, introducing the “force”

Xl‘:%(—log‘b)(so that V,=D,.X.), (4-6)

and making .a signjreverse, we cobtain the result .
o/ _ ¥ 2 VX4 4.7
at( log ¢o>¢+0x1( ( log ¢> Va>¢ V.X.0. | 4-7

Derivation of the entropy-production balance equation (3-6)

We put M=V,X, as before, where X, and V, are defined in (3-5a) and
(3-5b) (also in (4:6) and (4-3)). Then, to deduce the right-hand side of the
balance equation (3:6), we begin with the following manipulation:

9 9
S wxy+J, L (V.X,
at( ) +J, axl( )

=V (ol 0 )+ G+ n G

~D,X< =+ J) gi>+D (agi +J‘%§:{;)X"

_.2V<6X +J, aX">+J, %D""D,,,,DW‘V V.
xZ

ot 0x,
In the last expression we may use the relation
-1
8D, 2Dyt — ODi 4-8)
011 61«'1

as a consequence of the derivation of the identity D, D;!=0,,, so that we have

—-—(V X)TJz (V.X0)
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-1
zzvy(aXy +J1 aXu> _J), aD/xv VFV“- (4_9)
ot - 0x; 0x;

Thus the problem reduces to reexpressing (0X,/0¢) + J,(0X,/0x,) in terms of V,,
9V,/0x, etc., for which our previous result may be aided.
Let us recall Eq. (4-4), i.e.,

0 ¢ 9 .. ¢ 0 9
—log = +J;—log Z=—-V, Z_logph— — V,, 4-10
Py g e ) z g d ‘6::, g $o az, i -« )
where
J:t:'(/z‘“‘vxo‘f‘vz- (4'103)

We apply the differential operation — (8/8x,) on both sides of Eq. (4-10), writing

_a_h@.<._10g_¢_) Iy <_10g _‘ﬁ_)+a_‘71._‘_"’,(__10g ib_)

0t 0x, e . Dx0x, o 0x, 0x,; e
0 0 ) 'V,
= V, —1 . 4.11
ax,< ‘oz, CEP)T 0x,0z, @10

The last term on the left-hand side of Eq. (4-11) may be transferred to the
right, and by virtue of the definition of the “force” in (4-6), Eq. (4-11) is
rewritten as

2
P 45, 0% 20 (y, D 10g,) - 0% x4 0K

x

‘ at axl B axy axl axy axlaxu
0 ] oV
=9 (v, 2 logg)-2¥2 X
ax,( » oz, og ¢ ) oz z
_0mmw) o, OV
0z, fx, 0z,
) 0 av, @
=9 (y 9, e 9
ax”( 5 oz, og ¢'0) Py iz, og ¢
D3} 9 (v:—=vs) v,
fz,
oV, 8 . BV '
Ve 9 3 L 4.12
* oz 5z, B0 5o 5 (4-12)

(A use of Eqs. (4-10a), (4-6) and a change of running index have been made.)
This last expression is readily simplified, by regrouping the lst and Znd and also
4th and 5th terms on the right-hand side of (4-12), so that

ax, ax, g . PEICTE T B
Ny .I B D,,t @ '_DI‘I x I3 V
o tef g or, ( a.l'.( UL Y3 G ) s

19/, av. I
- L L 4.13
- ar,(‘!’ a.r,) (4-13)
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which can be inserted into Eq. (4-9). The result is

—-(V WwX,) J; R (V WwX,)

0 oV,
=-2T,V,V,+=V, = 4-14
g + ¢ 6.7: <¢ oz, ) ( )
where
1 0 1 oD;;)
T,= —- (D, D} = (v, =0 + = J, e, 4.14
- a ( 10,°) + iy le)+2 Y om ( a)

Finally, in terms of this stress tensor T, the entropy-production balance equation
is obtained through a procedure just the same as before (from (4-4) to 4-7))
in the form

2 0 23V
5 VA + (LY, X, =2 T V)
oV, aV,
=—2 . 4-15
< 0z, 0z, )¢ ( )

§5. The second law of thermodynamics and the stability problem

Consider first the entropy balance equation (3-5):

(-t o0 &) oo
I. 910 + 2 (7 (~1og & 4) =V, X.0.
Y g o )V oz, 1 g e 1j¢ » #{’
The right-hand side of this formula may be designated as the entropy production
density in accordance with the argument in § 3, for which by virtue of 2-2)
and (3-5b)
V.Xd=D,X,XJb=>0, , (-1)

indicating that the entropy production is always positive. Formula I with the
inequality (5-1) is a local representation of the second law of thermodynamics.

For, an integration over the whole space of both sides of I yields the well-known
H-theorem®'¥

:'}Z; m(-log i%)gbdx_ L»D"”<ai 1§g Z))( 9 iog ‘f)gbdx
>0, . 5-2)

As to a restricted region 9, the integration shows that the entropy change comes

from two origins:

3; (1o ﬁ)vdx— [, (4:(~108 §;>-Vz>¢)d6;(x)
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#{, Du( % 10g L)(2 10g L)gax, (5-3)
a2 3.1‘,, e/ \0x, o
viz., the production contribution inside of the region (Z=0) and the flow contribution
through the boundary 92, the latter sign being not definite. Consequently, the
left-hand side of Eq. (5-3) may be of negative sign, if the flow contribution
exceeds negatively the internal production. Such is the case, as we will discuss
in §6, if an instability takes place.
Next, we discuss the entropy-production balance equation (3-6):

0 0 oV
II. (V3 + VX —2272 Yy
at( wXuth) 3 < 1V pdy #)(b

x, oz,

=—2(T.V,V,+ Ve 0V
0z, 0x,

The thermodynamic theory of the Glansdorff-Prigogine states that the time deriva-
tive of the entropy production should be of negative sign for a stable evolution
of the system. This is based on the consideration that the increase of entropy
by the second law must be more gradual when the system approaches the equilib-
rium position (linked with the principle of minimum entropy production), which
has been proved near-equilibrium situation and extended to far from equilibrium.”*
This criterion of evolution suggests that in the present Fokker-Planck framework
one puts a negative sign on the right-hand side of formula II, so that

(T.V, V4 80 0V g G-4)
0z, dx,

Unlike the second law inequality (5-1), this inequality is not verifiable from

the Fokker-Planck equation (2-1) in itself: One has always :

a_V:_ Q_V.’> 4]

> 5-5
0z, 0x, . -5

but T, is not necessarily a positive tensor.
As we have discussed in the end of § 3, the stress tensor T, is expressed
in terms of the potential ¢= —log ¢y as ‘

*' The statement may be interpreted-in the present notation by

jV. X pano ' (A)

but not in the form expressed as the fotal time-derivative as in formula I In view of this, we
examine the validity of this inequality in the present framework. A mainipulation similar to §4

‘gives
ax, , 1)) _J'(_g_ , )'L (
J.V, % Sdx= —-f(vl ") X, oz, dx Y 3.1‘,‘ V. d)d.’x. B)

This shows that the potential condition (3-7) and hence (3-10) ensures the inequality jV,,(é‘X,;’at)
~¢dx<<0, but otherwise (A) is generally not true, )
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9% 1 0D} 1 0 0
= e I J S Do — . 5.6
dz0z. 2 dzy oz, 0T ©-6)

Generally, the second-order derivative tensor (9%°/0z,0z,)¢ dominates over the
other terms (which is true at least under the potential condition and the constant
diffusion tensor), and

-ﬁz—‘bm. £,6,20 for |x|—oo0 v 6-7
0z, 0z, .
because of the assumption that the steady-state distribution ¢ exists satisfying
the natural boundary condition. Thus inequality (5-4) holds provided the deter-
ministic motion by the potential ¢ is stable. It is an instability of the motion
that the evolution criterion (5-4) becomes critical, where the left-hand side consists
of the two competing quantities; one negative due to the unstable motion and the
other positive which. represents the effect of fluctuations relaxing the former. The
Fokker-Planck -equation therefore establishes a representation of the Glansdorff-
Prigogine criterion of evolution in the form of competition between the organization
and the randomness and the prediction of the latter to overcome the former for
the over all stability. 4 :
Remark The inequality of stability evolution criterion in II is a proposition which
has not been established with a general proof, as mentioned above. Itis interest-
ing, therefore, to discover its condition of validity. One conjectures that the ex-
istence of the solutions ¢ and ¢, is sufficient for it. It is highly desirable to

ascertain whether it is true or not.

§ 6. Application to laser instability

The best example to which the foregoing formulation may apply is the single-
mode laser action which has been studied extensively by using a Fokker-Planck
equation.””  We reconsider the problem qualitatively from the present thermody-
namic point of view.* The laser Fokker-Planck equation may be written (after
the elimination of an atomic freedom) as

op_ (93 KA % 0 )
Ve (L v+ - vv¢>+D(6xz+0y’>’ ©-1)
D=const, - (6-1a) .
v (z,y) =D(a—a,*)zx, v,(z,y) =D(a—as*)y (6-1b)

which satisfies the potential condition, so that

* A unification of the laser theory in a macroscopic standpoint and the Glansdorff-Prigogine
theory has been discussed by R. Graham,'? who pointed out some difficulty in associating the con-
vepts of both entropy and entropy production with quantities to be derived from the single poten-
tial function ¢, proposing a counter consideration. Our formulation should answer to his question-
ing, which will be discussed elsewhere together with a full numerical analysis, (Note added in proof)
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b(z9) == S+ St r=V Ty (6-2)
v,=-D 4, -_p0 6-3)
oz Y Oy
and’ .
do(x, ) (=do(r)) =Ne™*=¥ (6-4)

The natural boundary condition requires that the constant a, must be positive
while the other one a, the pumping parameter, may vary from —oo to -+oo,

but the situation

ayva,

(6-5)

is of particular interest which corresponds to far above threshold.

In the situation of (6-5), the potential ¢ is of the form such that its minimum
points encircles the origin of the x-y plane, i.e., the complex plane of the active
mode amplitude. These minima yield the stable equilibrium of the deterministic

motion

E=Vy, Y=Uy,

and corresponds to the state of steady photon
generation, while the origin, the O-photon
state, yields the unique unstable equilibrium.
It is the most interesting feature of a tran-
sient laser action that the initial distribution
peaked at the O-photon state undergoes flat-
tening, not to reach a completely broadened
distribution, but to reach the steady-state
distribution (5 peaked at around the minimum
. circle of ¢, the appearance of this peak being
considered as a kind of the “dissipative
structure” formation.”

The disappearance of the O-photon peak

at the initial stage may be considered as a
consequence of the entropy production ac-
cbmpanied by the dissipative time-evolution
of the states. Actually, it 13 not a mere
dissipation, the instability of the motion
{(6-6) enhancing the “fall”. The effect of
‘this enhancement can be seen from the
entropy production balance equation II as

follows:

(6-6)

=

Fig. 1. The instability region (denoted by
I) which is surrounded by the insta-
bility circle (denoted by C) in the
complex plane of .the active made
amplitude in the laser action. The
arrows indicate a systematic entropy
flow to cause the “grow” of the
steady state distribution.
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P B Y | LA
— (V,X )¢+ J, VX, —-2771 VY
ot ( p ,.)([) 011( 2Y # ox /t>¢

»

.~2<T,WVPV,—} oV, 6V>¢ A, y=x and y
z, x,
where
02¢
T,.= 6:7
# 0:6 oz, ©-7)

by virtue of the potential condition and of the constancy of the diffusion coefficient.
Let us call the region where T,£,6,<<0 the instability region. For the function
¢ given in (6-2) it is the inside of a circle C specified by

C: o _ =0 inside of which —¢ . <0, ’ (6-8)
ar?

which is located inside the minimum circle. (Fig. 1) Thus, on the right-hand side
of the formula II the two terms 7, V.V, and (8V,/0x,) (8V,/0x,) are competing
each other, implying that the increase of entropy by the second law is hardly
suppressed in the instability region. In this sense, the instability of the determin-
istic motion is against the evolution criterion (as it should). The second term
(0V,/0zx,) (@V,/0x,) which arises due to fluctuations moderates the negative value
of the first term (8°¢/0x,0x,)V,V, to recover the evolution criterion generally.
(This is a feature of the present formulation to remedy the inadequacy’ of the
theory which identifies —¢(x) =log Jo(x) with the entropy to be applied to the
Glansdorff-Prigogine theory.)

The enhancement of the entropy increase at around the instability region
should be linked with a “grow” of the distribution ¢ outside of the instability
region, producing ¢%. This is because a systematic entropy flow is needed through
the instability circle C from outside to inside of the instability region, so that the
flow contributes additively to the internal entropy production there:

(e )i 15,
%,EL<_1og _9‘;”_0>¢le>0,

The grow of the peak at around the minimum circle of ¢ is a consequence of
the flow which results in

d

- o(—-log )(/)da<0 " (6-10)
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(I and O denote the inside and outside of the instability region.)

We examine these predictions by computing explicitly time-dependent solutions of
the laser Fokker-Planck equation (6-1). Details will be reported in the near

future.

(See Note added in proof.)
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From deterministic dynamics to probabilistic descriptions

{Markov semigroups/Bernoulli 5)’§tems/51 “theorem/internal lime and entropy operator)
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Foculté des Sciences Université Libre de Bruxelles, Campus Pline, Boulevard du Triomphe, 1050 Bruxelles, Relgium '

Contributed by 1. Prigogine, April 9, 1979

"ABSTRACT  The present work is devoted to the following

question: What is the reldtionship between the deterministic
faws of dynamics and probubilistic description of physical
processes? 1t is generally accepted that probabilistic processes
ean arise from deterministic dynamics only through a process
of “coarse graining” or “contraction of description” that inev-
itably involves a loss of information. In this work we present an
alternative point .of view toward the relationship between
deterministic dynamics and probabilistic descriptions. Speaking
in general terms, we demonstrate the possibility of obtaining
{stochastic) Markov processes from deterministic dynamies
simply through a “change of representation™ that involves no
loss of information provided the dynamical system under con-
sideration has a suitably high degree of instability of motion,
The fundamental implications of this finding for statistical
mechanies and other areas of physies are discussed. From a
mathematical point of view, the theory we present is a theory
of invertible, positivity-preserving, and necessarily nonunitary
similarity transformations that convert the unitary groups as-
sociated with deterministic dynamics to contraction semigroups
asseciated with stochastic Markov processes. We explieitly
construct such similarity transformations for the so-called
Bernoulli svstems. This construction illustrates also the con-
struction of the so-called Lyapounov variables and the operator
of “internal time,” which play an important role in our approuch
to the problem of irreversibility, The theory we present can also
be viewed as a theory of entropy-increasing evolutions and their
relationship to deterministic dynamics.

1. Introduction . o -

#eeurding to both classieal and quantum mechanics, the
dme-evolution of states obevs deterministic ‘laws that are
symmetric with respeet to inversion of time, Trreversibility of
physical processes, on the other hand, is expressed by the second
law of thermodynamics. For isulated systems, it affirms the
existence of a physical quantity, the entropy, that increases
monotonically with time until it reaches its maximum at
equilibrium. To elucidute the connection between the dy-
namical deseription with its reversible and deterministic faws
and the thermodynamical deseription with its law of monotonic
increase of entropy is a fundamental problem of statistical
mechanics. . .

This problem is closely reluted to the question of the possible
relations: that might exvist between the deterministic and
probabilistic descriptions of physical processes. Indeed, the
stochastic Markov processes provide the hest possible models
to represent irreversible evolution obeying the law of increasing
of entropy. As is well known, the usual expression for en-

tropy
ﬁ. mlapdu

amd, in Faet sy conves function of the distribution Tunetions

{111

tion™) for such processes (1). One would thus achieve a dy-
namical interpretation of the second law if one could establish
a satisfactory link between deterministic dynamical evolutions
and probabilistic Markov processes.

The interest of the problem of the possible connections be-
tween probabilistic and deterministic descriptions is, however,
not confined to the domain of statistical mechanics. It concerns
the problem of the meaning of probability in natural
science.

It is generally believed that probabilistic processes can arise
from deterministic dynamics only as a result of some form of
“coarse-graining” or approximations. The main purpose of this
paper is to develop an alternative viewpoint toward the relation
between deterministic and probabilistic descriptions. More
specifically, we develop a theory of “equivalence,” mediated
by nonmitary similarity transformations, between deterministic
evolution and stochastic (Markov) processes.

The viewpoint toward the relation between deterministic
evolution and stochastic Markov processes developed here is
closely related to the theory of irreversibility developed by
Prigogine et al. (2). The main feature of this theory is that the
problem of reconciling dynamical evolution and irreversible
(thermodynamical) evolution is viewed in terms of establishing
an “equivalence” between them via a nonunitary similarity
transformation. In essence, the approach thus consists in the

_determination of a suitable nonunitary trausformation A acting

£ on the phase space 1) is a Lyaponnov functional (7 -lune-

The publication costs of this artiche were defrved in past by page
churge pay ment, This article most therebore be bereby marked “ad-
rerfisement” maceordance waith 15 108 03 b wleh tomdieate
this fact,
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on the distribution function p so that the original deterministic
Liouville equation

°

on

§ ——
. ot
is transformed by it to a dissipative evolution equation de-
seribing the irreversible approach of the system to equilibrium.
The transformation p, — p, = Ap, converts the Liouville
equation into the equation
. Oy

-

Lp; “'23

=dp.d= ALY

The above-mentioned requirement on A is thus the require-
ment that the functional

Q= J‘_ hel2d

is a Lyapounov Tunctional (77-function) for the evolution

141

“obeyving Fq. 1.3, This is the main condition on A, Naturally,

there are other physically motivated conditions to be fuifilled
by A, But we need not discuss them here beeause they are
treated inrefs. 2 and 3. For our purpose, the smain point to retain
is the important notion of “equivalence,” via a nosunitary A
Between the dyvmanical and thermody mamicad deseriptions. tn
conlormity with this idea, we seek to deternine the conditions
an dviamics so that it becomes equivalent, via a similarity
trasbonmation A to nstoclustio Markov process.

Uttt the Center Lo Statestteal Mechaniecat the Voiverats of Teve
Aunstin, TN,

Reprinted from Proc. Natl, Acad. Sci, USA, 76, 3607 (1979)



3608 Physies: Misea ef al.

Proe. Natl. Acad. Sei. USA 76 (1979

-~ 159 -~

T is ey tonshiow that the evistence of stieh s trandoensation
conncetng the dymumical evolution o a stochastic Markov
pracess entails the existence of an operaor M (acting on the
distribution function) with the property that

{pe. Mp,)

decreases monotonically with ¢ as p, evolves according to the
Liouville equation. Here we have used the inner product
notitinn (pa) 10 denote the integral

j:' produ.

The monotonic deerease of the expression L5 can be succinetly
expressed by the commutation relation

LM]=D <0

{1.5]

[1.6]

|17}

with (0.0p) = 0 only for the equilibrium enseble.

In this way, the possibility of relating the dynamical evolution
to a stochastic Markov process turns out to be closely linked with
the possibility of introducing a new dynamical variable M
satisfving 1.7. These operators, called Lyapounov variables,
bave been studied by Misra to display the intrinsic irreversibility
of appropriate classes of dynamical systems (4).

If one could introduce a new observable representing non-
equilibrium entropy, it would be given by such a Lyapounov

- variable A with a change of sign. 1o this sense, then, the exis-
tence of M expresses the intrinsic irreversibility of the dy-
namical evolution.

Naturally, one does not expect M to exist for all dynamical
systems. Moreover, one expects that (even if it exists) it can be
defined only in an extended frame of dynamics. In fact, an
important observation of Poincaré (5) shows that the operator
M cannot correspond to multiplication by a phase function. It
can be defined only as acting on the distribution functions and
not on individual phase points. One thus expects the existence
of M to be associated with some physical mechanism that
renders the description of dynamical evolution in terms of phase
space trajectories an unobservable idealization, thus forcing the
use density functions.

Recent developments in classical mechanics show that such
a mechanism is the phenomenon of instability of dynamical
motion. Many forms of instability have been discovered, and
they are found to be more common than originally believed (6).
The common {eature of dynamical systems having a suitably
high degree of instability is that each finite region of phase
spuce, no matter how small, contains phase points that move
along rapidly diverging or qualitatively distinct types of tra-
jectories. Obviously, in this situation, the concept of deter-
ministic evolution along phase space trajectories cannot be
defined operationally and, hence, constitutes a physically un-
realizable idealization. Therefore, in dealing with dynamically
unstable systems, classical mechanics seems to have reached the
limit of the applicability of some of its own concepts. This
limitation on the applicability of the classical concept of phase
space trajectories is—it seems to us—of a fundamental char-
acter. It forces upon us the necessily of a new approach to the
theory of dynamical evolution of such systems that involves the
use of distribution functions in an essential manner.

Itisshown in ref. 4 that the mixing property is necessary and
the condition of K-flow is sufficient for the existence of a Ly-
apounov variable M. As is well known, mixing flows and (a
fortiori) K-flows are unstable to a high degree: arbitrarily close
phase points move along widely diverging trajectories.

It is also found in ref. 4 that for K-flows there exists an op-
erator time T satisfying the commutation relation

{L.T|=1 [1.8]

The evistence of an operator of tine or “age” sitisfving 1.8
s o express in g compact manner the inherent (bt bidden)
stochastic and nondelerministic character of the evolution.
Ouce T has been construeted, it is casy to proveed further,
Lyapounov variables M can be constructed as monotonically
decreasing positive operator functions of T T

M = M(T), {19}

ared the nonunitary A contiecting the given dymsmical evolution
with a dissipative irreversible evolution can be constructed as
a scquare root of M:

(110]

tu this way, we see that, at feast for a class of abstract dynamical
systems, the K-flows, the dynamical evolution is cquivalent to
a dissipative irreversible evolution.

However, letus keep in view that it might be possible to es-
tablish the desired “equivalence” with a Markov pruccs;s‘. far
a suitably restricted class of initial conditions, even for systems
that are not mixing, but present other types of instabilities {such
as Poincare’s catastrophe). This would correspond to allowing
M and A to be more singular objects than those we have con-
sidered in this paper (7). Although this situation could be of
considerable interest in statistical mechanics, we do not consider
it further in this paper.

Obviously, the central question of our approach is: What
form of instability ensures the existence of an equivalence be-
tween the dynamical evolution and a stochastic Markov pro-
cess? As explained before, for K-flows, both M and A can be
constructed by a “canonical” procedure as functions of an op-
erator time T. It is tempting to conjecture that in this case the
transformation not only converts the dyvnamical evolution of
the K-flow to a dissipative process but also converts it to a sto-
chastic Markov process. At present, we are not able to decide
this conjecture in its full generality. However, we show (and
this is the main purpose of the rest of the paper) that this con-
jecture is true for an important subcelass of K-systems—the so-
called Bernouilli svstems (8, 9).

It seerns to us that the significance of this result extends far
beyond its immediate application in statistical phvsics. It proves,
of course; the Boltzmann's #£-theorem for the Bernouilli sys-
tems without invoking the questionable “molecular chaos”
hypothesis or any form of “coarse-graining.” But more im-
portantly, it confirms our view of how probabilities could arise
in physics other than as a result of approximation.

From a mathematical point of view, the theory we present
is a theory of positivity preserving similarity transformations
that connect unitary groups describing deterministic dvnamical
evolution with dissipative semigroups associated with Markov
processes. This theory is. evidently, in its infancy. In fact, the
very possihility of such a connection between deterministic and
probabilistic descriptions (which is established here in the
specific case of Bernouilli systems) is rather an unexpected result
that puts the entire problem of the role of probability in physies
in a new perspective,

To keep the article brief, we shall omit most of the details of
proofs in the following. A more complete version of this paper
will appear in a forthcoming publication (10).

A=ME2

2. Notion of “equivalence” between deterministic
dynamics and probabilistic processes

We now proceed to formulate and discuss in greater detail the
notion of “equivalence” between deterministic evolution and
probabilistic Markov processes. Let I” denote the state space (a
constant energy surface of the phase space) of the system.

Deterministic evolution of the system is described by a
one-parameter group T, of one-one transformations that map
T onto itself:



Physics: Misra et al.

/T, = Tias : [2.1)
In the case of Hamiltonian systems, T, will be a group of ca-
nonical transformations generated by the Hamiltonian.

We shall suppose that there is a measure pu (defined on a
o-algebra B of subsets of I') that is invariant under the dy-
namical group T. For Hamiltonian systems, the existence of
such an invariant measure is guaranteed by Liouvilles theorem.
Furthermore, the invariant measure will be supposed to be a
finite and, for convenience, normalized measure.

To define a probabilistic process (within the same state space
M, one needs to specify the transition probabilities P(f,w,A)
that the system starting initially from the state w will reach the
subset A of I"in time ¢. It is evident that the function P should
satisfy the following conditions:

(1) PltwA)z=0

(ii) PtwT)y=1"

(iif) Fort, w fixed the function P(f,w.A) defines a proba-
bility measure on I'. [Moreover; one imposes the tech-
nical condition that for fixed t and A, P{t,w.A) is a
measurable function of w.] The probabilistic process
defined by the transition probabilities is called a Markov
process if P satisfies the Chapman-Kolmogorov equa-
tion:

Pt + 5,0, A)= [P(t,w,dw’)P(S,w",A). 2.2}

As explained in many textbooks, this important condition ex-
presses the important property of Markov process that the fu-
ture statistical behavior of the system depends solely on the
initial condition independently of the past history.

A measure goon s said to be an invariant measure for the
process [with transition probabilities P(t,w, A)]if

fr P(t,.A)dp = u(A) (2.3]
forallt 2 0and A e B. .

To formulate the notion of equivalence between determin-
istic evolutions and stochastic Markov processes, it is necessary
to consider how the distribution functions on I transform under
respective evolutions, In the case of deterministic evolution, it
is easy to see that the initial distribution p transforms in time
t to the distribution p, defined by

prlw) = p(T~w). [2.4]

The transformations U, mapping p to p; are unitary operators
of L2 {= the Hilbert space of square integrable functions with
respect to u):

(Uiplw) = p(T-w). [2.4]

The sroup property of T, passes on to U,. The generator of
this unitary group is the Liouvillian operator L:

U, = et [2.5]
For Hamiltonian systems L is given by
L/) = ill’./l]l~". [26!

in which |.]pn denotes the familiar Poisson bracket.

Let us now consider the tramsformation of distribution
functions under the stochastic evolutions corresponding to
Muarkov processes. To this end, let s first note that with every
Markov process fwith transition probabilities P{ae. A having
an myvariant measure g, one can asociate a family Wpoof op-
erators defined by

Wiftw) = feruwday (2.7]
for fe 1
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" The Chapman-Kolmogorov equation for P(t,w,A) then
implies the semigroup property for W:

W, W, = W, ., (for t,s 2 0). [2.8)

Moreover, the prevxously stated properties ({~#f) of the tran-
sition probabilities entail the following properties of W,:

(@) The operation W, preserves positivity. This means that,
if f(w) = 0 for almost all (a.a.) w & T, then W;f(w) 2 0
for a.a. w too.

(1) Wy pog = Peaue in which p, is the uniform distribution

Pequ

By putting f = pa, the characteristic function of theset Ac T
in 2.7, one finds

P(t,w,0) = (W a)w). {2.9]

By using the above relation between W, and P(t,w,A), the
invariance of the measure u for the process (relation 2.3) is easily
seen to be equivalent to the condition:

(¢) “’: Pequ = Pequ-

To sum up, every Markov process with an invariant measure
defines through formula 2.7 a semigroup W, of operators acting
on L? and having properties a through c. The converse of this
statement is also true: every semigroup W, of operators on L2
with properties a through ¢ defines a Markov process (havmg
# as invariant measure) whose transition probabilities P(t,w,A)
are obtained from W, by formula 2.9 by a slight variation of
theorem 2-1 given by Dynkin (11)].

It is casy to see that if p denotes the distribution function
describing the initiul state of the system, the state i, to which
it evolves in time £ under the Markov process is given by

Pe=W;p. ’ [2.10]

It seemns natural now to consider the deterministic evolution
described by the unitary group U, (induced from T,) as
“equivalent” to the stochastic evolution associated with the
semigroup W, (see relution 2.7 and 2.9) if there exists a bounded
transformation A on L2 such that

() AU,p=W;Ap (fort 20),

(if) A preserves positivity,

(i11) fpdu = §Apdy,

{iv) A has a densely defined inverse, A1, and
(v) Apequ = Pequ-

Condition i simply savs that the “change of representation™
p — Ap converts the deterministic evolution corresponding to
U, to the stochastic evolution associated with W,. Conditions
ji through v are necessary requirements (from a physical point
of view) in order that A may be interpreted as a “change of
representation.” In fact, conditions if and iii simply express the
requirenent that .4 maps “states” into “states™; v says that the
contemplated change of representation leaves the equilibrium
state unchuanged; and condition i expresses the important re-
quirement that the passage from deterministic to probabilistic
deseription brought about by A invelves "no loss of informa-
tion.” Condition i can be rewritten in the forin

Vi= AU ATY (fort 200 1211

The problem for us now is to determine the class of dynam-
ical yroups Uy similar toserigronps W, that satisty (in addition
to conditions a throngh o) the following reguirement:

H\\';\;p - /:”'n)": = H\\':p - ,J,.,",H"! . {) 212!

monotonically with fast >
Semigronps satindying conditions « through ¢ and 2,12 will
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bevelereed to us strong Markon sempronps. They ae nssoci
ated (through Tormukis 2.7 and 2.9) with tnily stochastic Markoy
processes that display the tereversibility exprossed in the second
law. In fact, condition 2.12 just says that Pegn i an “ullractor”
for the process in question and the approach (o0 p, proceeds
“monotonically.” Now not only expression 2.2, but abo the
usual expression [L1] for negative entropy (as indeed any
conves functions of p) decreases monotanically for such pro-
conses provided o 5 pg,”

The existence of a similarity transformation A comnecting
(through 2.11) the dynamical group U, to a strong Markov
servigroup, W, seems to express the infierent stochastic and
irreversible character of the original dynamical evolution. One
thus expects such a transformation to exist (if at all) only for
systens with asuitubly high degree of instability of motion. “This
intuitive idea is confirmed by the {ollowing:

PROVOSITION. T order that the dynamical group U, he
similar to a strong Markov semigroup W (for t = 0), it is
necessary that the dynamieal evolution be mixing in the sense
of ergodic theory.

The proof of this statement follows from noting that, if
AUA~Y = W/ isa (strong) Markov semigroup (for ¢ 2 0), then
A*A = M is a Lyapounov variable for the evolution U,. As
shown in ref. 4. the existence of Lyapounov variables implics
that the Liouvillian {restricted to K+ = the subspace orthogonal

10 peqa) has absolutely continuous speetrum, which in its turn
implies that the system is mixing,

3. Time and entropy operators for Bernoulli systems

This and the following section are devoted to carrving out this
program of Section 2 for the class of the so-called Bernoulli
systems (8, 9). For the sake of simplicity of exposition, however,
we shall limit our consideration to the simplest of the Bernoulli
systems, the baker’s transformation. But we emphasize that
all the results found in this and the next section generalize to
arbitrary Bernoulli systems. } ‘

Let us start with a brief description of the baker’s transfor-
mation. The phase space I' is now the unit square in the plane,
and the measure u is the usual Lebesgue measure of the square.
The baker’s transformation B sends a point w = (p,q) of the
phase space to the point Bw with

Bw=(2p,q/2) f0<p<Y% and
Bwo=02p~1gq/2+Y%) iflh<p=<l

The discrete group B”, (n = 0, £1, £2, . ..) that replaces the
continuous parameter group T, of the preceding section may
be thought as describing a discrete deterministic process taking
place at regular (unit) intervals of time.

A striking, and indeed the characteristic, property of the
baker’s transformation B is that the partition P = {A. A4 of the
unit square into the right and left halves is “independent™” and
“generating” with respect W B. (For the definitions of these two
concepls. see refs. 8 and 9.) It is the existence of an independent
and generating partition that characterizes a general Bernoulli
system. The baker’s transformation corresponds to the special
case that the independent and generating partition can be
chosen to consist of exactly two sets Ag, A§ with u(Ag) = n{AS)
= Vm

Returning to the baker's transformation, the discrete group
B now induces a discrete unitary group U™ on L2: {cf. Eq. 2.4).
By a Lyapounov variable (or negative entropy operator) of the

baker’s transformation, we mean a bounded operation M on
L3 such that

(i) M =0;ie,(pMp)20forallpe L3

(") “Iprqu = Pequs and

(i) (Uf,MU"f) — 0 monotonically asn — = forall f in
K¢, the orthogonal complement of pequ.

Proe. Natl, Acad. Set, USA 76 (1979)

To constiuet the Lyapounoy variables M Tor the diserete
group U we follow the general seheme deseribied in ref. 4 and
construet first the operator T representing “internaltime™ or
“age” of the system. In the case of continuous parameter group
U, = e~ the aperator T is, by definition, a self-adjoint op-
erator that satisfies the canonical commutation relation 1.8 on
a suitable dense set of vectors of K2, Expressed in terms of the
unitary group ¢~ (his relation Dooues

eTe=ilt = T 4 ], (3.1]

Thus the operator of “age™ for the baker's system is, by defi-
nition, a self-adjoint operator T that satisfies
U=TU" =T + ni {3.2]

on K, .
Let E,, denote the eigen projection of T corresponding to the
cigen value n:

T= % nE,.

[3.3]

The E,s being eigen projections of a self-adjoint operator sat-
isfy

E"E"l = 5"’"E"
and
e . 3
ok, =1 (3.4]
nem e
Condition 3.2 is now equivalent to the condition
U_lEmu=Em—-l~ 13'51

Thus the problem Lefore us is to construct a family E,, (n
integers from — to +) satisfving 3.4 and 3.5. To this end, we
make use of a special basis of K& constructed below.

Let P =]A,,A% = A\l be the partition of the unit square into
left and right halves. Define

Xo=1—2¢5, and .
Xn=U", (n=+£1,£2,....). {3.6]

For any finite set S = (ny, ny, . . . n,) of (positive or negative)
integers, put

X5 ® XnyXng----- Xn,- {3.7]

Making use of the independence of the partition P, one can
verify that the collection of functions {xs}. with S finite subsets
of integers, is an orthonormal set and the generating property
of P entails the completeness of the set {in K ;). Moreover, from
the definitions of x, and xs, it follows that the unitary operator
U induced from the baker’s transformation B acts as a shift on
the orthonormal basis:

Uxs = Xs+ 1. {3.8]
Here S + 1 denntes thesubset (ny + Lona + 1. :.on, + 1)
S stands for v, ... n,) o view of 3.8, the eigen projection

Eq (n =0, £1, £2. .. ) of the operator time T can now be de-
fined as the projection onto the subspace spanned by all xs
corresponding to subsets S such that n € S and all other integers
in S are less than n. The property 3.4 of the E,; s thus defined
follows from the fact that |xs} is a complete orthonormal basis
in K4 and condition 3.5 is a consequence of 3.8.

The construction of Lyapounov variables M now follows
directly. Thev are monotonically decreasing operator functions
of T. Corresponding to every (two-sided) sequence A of non-
negative numbers bounded by 1 and decreasing monotonically
to 0 as n — += the operator

M=% \E, + P

(3.9
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{with E,, eigen projections of T and P the projection onto pequ)
is easily verified to be a Lyapounov variable for the discrete
group U™,

To conclude this section, let us mention how the operator
time T allows us to associate an “age” or “internal time” with
well-defined distribution functions p, or rather with the excess
distribution functions p & p = p.qi. 1 7 is an eigen function of
T, the corresponding eigen value is the “age” associated with
the distribution function p. For instance, the excess function
for the distribution function (1 —~ %,,) is X, which is an eigen
vector of T for eigen value n. Condition 3.5 or 3.8 makes this
association a “consistent” one in the sense that it ensures that
the change in “internal time” or “age” of the system brought
about by the dynamical evolution matches with the progress
of external (or observer's) time that serves to label the dynamical
group. Existence of a consistent “internal time” operator T in
this sense is, of course, not allowed for all dynamical systems.

If the excess distribution function g is not an eigen function
of T but a combination of eigen functions corresponding to two
or more distinct eigen values, then one cannot associate a
well-defined age to p. But one can still associate an “average
age” T(p) to p by the formula

L G
T(p) = HE (®.Th), {3.10]

just as in quantum mechanics.

4. “Equivalence” of Bernoulli systems with stochastic
Markov processes

Let0 < A, <1(n =0, £l,...) be any sequence of positive
numbers decreasing monotonically as n increases. If

4w
A= 3 ME.+ Po {4.1]
e

in which E,s are the eigen projections of the operator time
T. ‘
It can be shown (10) that this transformation preserves the
positivity and the normality. However, A™! is not positivily
preserving. Therefore, to make AU™A™! positivity preserving
we require that N, be such that the sequence v, = Ay 1/ Ay,
also decreases monotonically as ninereases {for instance, take
An = (1 +¢%)7 1. With this requirement, it can be shown that
AU A~ is a semigroup of Markov process and that A has all
the properties listed in Section 2, for n 2 0. The transformed
group AU A1 is of course defined for both positive and
negative n. But it is important to note that it isonly forn 2 0
that AU™A™! preserves positivity. We may of course define
another transformation A such that AU" A~} preserves positi-
vity for n < 0. The important point is that the same transformed
group AU A~} eannot correspond to probabilistic process for
both positive and negative time . This breaks the symimetry
between the positive and negative direction of time and causes
the physical evolution to be deseribed by a semigroup rather

than a group.

5. Concluding remarks

The most striking conclusion to emerge from our discussion is
that the deterministic and probabilistic deseriptions are not as
radically dilferent as it bhas been thought in the past and
“eoarse-graining” or “contraction” is not the anly way of re-
lating them, We have demonstrated the possibility of linking
probahilistic deseriptions and deterministic deseriptions by
simply a Tehinge ol representation” that invehves "o loss of
information.”

Loohed al from ashightly different point of view, the present
\;w)rl»; could be considered as a part ol a theory of entropy-in-
creasing evolutions and their relations o detevmivistic dy-
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namics. Historically, Boltzmann's kinetic equation represents
the first example of an entropy-increasing evolution. Toarrive
at this equation, Boltzmann had to introduce probability into
dynamics from outside. In this work we have demonstrated that
entropy-increasing evolutions ean arise from deterministic
dynamics simply as a result of “change of representation™
brought about by invertible (nonunitary) similarity transfor-
mations A. This finding is in conformity with, and concretely
illustrates, the point of view towards the problem of irrevers-
ibility developed in ref. 2.

A specially attractive feature of the theory of irreversibility
emerging from the considerations of refs. 2 and 4 and the
present work is the close links it establishes between instabifity
(exprossed in terms of mising and other ergodie properties), the
inherent irreversibility (expressed in terms of the existence of
Lyvapounov variables A1), and the intrinsic randomness (ex-
pressed in terms of the existence of an “equivalence” with a
stochastic Markov process) of dynamical motion. We have
shown that the class of systems exhibiting instability contains
the class featuring inherent irreversibility (for instance, the
K-systems), which in its turn contains the class (e.g., Bernoulli
svstems) displaving intrinsic randomness of motion. The precise
boundary between these classes is, however, at present not
known. It will be an interesting problem to determine the
precise extent of these classes. Let us also note that the notion
of intrinsic randomness of dynamical systems formulated here
differs from—and seems to refer to a more intrinsic form of the
randomness of dvnamical evolution than—that expressed by
strict positivity of Kolmogorov “entropy.”

The concepts of instability, inherent irreversibility, and in-
trinsic randomness are formulated and studied here in the
{rame of classical mechanics. It obviously will be interesting and

“important to extend and study these concepts for quantum

systems as well as for gravitational systems requiring general
relativity for their description. We plan to come back to this
question in subsequent communications.

Let us note that for an arbitrary system, the average (T') of
the internal time operator in a state p given by 3.10 can be casily
shown to be equal to the change in the ordinary time dt. The
internal time operator (wheu it exists) contains, however, ad-
sitional information about the physical system that concerns
the fluctuation or dispersion of the “internal age” around the
average value. In both classical and quantum dynamics, time
appears simply as an external parameter to label the dyvnamical
group. [n contrast, the internal time operators considered here
are new physical observables associated with the irreversible
evolution of the system. From this point of view the concept of
internal time operator is closer to the concepts of thermody-
nanic and biological time and may serve as the “microscopic”
counterpart of the latter phenomenological concepts,
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The relation between the generalized Liouville equation, entropy production rates and
autonomous systems of differential equations containing limit cycles is investigated. Moreover.
the connection between the generalized Liouville equation and the Lie derivative of a differential
form with respect to a vector field is discussed.

i. Introduction

As long as a classical N-particle system can be described by a hamiltonian
function H{(p. q), the Liouville equation takes the form

fn S (9H afy dH dfn\ _
at +,§_‘1( )4)‘ t

opi dq; dq; ap;

where fn(p.q) is the probability density. Now there are many dynamic
systems where a hamiltonian is not sufficient to describe the system (for
example: dynamic systems possessing limit cycles or chaotic behaviour, open
systems in contact with reservoirs, random perturbation, collective models
and so on). Hence, it is necessary to extend the Liouville equation in order to
involve such cases. For example. given a dynamic system % = X(x, t). where
% = dx/dt and X is a smooth function of x and ¢, let us consider the Liouville
equation for this case. The Liouville equation which includes the above eq. (1)
for a dynamic system ¥ = X (x, ) has been derived by Gerlich') and has been
used by Dobbertin®®) to study functional relations between reduced dis-
tribution functions and entropy production by non-hamiltonian perturbations.
The equation has the following form:

dfn & Afn N oaX,
——~+ZX,K+fNZ—-——‘ 0. (2)

.(3‘ ;1 e a’ri -

The second and third terms on the right-hand side can be written as

~7 X N ax, and therefore eq. (2) is tn analogy with the mass-conservaton
quation of three-dimensional hydrodynamics dpfar +divipe) = 0.

jxiq

Reprinted from Physica, 954, 181 (1979
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‘T he purpose of the present paper is twofold. First, we study the generalized
Liouville equation from a new point of view utilizing the Lie derivative of
diflerentia) form w.r.t. a vector field (what in physics is called an infinitesimal
gencrator). In contrast to the derivation of Gerlich'), the present derivation is
mathematically more rigorous and from the physical point of view the
derivation becomes clearer. Moreover, to find solutions of the generalized
Liouville we also apply the concept of Lie derivative. Second, we investigate
the connection between the generalized Liouville equation, entropy-produc-
tion rate. and autonomous systems of differential equations containing limit
cycles.

Recently, in a series of papers, the author*™) studied a connection between
Lie’s theory of one-parameter groups and autonomous non-linear systems of
differential equations containing periodic orbits. In particular. such systems
have been considered where the periodic orbits are limit cycles. For a given
system of linear differential equations ¥ = X(x)= Ax (A an n X n matrix with
constant coefficients) with periodic solutions 4 non-linear system x = Y(x) is
constructed via the relation [X, Y] = gY or. in a modern form, Lyax = ha: [
denotes the commutator of the C™-vector fields X and Y: X and Y are
written (in local coordinates) as X = X,d/dx;+ -+ X,d/dx, and Y =
Y,alax,+ - - -+ Y,4ox, Furthermore, Lya stands for the Lie derivative of the
differential form o with respect to X. where a is given by the inner product
=Y “w:wlw=dx; » - rdx,)is the standard volume in R". The connection
between both conditions of invariance’) is given by the relation Lx(Y “w)=
(g + div XY — w), where we have used [X, Y]=gY. The aim of the present
paper is to discuss some aspects concerning the vector fields X and Y and the
Liouville equation and to calculate the entropy-production rate of ¥ using Gibbs
statistics. '

Our mathematical tool will be the Lie derivative®) of a differential form (or
a vector field) with respect to a vector field. Hence in section 2 a brief review
concerning this mathematical tool is given and the generalized Liouville
equation is derived applying the Lie derivative. Moreover, we investigate the
generalized Liouville equation itself with the concept of Lie derivative.
Section 3 is devoted to finding the connection between the vector fields X and
Y, and the generalized Liouville equation. Furthermore we calculate the
entropy-production rate. Section 4 is devoted to a widely discussed example.
In the final section we summarize the results obtained.

2. The Lie derivative and the generalized Liouville equation

The concept of the Lie derivative of a differential form (or a vector field)
with respect to a vector field plays an important role in many domains in
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physics. Applications have been made to classical mechanics. hydrodynamics,
oplics, quantum mechanics, supergravity, and statistical mechanics. Moreover
partial differential equations, which play an important role in physics, can be
treated within this so-called geometric approach (Steeb®) and refs. herein).

Let M be a n-dimensional C™-differentiable manifold with local coordinates
x;. Real valued C”-vector fields (denoted by X, Y)and real valued C™-differential
forms (denoted by Greek letters) on M can be considered. The components of
the vector field X are denoted by X;d/dx;, this means X = X,d/dx,+ - - - + X, d/ax,
(in local coordinates). Moreover, we have the space of the real valued
C”-functions f: M — R. We assume throughout that all mathematical objects are
smooth.

Now the concept of the Lie derivative of a form w.r.t. a vector field can be
introduced. The Lie derivative of a form « w.r.t. X is defined by the
derivative of a along the integral curve t = @, of X, 1e.,

Lya = lim —£=% (3)

The definition of the Lie derivative is not useful for practical calculations,
because the integral curve ¢t — @, of X is not known in general. Rather, we
use the important identity

Lya =d(X _da)+ X J(da), 4

where da denotes the exterior derivative of the form « and X_da is the
contraction of a by X (also called inner product). For a form «. the Lie
derivative Ly may be viewed as the propagator of the form «. down the
trajectories of the vector field X. To sum up: The vector field X (infinitesimal
generator) gives rise (under suitable assumptions such as compact support or
restriction to local considerations) to a one-parameter family of diffeomor-
phisms @, (local flows, local one-parameter transformation group) of the
manifold M (or a subset thereof) into itself. Each diffeomorphism gives rise
to a bundle map @,: E — E for each (covariant) tensor bundle E defined over
M. To every local cross section a of E there corresponds a cross section «(f)
of E for each diffeomorphism @, The Lie derivative of a is then defined by
eq. (3).

For vector fields the Lie bracket can also be considered as a Lie denvative.
This means (L yY)f =[X, YIf = X(Yf) - Y(Xf). The rules of manipulation
can be found in Stech’).

Now we wish to derive the extended Liouville equation using the Lie
derivative of a form with respect to a vector field. To this end, consider the
autonomous system of differential equation x = X(x). We assume that the
right-hand side of this equation does not depend explicitly on 1 We require
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that the vector field X is complete. X is complete iff each integrai curve can
be extended so that 1ts domain becomes (—=, %), Let X be a linear vector field
and M =5" Then X is complete. For example, the damped harmonic
oscillator governed by the equation ¥+ X+ x=0 (X =y, y = —x — v) leads to
the complete vector field X = valax + (—=x ~ y)d/ay.

Now we consider the vector field Y = T+ X on space time where T =+ a/aL.
We have the following theorem:

Theorem. Let Y be the vector field given above. Let f(x, 1) be an arbitrary
C"-function and @ =dx; » -+ -~ dx, If Lyfw =0 (this means the form fo is
invariant w.r.t. Y and therefore does not change as it propagated down the
trajectories of Y'), then f satisfies the generalized Liouville equation, viz.

af & af .
o L = 5
az’L;X‘ax,«”d"’X G. (5)
Proof. Applying the rules for the L.ie derivative of a differential form
(Steeb®)). we obtain

0= L)f(l) = (Yf)(l) + f(L)w) = Yf)a) he f{ LT(U) + f(wa)

= (Y o + f(Lxw) = (Yf)w + f(div X)w = (Yf) + f div X)w.

Since w is a basic element, the theorem has been proved. If div X = 0, then
the last term on the right hand side vanishes and we obtain the usual Liouville
equation.

An additional comment is in order. If we consider time-dependent vector
fields, i.e. Y = 2%, Xi(x, t)3/dx; + 3/ at. then the condition Lyfw =0 leads to an
additional requirement, namely dX;/3t =0 (i=1,...,n). This means, the flow
must be steady. However, if we consider the space-time volume element
{2 = w A dt, then such a condition does not appear.

Let us discuss how the generalized Liouville equation can be studied within
the described approach. To this end, we cast the partial differential equation
in an equivalent set of differential forms. In the present case we obtain the
(n+ 1)-form

n » N\
a=dew+dt/\<Z(~l)"'X,dff dx; s ---adxinr---adx,)
=

+ f(div X)d! A w. (6)

The circumflex indicates omission and we have pul w =dx,r-- -, dx, By
straightforward calculation we find that de = 0. To see that the form a is
equivalent with the generalized Liouville equation we consider the sectioned
form & (we distinguish between independent variables Xi,....X, ! and the
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that the vector ficld X is complete. X is complete iff each integral curve can
be extended so that its domain becomes (-=, %). Let X be a linear vector field
and M =R". Then X is complete. For example, the damped harmonic
oscillator governed by the equation ¥+ ¥ +x = 0 (X=y,y=~x-v) leads to
the complete vector field X = ya/ax + (—x ~ y)alay.

Now we consider the vector field Y = T + X on space time where T = a/at.
We have the following theorem:

Theorem. Let Y be the vector field given above. Let f(x, 1) be an arbitrary

C*-function and @ =dx,a---ndx, If Lyfw = 0 (this means the form fw is
-invariant w.r.t. Y and therefore does not change as it propagated down the

trajectories of Y), then f satisfies the generalized Liouville equation, viz.

WS x 9, iy x =
al+;){, ax,»+deX 0. (5)
Proof. Applying the rules for the Lie derivative of a differential form
(Steeb?)), we obtain

0=Lyfo =(Yflo + f(Lyw)=(Yfiw + fiLw) + flLxw)

=(Yflo + f(Lxw) = (Yf)w + f(div X)w = (Y +fdiv X)w.

Since w is a basic element, the theorem has been proved. If div X =0, then
the last term on the right hand side vanishes and we obtain the usual Liouville
equation.

An additional comment is in order. If we consider time-dependent vector
fields, i.e. Y = L, Xi(x, 1)d/dx; + 3/at, then the condition Lyfw = 0 leads to an
additional requirement, namely 3X /3t =0 (i = I,...,n). This means. the flow
must be steady. However, if we consider the space-time volume element
2 = w A dt. then such a condition does not appear.

Let us discuss how the generalized Liouville equation can be studied within
the described approach. To this end. we cast the partial differential equation
in an equivalent set of differential forms. In the present case we obtain the
(nn + 1)-form

; ) N
a=dew+th<E(——l)’”X,-df‘- dxyr---ndxin---ndx,)
=

+ f(div X} dt A @. (6)

The circumflex indicates omission and we have pul w =dx;a---rdx, By
straightforward calculation we find that da = 0. To see that the form a is
equivalent with the generalized Liouville equation we consider the sectioned
form & (we distinguish between independent variables x,,....x,.t and the
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Jependent variable f). Because of

df=2%dx,-+%dt. N

i=1 U

dt adt =0, and dx; A dx; = 0 we arrive at
[0 < O : J
P [at+Z1X,axi+f(dva) df A w. (8)

If we put @ = 0, then we obtain the generalized Liouville equation.

Now let us study the form «. This means we seek vector fields, say
Z\, ..., Zy, such that Lza = ha with the arbitrary function h(x,,..., X, &, f).
We consider the extended concept of invariance (Harrison and Estabrook'®))
for the treatment of partial differential equations. Since we are investigating
the autonomous system X = X (x), we find that Lya =0 where T = 4/dt. This
means that the generalized Liouville equation is invariant under time trans-
lation. The vector field T is associated with the differential equation dt/dr = 1,
which has the solution t = o+ 1.

Now let us consider the vector field f3/df. A straightforward calculation
vields Ljy.sa = a. Hence, we have found a further invariant of «. The vector
field fa/af is associated with the ordinary differential equation f = f(f = df/dr)
with the solution f= fyexp v (one parameter transformation group). Con-
sequently the generalized Liouville equation is invariant under this trans-
formation group. The Lie derivative of « with respect to 4/df yields Lo =
tdiv X)) dr A w. Consequently, « is invariant under the vector field iff div X = 0.
This 1s the case for hamiltonian systems.

[t is obvious that the form « is invariant under the vector field X. To find
further vector fields such that L,a = ha holds, we must solve the resulting
partial differential equation. In general. this is an impossible task. However, if
Xix)= Ax, where A is an n x n matrix with constant coefficients, then we can
easily find further vector fields. Any non-linear autonomous system can be
cast into an infinite linear system (Carleman linearization) (Carleman'')). The
linearized system can be treated in an approximate manner (Montroll and
Hellemun'?)).

3. Limit cycles and entropy production rate

First of all we wish to derive an expression for the entropy production rate.
In order to see the connection with classical mechanics we assume that
N =2n (n natural number) so that the equation of motion ¥ = Y(x) can be
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written as

. dH
po= - "(.;";*" Ailp.g).
! (9
. #H
===+ B(p.qg).
4% Ap.q)
This means that a part of the equations of motion can be expressed by a
hamiltonian function. Consequently, we require that the divergence of the
non-hamiltonian forces is not equal to zero, i.e.

dA,  0B;
—a-Ei- + —(-7—61—, # 0, (10)
because, if so, they could be cast into a hamiltonian form. Gbviously, if we
consider dynamic systems containing limit cycles, then A; and B, exis? so that
condition (10) is satisfied.

The Gibbs entropy S vielding in the asymptotic limit the correct expression
for the thermodynamic equilibrium. is given by

S=So~ff,,lnf,,dpdq, an

where dp = dp;...dp, and dg = dgq, ... dq, By differentiating S with respect
to time we obtain

S=~f(l—lnf,,)?;"dpdq. (12)
For a purely hamiltonian system we find that S = 0 and therefore S = const.
The concept of Gibbs™ ensemble still holds when we consider the generalized
Liouville equation. On substituting the generalized Liouville equation [using
the equations of motion given by eq. (9)] and integrating by parts it follows
that

. 3A; 4B
S= f ,,(——'+———‘)d dg. (13)
.2::1 f ap;  dq; paca
Hence. one interprets the quantities s; defined by
dA; | 4B;
$, =+ 4)
YT da” a

as the microscopic entropy production rates’). The condition S >0 is fulfilled
if 5, >0 for all i. A crucial point is that the condition is not necessary.

Now let us discuss the connection of the described approach and a certain
‘class of autonomous systems of differential equations containing limit cycles.
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Let
a a
=X T — X e l
Ql ! ax, / ax; ( 5)
{Qy:i.j=1,...,n} represents a basis of the Lie algebra so(n). Now we

assume that the vector field X is a linear combination of the basis {Q;: i,j =
1,....n}. The vector field X is complete on the manifold M =R " Let
w =dx;a---adx, the standard volume in R". We find that LQ‘Iu) =(. The
reason is that the divergence of the vector field Q; vanishes. At once it
follows that for every linear combination of the Qy's the Lie derivative of w
vanishes. The vector field X is associated with an autonomous linear system
of differential equations with constant coefficients ¥ = X (x) = Ax. The matrix
A is skew symmetric. We assume that n is even and that none of the
eigenvalues of A is equal to zero. Then all eigenvalues are purely imaginary.
Consequently there is no damping in the system and it possesses periodic
solutions. For such a vector field X we wish to find the most general
(non-linear) vector field Y such that [X, Y]=0. The way to find it has been
suggested by the author™). In the two-dimensional case®) (where X = x3/dy —
vd/ax) the resulting vector field Y may be viewed as the “‘prototype’ of a
vector field possessing limit cvcles. Now the vector field can be written as
Y=FfZ"+f,Z"+. -+ f,Z" where we assume that the argument of the func-
tions f;is given by the invariants (first integrals) of X (this means Xf; = 0) and
(X, Z']=0. Two vector fields. say Z' and Z% can be given at once. First. we
have {X. X]=0. Second. we find that [X. ] =0 where

=3 x - (16)

Note that the divergence of I is given by div I = n. Moreover, an invariant of
X can be given. namely the invariant of the Lie algebra so(n). The only
invariant of the Lie algebra so(n) is (x}+ x3+ - -+ x»— ¢). We notice that the
other invariants of X are polvnomial, too. There are (n — 1) invariants. The
further invariants can easily be found solving the subsidiary equations asso-
ciated with X. In the next section we discuss a concrete example.

4. An example

As a concrete example, let us study the system

X'| () - l () - l
X 1 0 -1 J

X 0 | 0 -1
%4 Lo 1,

(7
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with the associated vector field X = Quz+ Qi+ Qn + Qs where Q, is given by
€q. (15). An appropriate hamiltonian function is given by

H = xi[2+ x3/2 = x¥2 - x32 - x,x3+ Xox4. (18)

with the equations of motion X, = —dH/dx,, Xy = aHjox,, Xy= dH[dx,, and
X4=—0H/ox;. The only critical point of X is x = 0. In other words the only
time-independent solution of eq. (17) (or steady state solution) is x = 0. The
eigenvalues of the matrix on the right-hand side of equation (17) are given by
A2 =iV?2 and Aza= —iV2. Hence there is no damping in the systems. By
solving the subsidiary equations we find that the set of the invariants of X
(first integrals) is given by

{xi+xi+xi+xi—c, (3+xD2—xx3+ x2— ¢ (X34 132 + XaXe+ x2— 3},
19

The first expression is valid since the matrix of system (17) is skew-symmetric
and hence represents an element in the Lie algebra so(4) (represented as
matrices) which leaves length invariant. The invariants vo(x) and 7y5(x) des-
cribe an invariant manifold (integral manifold) of %=X (x) when we set
F+xD2-xix+x3=c3 (c;=iV2) and (x2+xD)2+ Xxs+xi=ct (¢;=
—i\/i). Obviously, H is an invariant, too, and can be obtained as a linear
combination of the invariants given above (19).

Now the second step is to obtain the vector field Y such that eq. (1) holds.
In what follows, the argument of the functions fi, f» f3, and fs, given by the
invariants of X is omitted. We find

[ :2)] o

[X, Qi+ Qul=0, ‘ (20)
[X. Qi — Q] =0.

Hence the vector field Y becomes

4
Y=fX +fz§x;£;+fz(0u+ Q2) + f Q12— Qsa). (21)

The corresponding autonomous system is
Xy = (X2~ xJfy + x1fr— x3fs — xof s,
X2 = (X = X3)fy + Xof 2 — Xaf 5+ X f 4,
X3 = (xy— X)fi + X3fa + %, f3 + Xofe,

Xo= (X1 + X)f1 + xafa+ Xaf 5~ x3fa

(22)
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To be concrete, we set
fi=l, fa=d4-xi-xi-xi-xj
fi= U= (xi+ xD)[2+ x,x3— x3, (23)
fa= 1= (x3+x)[2— x2x4— x1.

The obtained system has only one critical point, namely x = 0. The inter-
section of the surfaces f, =0, f; =0, and f4 = 0 leads to two closed curves, i.e.
periodic solutions of the system (22) with the given functions. The periodic
orbits can be given explicitly, namely

x(t)=cost, x:(t)=cost, xij(t)=cost+V2sint,
xy(t)=—cos t + V2sin 1,
(24)
x((ty=cost, xi{t)=—cost, xi{t)=cost— V2 sin t,

xt)=cost+V2sint,

where { = V2. These curves could just as well be periodic orbits as limit cycles
of the system % = Y{x). In the present case the given periodic orbits are limit
cycles. Consider the Liapunov function V = (xi+ x3+ x} + x3)/2. It follows that

V=xi+xi+txi+xdf 25

This quantity is positive definite within the sphere x}+ x3+ xj+x}=4, and a
well-known theorem assures us that the origin is unstable. Qutside the sphere.
the quantity V is negative. All trajectories inside and outside the sphere tend
towards the limit cycles.

When the limit cycle is not reached there are entropy production rates. This
means dY,/dx,+aY/ax;#0 and aYy/ax; + Y, /0xs#0 (x,=py, xa=gy. 3=
da. X4 = pa). If a limit cycle arises in a dynamic system, then both negative
damping (in the present case outside the sphere x}+ x3+ xj+x3=4) and
positive damping (inside the sphere xi+ xi+x}+ xi=4) occur. When the
limit cycle is reached (in the present case when f2 =0, fi=0 and f; =0 and
therefore Y = X)) the system is no longer dissipative (div Y = 0) and can be
described by a hamiltonian function.

To sum up, suppose the linear system of differential equations ¥ = X(x) has
quadratic first integrals y. If the vector fields Z' commute with Y, then
X = Yix) (Y =flv)X +2f(y)7") has orbits coinciding with those of
¥ = X(x), and these will be lunit cycles (more accurately, an atrracting
surface) if a Lyapounov function can be constructed from the f. Under these
circumstances, the Liouville equation (conservation of probability fluid) may
also have a Lyapounov function in the form df an entropy-like functional
(1D through (13 '
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5. Conclusion

In the first part of the present paper we have shown that the concept of Tae
derivative can be used to obtain the generalized lLiouville cquation. The
requirement Ly{2 = 0, where X = X, dfax, + - -+ X,dlax, + alat and 2 = dx, »

-+ dx, » dt vields the desired result. Now we are also able to treat dynamic
svstems which are not generated via a hamiltonian function. In particular we
can study svstems which include limit cycles. Thi< has been done in the
second purt. We have investigated a certain class of autonomous systems of
differential equations. namely such systems X = Y tx) which are generated via
[X.Y]=0. where X is a linear combination of the basis of the Lie algebru
so(n) represented as {Q, = x;8/dx; ~ x;0/dx;}. Such vector fields play a central
role in investigating dynamic systems possessing hmit cycles. f and only if
the limit cycle (or limit cycles) of the dynamic system X = Y(x) is reached.
then the svstem is no longer dissipative and the system is described by
X = X(x) with certain initial conditions given by the functions fy.... [
Consequently. the limit cycle itself can be described by a hamiltonian
function (div X = 0).
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A description intermediate between the usual stochastic description of a
Brownian particle and the deterministic description of a classical particle is
proposed. It is based on a model which utilizes the notions of a current
velocity and of an osmotic velocity, and which generates a random process
which allows us to associate with any given initial and final conditions a
unique differentiable trajectory. This intermediate description of the
Brownian motion, in terms of quasiparticles with quasideterministic
behavior, gives back the same mean and the same variance as does the
usual stochastic description.

KEY WORDS: Brownian motion; Fokker—Planck equation; current
velocity ; osmotic velocity ; quasideterministic behavior; quasiparticles.

1. INTRODUCTION

Before exposing the problem we are going to handle, let us summarize some
results of stochastic physics. Let X(z) be a process in R* which satisfies a
generalized Langevin equation of the form

dX(1) = D(X(2), ?) dt + dW(?)

where X(¢) is a vector of R, D a regular field of vectors, df a macroscopically
infinitesimal increment of time, and W(t) a Wiener process, i.e., a process
whose increments are Gaussian, with zero mean, and whose variance matrix
[t — s|lef), &,j = L...m, is proportional to the time increment |t — s|. We
call the matrix of diffusion the matrix [M] = 1[o%]. Given D, the probability
density in R, f(X, t), satisfies the Fokker—Planck equation

0 . .
;)-tf(X, 1) = —divg(f(X, )D(X, 1)) + divx([M] gradxf(X, 1)) 1
1 Laboratoire CAT, Département de Physique, UER Sciences Fondamentales et
Appliguées, Université d’Orléans, Orléans, France.
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The conditional probability density P(Xt|X,t,) that the variable X(¢) takes
the value X at time ¢, knowing that it has the value X, at time ¢,, is the
fundamental solution G(X, ¢, X,, t,) of this equation, i.e., the solution that
tends to 3(X — X,) when ¢ tends to zero (f > 1,).

In this paper we limit ourselves to a D field of vectors independent of
time and linear in X. In this case, we can explicitly integrate the differential
deterministic system

dX;? = D(X") dt

and we call X,°(r — 15, X,) the solution that takes the value X, at time ¢,
The conditional probability density is then a function of ¢t — ¢,, and we write
it ané(X, t - to, Xo):

P(Xt| Xoto) = fUX, t — 15, Xp), > 1

Finally, the mean of the process is equal to X;°,
(X} = [ XX, 1~ to, X0) dX = X2t = 1o, Xo)

and the elements of its variance matrix are functions of t — #,:
E{(X(t) — XP)X,(t) — XP)} = Ciit — to)

We are now in a position to expose the problem that is the object of this
paper. Let us consider a Brownian particle submitted to a double initial and
final condition: to leave X, at time ¢, and to arrive at X’ at time ¢’. To this
double condition there correspond an infinity of possible stochastic trajectories
(nondifferentiable). Our aim is to build a model of quasiparticles which
involves a sole differentiable trajectory, going from (Xyf,) to (X't’), and
representing a certain mean behavior of the Brownian particle between those
two points. This mean behavior must be such as to give back, by integrating
over the final position X', the mean X,°(t — ¢,, X,) and the variance matrix
[Ci(t — t,)] of the process X(t) at time ¢, given the initial ( X,Z,) condition.
Moreover, it must be the same thing for any initial 7(X,) density. However,
we do not ourselves impose any condition on the covariance at two different
instants.

2. DESCRIPTION OF THE MODEL

The first idea which comes in mind is to take as a trajectory the partial
mean of the process X(¢), which is calculated with the conditional probability
density P(Xt|Xoto, X't') to be at (X7), knowing that we are at X, at time #,
and at X" at time t’' (" > ¢t > 1,),

Y(t, X', t', Xo, to) = f XP(Xt| Xoty, X'tydX
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We easily check that the mean of Y over the final condition X”, which is
calculated with the probability density P(X't’| Xoto), is independent of ¢ and
is equal to the mean X;? of the process X(¢). But we can check in particular
cases (we handle in the appendix the simplest case, n = 1, D = 0) that the
variance matrix of Y is not equal to the variance matrix of X(¢). Thus, the
trajectory Y does not satisfy the criteria we have chosen. We now present a
model which satisfies these criteria.

Our model is founded on the notions of the current velocity and of the
osmotic velocity associated with the process X(¢) for the initial (X,fo) con-
dition.V The current velocity V(X,t — t5, X,) and the osmotic velocity
Q(X, t — to, Xo) are respectively the half sum and the half difference of the
mean velocity departing from X(¢) (mean forward velocity) and of the mean
velocity arriving at X(#) (mean backward velocity). Therefore V" and Q are
linked by the relation

V(X,t — ty, Xo) = D(X) — QUX, t — to, Xo)
Moreover, Q is a function of the probability density
QX, t — 1y, Xo) = [M] grady log fo(X, t — 15, Xo)
and V satisfies the continuity equation in the Eulerian description.
Our idea introduces the preceding notions into a Lagrangian description.

We consequently postulate a continuous dynamic evolution, which is
described by the variable X;,

d
7 X, = V(X,, t — to, Xo) = D(X)) — [M] grady, log f%(X, 1 — 15, Xo) (2)

and which satisfies the continuity equation along the stream:
%, .
gifé(Xh t — tO’ XO) = —dlet(fé(A,t: t— tO! XO)V(XU t— t0> XO)) (3)

We verify that the compatibility equation between (2) and (3) is just the
Fokker-Planck equation (1) written for X = X,.

In various particular cases, we have developed this model in the following
way':

(a) We solve Eq. (1); for a field D independent of time and linear in X,
the fundamental solution f° is a Gaussian function whose argument is a
quadratic form of (X — X,°), where X.P(t — t, X,) is the solution of the
deterministic system dX,° = D(X,?) dt.

(b) We put this solution f? in (2), which thus becomes an explicit
differential system, which we integrate, thus obtaining the general solution

Xt — to, A, Xo) = XP(t — to, Xo) + [$(2 — 1)]A

where the vector A represents the n arbitrary constants of integration, and
where [¢(t — t5)] is an n x n matrix which vanishes for ¢ = t,.
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(c) It appears that the Jacobian J,, = D(X,)/Z(A) = det[d(t’ — t,)] is
different from zero for ¢t > t,; given a final condition X, = X’ at time ¢/,
we thus determine the vector A. This gives us a well-defined trajectory X, going
from (Xt,) to (X't').

(d) We associate with this trajectory (and thus with the corresponding
vector A) the probability density fo(X’, t' — t,, X,) for arrival at (X’t’) after
leaving (X,f,). With this probability density, and by integration over X', it is
then possible to calculate the mean and the variance matrix of X;. These
quantities, which are independent of ¢’, are the same as those of the process
X(1). In fact, we use a law of distribution for A, such that

p(A 1" — 1o, Xo) dA = fAX', t" — 1o, Xo) X'

and it appears that this law p is a function only of A, and that it has a Gaussian
form. It is thus possible to introduce a random process Z(t — t,, A, X;) in the
following form:

Z(t - tO: A7 XO) = XtD(t — tO’ XO) + [(]S(t - tO)]A

Z:
process {Gaussian distribution law p(A)

and we check that the mean and the variance matrix, respectively, of this
process Z are equal to those of the process X(r).

{e) When X, becomes a random variable, denoted E, with the (normal-
ized) initial density I(E), we easily verify that the mean and the variance
matrix of the process Z are still the same as those of the process X(¢). Indeed,
in this case, the mean of X(¢) is

E(X()} = f XFUX, t — t,, E)I(E) dE dX

The transformation (E, X) — (&, A), such that X = Z(t — 1,, A, E), allows
us to write the preceding integral as the mean of the process Z, calculated with
the joint density F(E, A) = I(E)p(A) for the independent variables E and A.
The same is true for the variance matrix.

To picture the method which has just been exposed, we are going to
calculate explicitly a process Z. For simplicity, we limit ourselves to an
example in R.

3. EXAMPLE IN R

If X(¢r) = x(¢) € R is the variable of position, Eq. (1) is reduced to an
equation of the Smoluchowski type. For D == ax + b and [M] = p, it is
written

2 fee 1) = — L tax + B)Ge, 0 + 0o fx )
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and its fundamental solution is

s B _ _ -1/2 _x = x)®
Fox, t — to, x0) = {2mA(t — 1,)} Y exp 24t — to)
with
A — 1) = B0 1), P = x4 D et )

Hence we deduce that x,° and A(¢ — t,) are, respectively, the mean and the
variance of the process x(¢). Let us put this solution into the dynamic equation
(2); we obtain the differential equation

dx,

— ______IL____ - D
7 ax; + b + a0 =1 (x, — x,2)

whose general solution is
x, = x2 + MA@ — t5)]2; A a constant of integration

We notice that the A function vanishes for t = 1,5, and thus x, and x,° corre-
spond to the same initial condition (xefy).

The Jacobian J, = 8x,/0A = [A(t’ — 1,)]*? is different from zero for
t’ > to. Given a final condition x,, = x’ at time ', we then determine the
value of the constant A associated with the point (xt"):

A= = 2 P)AC = )]

We thus obtain a sole trajectory going from (xyf,) to {(x't'):

D

x = x> + 75 (A — 1)1 t'> 1>t

x — xp
[A(t" — 1)]
Let us associate with this trajectory the probability density for arrival at x’
at time ¢’. It is then possible to calculate the mean and the variance of x, by
integration over x’, but it is better to deduce for A a probability density p
defined by p(A, t/ — 1o, Xo) dA = fx’, t" — 14, xo) dx’. Because of the expres-
sions which have been found for A and J,., it appears that p is a Gaussian
function only of A:

p(/\) = (2,”) ~1/25-A%/2

The set of the trajectories x, starting from (x,f,) and corresponding to all
the possible (x'7’) points can then be considered as a process z{f — f,, A, X,):

2(t = 1o, A, Xo) = X2t — to, Xo) + AA(t — 1)]"%; p(A) = (2m) 22
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We immediately check that the mean and the variance of this process z are
respectively equal to the mean and the variance of the process x(¢):

[ 2t = 10, 0 599 1 = 52 = 10, %0
f (2t — 19, ), %) — X2 — 1o, X)2p(N) A = A(f — 1)

Let us consider now the case of any (normalized) initial density I(¢) 5
3(¢ — x,). The mean of the process x(¢) is then

B0} = [ [ wand - 1)

X {exp = 2x ,;D((tt-_ tfs f)]z}] (&) d¢ dx

The transformation (£, x) — (£, A), such that x = z(¢t — ,, A, £), leads to

E{x(t)) = f f (2t — 1o, £) + AA(t — 19)]V%)
x (2m)~ V2= N2[(¢) dE dA

In this formula, we recognize the mean of the process z calculated with the
joint probability density for the two independent variables A and ¢. The same
is true for the variance. Moreover, due to the linearity of z with respect to A
and ¢, the calculation is achieved very easily:

E((0)} = xP(t — 1, 8); E= f £1(8) de

E{[x(t) — xP(t — to, OF} = €*¢(§ — £)* + A(t — o)

It should be noted that the particular form of the process z (in which A
and ¢ are separate and p is Gaussian) does not proceed from the simplicity
of the given example. Indeed we still obtain this form (A and Z separate,
p Gaussian) in more sophisticated linear cases [for example, X(r) in phase
space for any quadratic potential]. The results obtained above have therefore
a rather broad meaning.

4. CONCLUDING REMARKS

In this paper, we have considered a Brownian particle described by a
process X(2) in a field D linear and independent of time. With the process
X(®), starting from (X,f,), we associate a description intermediate between
the usual stochastic description (nondifferentiable trajectories)

dX(t) = D(X@)) dt + dW(t)
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and the classical deterministic description
dX;> = D(XP) dt

whose solution, for the initial condition (X,t,), is the mean of the previous
process.

In this intermediate description, to any final point (X't"), t' > #,, there
corresponds a unique differentiable trajectory X, going from (Xy1,) to (X )
and such that

dX,/dt = D(X,) — [M] grady, log /*(X,, t — 5, X,)

To this trajectory we assign the probability density fo(X’, t' — t,, Xo)
for arrival at (X't'). The set of the differentiable trajectories thus defined
constitutes a process (Z(t — to, A, X,); p(A)) whose mean and variance
matrix are the same as those of the process X(r) when (X,f,) is given. In the
general case, when Xj, is a random variable denoted E, with density I(Z), the
mean and the variance matrix of the process Z(t — t,, A, E), calculated with
the joint density /(E)p(A), are still the same as those of the process Xi ().

Thus, to the real Brownian particles, we associate quasiparticles whose
behavior presents both a certain deterministic aspect (in such a way that any
given initial and final conditions determine a sole trajectory) and a prob-
abilistic aspect (in such a way that a probability is attached to each of the
trajectories). However, the process Z which describes the behavior of these
quasiparticles is not equivalent to the process X(¢): it does not give back the
covariance of X(¢) at two different instants. Yet it presents the advantage of
simplicity. In particular, it allows us to achieve easily the calculation of the
mean and of the variance matrix of the process X(¢) for any given initial
density.

Finally, we note that the notion of Brownian quasiparticles introduced
here is of some interest in the context of the recent stochastic interpretation of
quantum mechanics (see, e.g., Refs. 2-6).

APPENDIX

In the case D = 0, the process X(¢) is reduced to the Wiener process W(t)
and for n = 1 we denote it, as in the text, x(¢). The associated Fokker—Planck
equation is the heat equation, whose fundamental solution is

PUstlxols) = 1 = fo, x0) = {4n(t = to= exp — =20

The mean and the variance of the process x(r) are, respectively, x, and

2(t — to)u. The process Y, which is introduced in the text, is written here

. P(xt|xot0) P(x't' | xt, x,
P(x't"|x,ty)

, t
Yt x5t X, tg) = O)dx; ">t >t
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where P(x't’'|xt, xoto) = P(x't’|xt) = fo(x', t' — 1, x) because of the Markov-
ian and homogeneous nature of the process x(¢). Thus

(t— to)x" + (t' — t)xo
' —t

y(t, x,’ t,9 Xo> tO) =

The mean of the process y being equal to x,, its variance is

E{(y B XO)Q} :f (M—-———{fﬂ))zfé(xly ' — to, Xo) dx' = 2/J, (_il-?:_t_—o)z

t’ fo

As stated in the text, the variance of the process y at time f is different from
the variance 2(t — t,)u of the process x(r) at the same time.
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Abstract

The objective of this paper is to identify the algebraic structure of statistical mechanics for Newtonian systems
as they actually occur in nature, that is, with forces nonderivable from a potential. For this objective, we first
review the definition of dissipative forces, nonconservative forces, and, more generally, variationatly nonselfadjoint
forces, the latter being the forces which violate the integrability conditions for the existence of a potential. We
then review Liouville's theorem in its original formulation, and show that this theorem is indeed capable of
incorporating variationally nonselfadjoint forces. By using this background, we then pass to the identification of a
number of properties of the statistical description of Newtonian systems of the class considered. Our major result
consists of the proof of a theorem according to which the time evolution law of densities for the statistical
description of variationally nonselfadjoint Newtonian systems can always be represented in terms of brackets
verifying the laws of the Lie-admissible algebras. Since these algebras are an algebraic covering of the Lie
algebras, the conventionat Lie-algebra formulation of statistical mechanics is recovered as a subcase when all
forces are derivable from a potential. This result establishes the direct universality of the Lie-admissible algebras
in statistical mechanics, in the sense that these algebras occur without redefinition of the tocal variables and
physica!l quantities, as well as they hold for all systems of the class considered. We then tackle the problem of
quantization of the statistics of dissipative phenomena, with particular reference to an algebraic reinterpretation of
the approach by Prigogine and his collaborators. The paper ends with a number of comments indicating the
physical relevance of our analysis with respect to: (a) the relevance of dissipative forces in plasma physics, with
particutar reference to the problem of stability; (o) the remarkable capability of the Lie-admissible algebras of
representing the forces of nature, with particular reference to the most general forces known at this time, the
superposition of local forces derivable from a potential, the local forces nonderivable from a potential, and the
nonlocal forces.

The present paper has been written in a rather detailed, self-contained form, readable by physicists and
mathematicians who are not necessarily familiar with nonselfadjoint forces and Lie-admissible algebras. Those
who are engaged in this field of research will kindly excuse unavoidable repetitions of elementary concepts.

*Supported by the U.S. Department of Energy under Contract Number AS02-78ER04742.
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I. INTRODUCTION.

The history of the physical applications of the dissipative forces, the non-
conservative forces or, in general, the forces nonderivable from a potential, is
rather remarkable.

At the time of the inception of contemporary analytic mechanics, the forces
nonderivable from a potential were rightly incorporated by Lagrange in his celebra-
ted equations via external terms (Lagrange, 1788), e.g., for the case of one parti-

cle in a three-dimensional Euclidean space,

d sl aL > > >

— =~ — = F(t,r,r N I.1a
dt aF  oF ( ) ( )
L=T(F) - V() , ¥F=z(xy,2) (1.1b)

-
where F represents the forces nonderivable from a potential. Hamilton's equations

were then written (Hamilton, 1834) :

idd

(I.2a)

<t

1

i

!
+
%
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H=T@) + V(¥ , p=L=mw . (1.2b)

@w |
Svh—

As we shall review in this paper, Liouville's theorem was originally formula-
ted in a way allowing full compatibility with Equations (I.1) and (I.2) (Liouville,
1838), thus allowing a statistical formulation for forces generally nonderivable
from a potential.

In essence, these authors appear to have been fully aware of the fact that
particles in our Earthly environment are subjected to forces which are not, in ge-
neral, derivable from a potential (such as in the case of dissipative forces, or
applied forces), without excluding the existence of particular Newtonian systems
with forces entirely derivable from a potential.

Rather oddly, since the beginning of this century, Lagrange's equations have
been "truncated", so to say, with the removal of the external terms, by acquiring

the form almost universally used in contemporary physical literature

d oL aL
el (I.3a)
dt of ar

L=T(H - V(@) . (1.3b)

As a result, Hamilton's equations were also "truncated", by acquiring the familiar

form
ap
(1.4a)
:6= "E;g H
ar
H=T(p) + V(F) . (1.4b)

Along similar lines, Liouville's theorem was also “truncated", as we shall



- 186 —

- 134 -

see later on, via the removal of a term representative of the forces ¥, by acqui-
ring the conventional form compatible with Equations (I.4).

The historical reasons for the reduction of the fundamental analytic equations
from their original form (I.1) and (I.2), to the simpler form (I1.3) and (I.4) are
unknown. Nevertheless, it is rather tempting to argue that this reduction is Tikely
due to the rather dominating character in the research of this century of the phy-
sical systems representable via equations {I.3) and (I.4), such as the planetary
system and the system of charged particles under the action of the Lorentz force.
After all, the quantization of these systems produced the solution of the problem
of the atomic structure, with a self-evident impact in the conceptual attitude of
the researchers.

Lately, however, a number of seemingly independent motivations have promoted
a sort of return "ad originem", that is, the study of the physical applications of
forces nonderivable from a potential. Without any claim of completeness, we quote

below the following cases.

- Newtonian Mechanics. The need to avoid an excessive approximation of the
Newtonian reality (e.g., for system with holonomic mechanical constraints, thus
producing dissipative effects) has forced the study of the methods for the treat-
ment of forces nonderivable from a potential. These efforts can, at this moment,

be classified into the so-called

(a) "Inverse Problem" of Newtonian Mechanics. It essentially consists of :
(i) the integrability conditions for the existence of the conventional equations
(I.3) and (I.4) -the so-called conditions of variational self-adjointness- ; (i1)
the methods for the computation of a Lagrangian or a Hamiltonian from the equations
of motion ; and (iii) the methods for transforming variationally nonselfadjoint
systems into a form representable via equations (I.3) and (I.4) (see Santilli 1978a,

1980a and quoted references).
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(b) "Lie-admissible Problem" of Newtonian Mechanics. It essentially consists
of the direct study of the generalized analytic, algebraic, and geometrical proper-
ties of the original equations (I.1) and (I.2). In particular, the brackets of the
time evolution law induced by equations (I1.2), when properly written, characterize
a covering of the Lie algebras called Lie-admissible algebras (see Santilli, 1978b

and 1979a, and the reprint volumes Myung, Okubo and Santilli, 1978a and 1978b).

~ Statistical Mechanics and Thermedynamics. A number of authors have initia-
ted the interpretation of irreversible processes via the use of forces nonderivable
from a potential and the study of the statistical/thermodynamical character of non-
conservative mechanics (see, for instance, Guiagu, 1966 ; Fronteau, 1966,1971 ;
Roman & Santilli, 1969 ; Fronteau, 1975 ; Salmon, 1975,1977 ; Dobbertin, 1976 ;
Enz, 1977 ; George, Henin, Mayné & Prigogine, 1978 ; Fronteau, 1979 ; Combis,
Fronteau & Tellez-Arenas, 1979). It is shown in (Tellez-Arenas, Fronteau & Combis,
1979) that the use of nonselfadjoint interactions is in full agreement with the

physical assumptions which constitute the foundations of statistical physics.

- Astrophysies. The flattening of a galaxy may be explained via a model which

postulates inelastic collisions between the objects in the galaxy (Brahic, 1977).

- Accelerator Theory. Bremstrahlung is used to focus electrons (Kolomensky &
Lebedev, 1962). Also, a comparable effect is obtained for heavy particles by coo-
ling the beam with Coulomb collisions on an auxiliary electron beam, giving rise,

on an average, to a frictional force (Budker et al, 1974).

~ Nuelear Physics. The quantum mechanical study of dissipative effects has
lately seen a considerable increase in nuclear physics (see, for instance, Norenberg
& Weidenmiiller, 1976 ; Hasse, 1577, and quoted references). In connection with this
discipline, a number of extensions of the Schrodinger equation have been proposed
(see, for instance, Kostin, 1975 ; Fronteau & Tellez-Arenas, 1976 ; Yasue, 1977 ;

Santilli, 1978d ; Yasue, 1978).
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- Hadron Physics. The study of the old idea that the strong interactions are
nonderivable from a potential has been recently intensified (Santilli, 19784, 1978e,

1979a and 1980b ; see also Myung, Okubo and Santilli, 1978b and 1979).

In this paper, we shall first recall the notion of dissipative, nonconserva-
tive and, in general, variationally nonselfadjoint forces (Section II). We shall
then review Liouville's theorem in its original formulation (Section III}), and iden-
tify an algebraic character of classical statistical mechanics for forces nonderi-
vable from a potential (Section IV). This will allow us to tackle the problem of
quantization of the statistics of dissipative phenomena, and to propose a possible
generalization of the conventional Lie formulation for the quantum evolution law
(Section V). A number of comments on the possibie relevance of this physically and

algebraically broader approach to statistics will be also presented (Section VI).

IT. DISSIPATIVE, NONCONSERVATIVE AND VARIATIONALLY NONSELFADJOINT FORCES.

1°) Dissipative systems.

Let us state as clearly as possible what we understand by "dissipation” of
energy. We shall say that a system of particles (with no applied forces) is dissi-

pative when the total energy Etot =Ekin +E is monotonically nonincreasing in

pot
time (Santilli, 1978a, p.229), i.e.,

Etctltl > Etotltz N tl <t2 . (II.l)

This definition is intended for conventional Newtonian systems, such as particles
moving in our atmosphere, spinning tops with drag torques, systems with holonomic
mechanical constraints, etc... In general, these systems are open, in the sense

that they cannot be considered as isolated from their environment. The energy lost
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by a system is then acquired by its environment and cannot be recuperated via a
variation of any potential. The monotonicity condition ensures the existence of
dissipation at all times. The equality in condition (II.1) also allows the inclu-
sion of the class of conservative systems as a particular case of the broader class

of dissipative systems.

2°) Conservative systems.

We are now in a position to state what we understand by “"conservation" of
energy. First, it is trivially understood that for any closed system of particles
(that is, systems which can be considered as isolated from their environment) the
total energy is conserved. Nevertheless, this property alone is insufficient to
identify the desired notion of conservation, and the following differentiation

becomes essential.

Typically, ﬁhese are systems of (point) particles moving in vacuum without

collisions and with only action-at-a-distance forces derivable from a'potentia1.

Consider an open dissipative system such as a satellite in Earth's atmosphe-
re. This system is subjected to forces derivable from a potential {the gravitatio-
nal force) and forces nonderivable from a potential (po]ynomial expansions in the
velocities). In the transition to the corresponding closed system comprising the
original dissipative system and its environment (that is, the Earth with its atmo-
sphere for the case at hand) the total energy is conserved. Nevertheless, the
internal dissipative forces and effects persist. We simply have in this case mutual
exchanges of energy between the components of the system via forces nonderivable
from a potential. This second class of conservative systems is discussed in a sepa-

rate paper of these Proceedings (Tellez-Arenas, Fronteau & Santilli, 1979).
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3°) Nonconservative systems.

Finally, we are in a position to state what we understand by “nonconservation"”
of energy. Conservative and dissipative forces do not exhaust the forces of Newtonian
Mechanics. A third relevant class is given by the so-called applied forces. These
are external forces applied to the system considered (e.g., an oscillator) to preser-
ve the motion for the desired period of time (without an external supply of energy,
any motion in our environment decays in time). More generally, applied forces can
supply an arbitrary amount of energy to the system considered. We reach in this way
the following definition.

Nonconservative systems are generally open systems of particles (often called
dynamical systems) subjected to a collection of conservative, dissipative, and
applied forces for which the total energy can continuously but arbitrarily vary in

time (Santilli, 1978a, p.233).

E > E »  Ty<t . 11.2
tot]tl Z tot[t2 1="2 ( )

A typical example is given by the damped and forced oscillator, for which the varia-
tion of the energy in time is arbitrary, because dependent on the relationship of
the dissipated and supplied energies. )
In conclusion, a distinction among "conservative systems", "dissipative sys-
tems" and "nonconservative systems” is that :
- in the first case, the energy is conserved ;

- in the second case, the energy is nonincreasing in time ; and

- in the third case, the energy varies arbitrarily in time.
Almost needless to say, when the nonconservative (dynamical) systems are con-

sidered as a class, they are inclusive, as particular cases, of the dissipative and

the conservative systems.
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4°) variationally nonselfadjoint forces.

The variational characterization of the forces for the systems considered is
treated in detail in (Santilli, 1978a). We limit ourselves here to recall the notion
of variationally selfadjoint and nonselfadjoint forces.

A Newtonian force F(t,F,r) , ¥ 2(x,y,2), is called variationally selfadjoint

when the following conditionsAare verified :

N
(a) The force f is of at least class ¢t ina (star shaped) neighborhood of
g
its variables.
>
(b) The force f is at most linearly dependent on the velocity, i.e., of the
type
f

i = gy(tF) P4 og(tF)  i=xyz (11.3)

(c) A1l the following conditions of variational selfadjointness are verified

in the neighborhood considered

pij+pj'i=0 s

%45, %P4k . %Pki _
Bttt =0 ,
ar ar ard

(11.4)

apij B 80i Boj

—_— - s 1.d.k=x.¥,2 .
ot oy ar!

Under these conditions, a potential function U(t,F,F) verifying the familiar

rule
5
Fo-M,d N (11.5)
or dt ar

exists and can be computed from the force F via the methods of the Inverse Problem
(Santilli, loc cit.). When at least one of conditions {(II.3) and (I1.4) is violated,

the force is called variationally nonselfadjoint.
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Notice that conditions (a), (b) and (c) above include the Lorentz force which,
therefore, is variationally selfadjoint.

A1l conservative forces, (as those which govern the entire evolution of sys-
tems of the class 2°)a, are variationally selfadjoint, while dissipative forces are,
in general, nonselfadjoint. With regards to applied forces, a number of them are
selfadjoint (e.g., applied forces only dependent on time). However, appiied forces
are, in general, nonselfadjoint.

As a result, the notion of variationally nonselfadjoint forces constitutes a
technical characterization of the most general possible, local, Newtonian forces,
where the term "local® is intended to exclude integrodifferential forces, and the
term "Newtonian" is intended to exclude acceleration dependent forces.

The notion of variational se?fadjointness extends to systems of second-order
ordinary differential equations, e.g., of the Newtonian form, in whicH case we shall

write

I ¥ - F(t,5,F)1g, = 0 (11.6)

and provides the integrability conditions for the existence of the so-called direct

analytic representation in terms of the (truncated) Lagrange's equations

(11.7)
L= T(F) - U(t,F.F)

These systems are highly restrictive for the analysis of this paper. Indeed, they

are a subclass of the most general possible, local, Newtonian systems
%[m F - F(6EF) g - F(t,?,?)%NSA =0 (11.8)

where NSA stands for nonselfadjointness of the forces (and of the systems). For
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these latter systems, Lagrange's equations in their original conception (I.1) are

directly applicable (that is, applicable without equivalence transformations) ac-

cording to the rule

d oL _3L _Z g %%
Et_g-;%-pz{[mr flgp ?}NSA (11.9)

Hamilton's equations with external terms representative of the nonselfadjoint

forces are then directly applicable according to the scheme

Loy - @) A e
dt axVy
¥ 0 1 BH/ ¥ 0
5 -1 0 aH/ 3P F
% E/m 0
- - - (11.10)
B }F E(t,7.D)
(r)/ fsa Tan)/ nsa
= 0

where, for simplicity but without loss of generality, we have considered the case

when the selfadjoint force is only dependent on F.

The statistical analysis of this paper 1is based on systems (II.10).

IIT. LIOUVILLE'S THEOREM IN ITS ORIGINAL FORMULATION.

In this section, we will recall Liouville's theorem in its original formulation
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(Liouville, 1838) and show that it is indeed capable of incorporating variationally

nonselfadjoint forces.

1°) Liouville's theorem.

Given a differential system
K. Fxry=0 , .XERn , (111.1)
where the vector field Efrhas only to satisfy usual regularity conditions which are
unessential here, we consider the solution
X, = X(t,Xo)

written in terms of the initial condition X,.

The theorem of Liouville states that* the Jacobian Jt

satisfies the relation
d .
4 Log 19| = divyF (111.2)

where divxgﬁl is evaluated for X =Xt.

This result has an immediate geometrical interpretation. Denoting the element
of volume in the X space at time t as dXt, the time evolution of dXt is governed by

the Jacobian Jt, according to the rule

ax, = %%%i dXo = [0 dXp - (111.3)

*Liouvi11e‘s theorem is even a slightly more general result, since it is in fact
related to the solution written in terms of the integration constants (Liouville,
1838 ; Tellez-Arenas, Fronteau & Combis, 1979}, and not in terms of the initial

conditions.
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To appreciate the physical meaning of this rule, it is useful to identify (III.1)
with the dynamics (II.10) in the case of a one particle Newtonian system with self-

adjoint and nonselfadjoint forces :

r pi/m 0
X = s F(X,t) = + (111.4)
Py fi(?) SA Fi(t,F,E/m) NSA

i=1,2,3=x,y,2

In this case, (IIL.2) becomes

% Log 19,1 = g—ﬁ; Finsa » (sumover i) . (111.5)
Thus, if there were only selfadjoint forces (Hamiltonian system), we would recover,
from (II1.5) and (II1I.3), the usual time conservation of the volume element in pha-
se space. But the presence of nonselfudjoint forces has a fundamental consequence :
the element of volume in the dynamical space varies in time according to the rela-

tion (II1.5).

2°) Statistical application of Liouville's theorem.

The transition from the one particle dynamicsto the statistical profile is
realized through the introduction of a density'p(x,t). If there are neither creation
nor annihilation of states during the time evolution, we can write the following

conservation condition
p(Xt,t) dXt =p(Xg.tp) dXq , V L (I1I1.6)

or

p(X¢,t) ldtl = constant
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Consequently, (II1.2) becomes,
g Log p(Xgst) = - (divXEF3X=Xt (111.7)
or, equivalently,
gf o+ divy(pF ) =0 . (111.8)

Recall that, in (III.8), all terms are evaluated for X=X, ; moreover, {111.8), which
appears as the equation of continuity in the X space, is often called the generali-
zed Liouville equation but, in fact, it is nothing more than the true Liouville equa-
tion emerging from (III.2).

In the dynamical case (III.4), the relation (III.7) becomes

d . _ 2
EELog p.= —E—E;Fi,NSA (III.Q)

Thus, if there are only selfadjoint forces, the density p is a constant of motion,
as well known. However, if nonselfadjoint forces are introduced, the density p va-
ries with time.

Note also that (II1.9), or (III.8), is equivalent to the relation

) 3p 3 =
TP T [p,H] + Fi,NSA 55;.+ p 55;'F1,NSA =0 (I11.10)

which, for FNSA =0, reduces to the usual conservative (“truncated") Liouville equa-

tion

2ot lofl=0 . (111.11)

Thus, the transition from the selfadjoint case to the nonselfadjoint case introduces

two supplementary terms . The first one, F , modifies each Hamiltonian tra-

3p
i,NSA 3p;
jectory, and the second one, which is essential from a statistical viewpoint,

p %Bf Fi NSA® modifies the dynamical space itself, in the vicinity of the actual
'l 3
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trajectory. The influence of these two terms on the algebraic structure .of statis-
tical mechanics will be studied in the following sections.

It should finally be noted that the meaning of the original Liouville's theo-
rem has been brought to light mofe than one decade ago (Fronteau, 1965) and that at
the same time Liouville's demonstration was rediscovered as a new one (Guiagu, 1966).
Note also that the Liouville equation, with a Lie-admissible structure, has been de-
rived by (Roman & Santilli, 1969) for a particular case of forces nonderivable from a
potential. However, different authors working on nonselfadjoint forces continue to
ignore today the original work by Liouville and to propose some proofs of the

Liouville equation (Gerlich, 1973 ; Enz, 1977 ; Steeb, 1979).

IV. THE LIE-ADMISSIBLE STRUCTURE OF CLASSICAL STATISTICAL MECHANICS.

1°} Conservative statistical mechanics.

Let us first review the Lie algebra structure of the conventional case of sta-
tistical mechanics for conservative forces. For clarity, we shall 1imit ourselves

to a presentation as elementary as possible.

The equations of motion in first-order form (vector field on the cotangent

bundle), for a Newtonian particle under the action of conservative forces, are gi-

ven by
T B/m
MoZro=0 L el ). (@Y - ’ (-
(] HG)

w=1,2,3,4,5,6 .
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and admit the following direct representation in terms of the conventional (that

is, "truncated") Hamilton's equations

- m""fg—v = XM - TMx) = 0 (1V.2a)

O3x3  laxs
(o*V) = . (1v.2b)

~laxs  Osxs

These assumptions imply that the brackets [A,H] of the time evolution law of
functions A(¥,B) in the phase space of the (canonically conjugate) variables ¥ and

- n . .
p, i.e., the conventional Poisson brackets,

A= [AH] = 2 v 3 2R OH AR Al (1v.3)
axH aX¥  ar ap  ap or
verify the Lie algebra Taws
[A,B] + [BLAl=0 , (1v.4a)
[tA,81,C] + [18,C1.,A] + [(C,A1,B] =0 . (1v.4b)

For later use, it should be recalled here that the brackets [A,B], first of
all, verify the conditions to qualify them as the product of an "algebra" as commonly

understood, that is, they verify the distributive and scalar rules
[A,B+C]1 = [A,B] + [A,C] , [A+B,C] = [A,C] + [B,C] (Iv.5a)
[0A,B] = [A,aB] = a[A,B] o = Number . (IV.5b)
Secondly, the brackets [A,B1 characterize a nonassociative algebra, i.e.,
[ta,81,C] # [A,1B,C1] . (1V.6)

Thirdly, this nonassociative algebra is a Lie algebra, on account of the verifica-

tion of properties (IV.4) for all functions on phase space (satisfying certain
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smoothness conditions unessential for our analysis).

The restriction of the forces to be conservative, and the representation of
the equations of motion via the "truncated" Hamilton's equations has the following
primary implications from a statistical viewpoint.

First of all, we have the trivial property

divy Z(X) =3;.3§+9.;(-9-ﬁ. =0 . (1V.7)
ar 3 ap \ or

Secondly, the time evolution law of densities p(t,F,E) is given by the con-

ventionally used Liouville's equation

—q-.-p =a_+.§£ ﬁﬂ_éﬁ Qﬂ
dt at  ar p ap ar

(1v.8)
=35 4 [p,H] = 0
and, as such, it exhibits a Lie algebra structure.

Thirdly, the structure of the product of the Lie algebra of the one particle
evolution, equation (IV.3), coincides with the product of the Lie algebra of the
statistical evolution, equations (IV.8).

The same algebraic structure, at both the one particle level and the statis-
tical level, is preserved for the more general class of variationally selfadjoint
forces, that is, the forces verifying the integrability conditions for the existen-

ce of a potential.

2°) Nonconservative statistical mechanics.

As stressed in Section II, the variationally selfadjoint forces do not exhaust,

by far, the forces of Newtonian Mechanics. To avoid unnecessary and excessive physical
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restrictions, we therefore consider a Newtonian particle under the action of the
most general possible, local, Newtonian forces. These forces can be decomposed,
according to Equations (II.8) into a term which is variationally selfadjoint (de-
rivable from a potential) and a term which is variationally nonselfadjoint (nonde-

rivable from a potential).

The first-order (vector field) form of the equations of motion are now given

by
¥ p/m 0
o u - p -
- ZH - Rsa(tX) =0 L (M) = ] Solo T W GV
p foplr) FysA
b= 1,2,3,4,5,6. ‘ (1V.9)

where, for simplicity but without loss of generality, we have considered the subca-
se when the selfadjoint force is only dependent on ¥ (but the nonselfadjoint force
js unrestricted). Equations (IV.9) admit a representation in terms of Hamilton's

equations in their original form according to Equations (11.10), i.e.,

By %HF - Fhep = - TR - Pt =0 (1V.10)

A primary implication of this physically and mathematically broder setting

is the following. The brackets AxH of the emerging time evolution law
A(X) = A(F.B)
== - = e (Iv.11)

_9A  uv H A M A Lu
B
ax¥ ax¥  ax
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‘do not characterize an algebra any more, because they violate the right distributi-

ve and the scalar law (Santilli, 1978b, p.300).

Ax{(B+C) # AxB + AxC
(1v.12)

(aA) xB # A x{aB)

Nevertheless, for all systems cansidered, one has aH/api #0 for all i =1,2,3 =x,y,2,
and we can always rewrite the nonselfacjoint forces in the form

pu o qe

™ = TV (1v.13)
NSA ax¥

with the trivial, diagonal, algebraic solution

O3xs  O3xs Fnsa/ (3H73p1) O 0

(THY) = S3x3 = 0 F, nsa/ (2H/ap,) 0
03X3 S3x3 0 0 F3,NSA/(8H/ap3)
(1v.14)

Representation (IV.10) now reads

XM - S™V(t,X) aH(X)
aX¥

X - E“_‘ll(x) - F;qLSA(tsX)

Oaxs3 13x3
(s*V) = (&*Y) + (T™Y) = (1v.15)

~laxs  Sax3
det (™) =140 X

and the brackets of the time evolution law acquire the form

R =R g al oA o A ML oA s ST gy g
axH ax’ orl opy  apy or'  apy M
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- :
For given Hamiltonian H and nonconservative forces Fycp (i.e., for a given matrix
s3,3(t,¥.B)), these brackets (A,B) verify the following properties (Santilli, loc.
¢it. p.311, and 1978c, p.1294).

(i) The brackets (A,B) characterize an algebra, that is, they verify the left

and right distributive and scalar law
(A,8+C) = (A,B) +(A,C) , (A+B,C) = (A,C) +(B,C) (1v.17a)

(«A,B) = (A,aB) = a(A,B) , a = number . (IV.17b)

(i1) The algebra characterized by the brackets (A,B) is nonassociative (as for

the case of the Lie algebra), i.e.,

((A,B),C) # (A,(B,C)) (1v.18)

(iii) The brackets (A,B) characterize an algebraic covering of the Lie algebras
called Lie-admissible algebras. These algebras, in the Newtonian realization consi~

dered here, are characterized by the law
((A,B),C) + ((B,C),A) + ((C,A),B)

+ (C,(B,A)) + (B,(A,C)) + (A,(C,B))
(Iv.19)
- (A,(B,C)) - (B’(CaA)) = (C,(A,B))

- ((C’B)’A) = ((B:A)aC) - ((A,C),B) =0

The product (A,B) is neither totally symmetric nor totally antisymmetric. Neverthe-
less, when such a product is totally antisymmetric, the Lie algebra law (IV.4a) is
trivially verified, and law (IV.19) reduces to four times Jacobi's law (IV.4b}. A
first interpretation of the covering nature of the Lie-admissible algebras over the

Lie algebras can then be expressed by saying that the former admit the latter as a
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particular case. A second interpretation of this covering profile is provided by
the property that the reduction of the product (A,B) to a totally antisymmetric
form, i.e., [A,B], is representative of the null value of the nonselfadjoint forces
in equations (IV.16). Thus, the algebraic property of the Lie-admissible algebras
of being a covering of the Lie algebra possesses a direct and immediate physical
interpretation in terms of the nature of the forces acting in the time evolution
law. In particular, the forces nonderivable from a potential are embedded into the
algebraic product (.,.) and are represented by the departure of this product from
the Lie product [.,.].

These ideas can be equivalently expressed by saying that the product (A,B) is

Lie-admissible because the so-called attached product
[A.B1™ = (A,B) - (B,A) = 2[A,B] (1v.20)

is Lie, that is, it verifies laws (IV.4).

The extension of the preceding algebraic structure to statistical mechanics,
through Liouville's theorem, is rather intringuing. (Note that this study of the
algebraic structure of nonconservative mechanics is apparently considered in this
article for the first time).

First, for the sake of clarity, et us note that the variables ¥ and P do not
span a phase space for systems (IV.15) because they are no longer canonically con-
jugate. They span a more general space called dynamical space {Santilli, 1978b and
197%a). The conventional phase space, however, is admitted as a particular case,
trivially, when all forces are derivable from a potential.

The time evolution of densities p(t,?,ﬁ) in this broader dynamical space is
now given (see (II1.9)) by

do 3

= -8 rmE o g = - d
i o o (=7 + FNSA) p o Fi,NSA (Iv.21)
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that 1is

ap ) _
g+ (poH) + 0 357 Finsa =0 (1v.22)

where, of course, we have now made full use of Liouville's theorem in its original
formulation (equation (II1.2) and then (III.7)).

An inspection of equations (IV.22) indicates the emergence of a first layer
of Lie~admissible algebras, in the sense that the Lie-admissible one particle
Newtonian product now enters into the definition of the time evolution law of den-
sities. However, this product alone does not characterize the entire time evolution
law of densities, trivially, because of the presence of the additional term

F Indeed, this agrees with the physical meaning of density, whose varia-

]
® 3p; 1.NSA®
tion along any given trajectory is closely related to the variation of the element

of volume in the vicinity of the trajectory considered (see Section III).

3°) Algebraic structure of nonconservative statistical mechanics.

We will now show that the study of the algebraic structure of nonconservative
statistical mechanics reveals a second layer of Lie-admissible algebras, capable
of providing the complete algebraic representation of the time evolution law of
densities, equation (IV.22). To identify this second layer, the notion of <sotopy

is needed.

Let U be an algebra with elements a,b,c,... over a field S (here assumed of
characteristic zero) and abstract product ab. An isotopic mapping of the algebra U
or an U-isotope is an algebra, say, U*, which coincides with U as vector space
(that is, the elements of U and v coincide), but whose product axb is given by any
modification of the product ab, via elements of U, which is such as to preserve the

algebraic law of U (that is, if U is associative, or Lie, or Jordan, etc..., U* is
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also associative, or Lie, or Jordan, etc..., respectively). For studies on this
notion of isotopy, see (Santilli, 1978b and 1979a). For more recent studies, see
the contribution to these proceedings (Myung & Santilli, 1979). An example of

Newtonian isotopy is provided by the Lie algebra isotope (Santilli, 1978b)

[A,B] = % W % - [A,B]" = % 2" (X) -‘% (1V.23a)
3 b} 9 3
-1\mv
BR.(X) R (X
(2"%) = ———"i ). —«‘i—\(, ) = W*Y + APV(X) (IV.23b)
aX aX

which characterizes the transition from Hamilton's equations to the so-called

Birkhoff's equations.
In this paper, we are interested in the Lie-admissible isotopy, that is, any

modification of the product (A,B) which satisfies the following rules :
(1) the base manifold with local coordinates ¥ and E is unchanged.

(i1) the vector space of the algebra (here given by functions of the (¥,B)-

coordinates) is also unchanged.

(i1i1) the isotopy occurs via a modification of the structure of the product

(A.B) in termsof elements of the vector space.

(i1ii) the new product (A,B)* verifies the Lie-admissible laws (IV.17,18,19).

Writing the new product (A,B)* in the following way,

(A.B) = zTA“ SHV(t,X) -:-% - (A,8)* = :jl;.; $*H(¢ x) —:% (1v.24)

one of the simplest possible realizations of the Lie-admissible isotopies in one

particle Newtonian mechanics is given by
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Ozxs  l3x3 O3x3  laxs
(sW) = - V= (1v.25)
-laxs  S3x3 “laxs  (s+5%)3x3
s=s s =T

that is, it is provided by the addition to the symmetric matrix (Sij> of a new sym-

. . * . . .
metric matrix (sij) defined in the same variables.

3.b) The Lie—admissible isotopy associated with nonconservative

The central theorem which shows the jsotopic character of the time evolution
law for densities, i.e., equation (Iv.22), is obtained by means of the following
vesult, which is easily verified : assuming that the density o(t,F.p) and the
Hami Ltonian H(?‘,E) always depend on all components of 3, the divergence term

p“a_g—Fi NSA in Liouville's theorem (IV.21) always admits the representation
-i 3

8 3 oA 6
° b T1,NSA T Py “1d 9p; (1V.263)

no sum here

b
Syt 0 0 r..__-/\—-——-——-‘
* 9 ] 3H
S?‘;XB: 0 5;2 0 ’ S],‘ =p -56— F1 ,NSA/%% -55— (IVZGb)
0 0 sty i i %
. O3xs  Osx3
2 = B0 pruv 3 THHVY =
P 3p; THLNSA T i el (T . -
O3x3 S3x3

As a result, the time evolution law of densities, equation (IV.22), can always
be written in the form

_jﬂ+§£_,.§_|'_L_§Q_3_H_,+_§Q_5_,_3_ﬂ_+_3_9_5*f,§H_

st ar' apy 9Py ar'  apy 1 }; 3P4 R o
) p KM 2, omF=0 . 1v.27
It + (Q’H) + 3P+ S".] 3pj 3t (pr ) ( )
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For a given statistical system {i.e., for givern matrices s and s*), the new

brackets (A,B)* are such that
(A,B)" - (B,A)" = (A,B) - (B,A) = 2[A,B] (1v.28)
which proves that the new product (A,B)* is Lie-admissible and thus that it is an
isotope of (A,B).
This algebraic property‘has the following direct physical interpretation. As
indicated earlier, the one particle Newtonian product (A,H) is neither totally symme-

tric, nor totally antisymmetric. As such, it can be decomposed into a totally sym-

metric and a totally antisymmetric part according to

(AH) = A suv(t,x) aH
ax¥ ax¥

(1v.29)

N

T — )

=3 v i L BR quviy yy OH
ax® ax¥  ax¥ ax”

[AHI + {A,H}

L]

WV o= - WV TEV(X) = TYVH(LLX)

[A,H]

- [HAT ., {AH} = {H,A}

N
The nonselfadjoint forces FNSA are entirely represented by the symmetric part,
according to the rule (IV.13) or

H uv 9H u
(W -y E W o . (1v.30)
ax¥ ax’ NSA

It is in this sense that, as indicated earlier, the forces of the one particle
Newtonian reality are embedded into the structure of the algebraic product. In the
transition to the statistical profile, this situation persists, in the sense that
the isotopically mapped product (p,H)* is also neither totally antisymmetric nor

totally symmetric and admits the decomposition
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P
(o) = 2 sty 2
ax™ aX
2 v Ay B0 puvge yy Ay o gty A (1vat)
ax" ax¥  ax® ax¥  ax¥ ax®

= [p,HI + {psH} + {DsH}* > T*uv.z T*VU

The totally antisymmetric part, [p,H]l, of this product represents the conventional
Liouville's case for conservative forces. The symmetric part is made up of two terms,
the first, {p,H}, of one particle Newtonian origin, and the second, {p,H}*, of sta-
tistical origin. As a result, the divergence term p'E%;Fi,NSA of Liouville's theorem
in its original formulation becomes embedded into the structure of the algebraic
product, via a symmetric term which is additive to the one particle Newtonian term.
These results can be expressed via the following theorem, which we shall refer
as the theovem of direct wniversality of the Lie-admissible structure of statistical
mechanics, where the term "direct" stands to indicate that the Lie-admissible alge-
bras occurs without redefinition of the equations of motion, of the Hamiltonian and
of the local variables, and the term “"universality" stands to indicate that the
Lie-admissible structure is possible for aZl Newtonian systems of the class consi-

dered.

THEOREM. The time evolution law of densities for the statistical deseription of
variationally nomnselfadjoint Newtonian systems always admit a Lie~admissible struc-

ture aeecording to equation (IV.27).

4°) Résumé of Section IV.

We can resume this section by saying that the admission of the most general

possible local Newtonian forces (the variationally nonselfadjoint forces) has the
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following primary implications :

(a) It is naturally compatible with Liouville's theorem in its original for-
mulation, rather than the reduced version of this theorem used in most of the con-

temporary literature.

(b) It implies the necessary violation of the Lie algebra structure of con-
ventional statistical mechanics for conservative forces, under the condition that
the equations of motion, the Hamiltonian (defined as the total physical energy, ki-
netic plus potential)and the local variables are preserved (see Appendix for com-

ments when this condition is relaxed).
(c) It implies the emergence of the Lie-admissible covering of the Lie algebras.

(d) The products of the one particle Newtonian description, (A,H), and of the
statistical description, (p,H)*, are both Lie-admissible. Yet the latter is physi-
cally broader than the former, in the sense that it contains an additional term re-
presentative of the time variation of the volume element in the dynamical space
(Lie-admissible isotopy). This feature is completely absent in the conventional, Lie,
statistical description. Indeed, in this case, the structure of the one particle
Newtonian product [A,H] from equation (IV.3) and that of the statistical product

[o,H] from equation (IV.8), coincide.

-
(e) The forces FNSA nonderivable from a potential and the divergence term
piﬁ}TFi NSA of Liouville's theorem are directly represented in the structure of
" ?
the Lie-admissible product and, more specifically, are expressed by its symmetric

parts.

V. THE LIE-ADMISSIBLE STRUCTURE OF QUANTUM STATISTICAL MECHANICS.

Another reason for our interest in the Lie-admissible formulation of statistics
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rests on possible contributions to the problem of quantization. This is another
field of physics which has lately seen outstanding advances, particularly in the
case of dissipative forces (see, for instance, George et al, 1978, and quoted re-
ferences). However, most of these efforts are still based on the quantum mechanical
form of Liouville's equation (1V.8), that is, the so-called Liouvilie-von Neumann

equation

3
3

O

i

|

“Llp =0 , #fi=1, (v.1a)

ot

., ps L, H=0Q.M operators . (v.1b)

1l
e w4}
Ao )
i
ARl
o

Lp = [Hpl

o

Dissipative forces are then treated via a careful use of nonunitary transformations
(see George et al, loc. cit.).

There is no doubt that this‘approach constitutes a genuine advancement over
conventional, quantum mechanical treatment of statistics and, as such it is indeed
able to accomodate forces more general than the simplistic forces ? =—aV/5;. The
aspect in which we are interested is whether there exist a still more general for—
mulation of the quantum mechanical treatment of the statistics of dissipative phe-

nomena.

1°) Preliminary remarks.

There is little doubt that the nommitary transformations play a fundamental
role for the description of dissipative phenomena. Our view on this aspect can be
presented as follows. One of the crucial implications of the presence of external
terms nonderivable from a potential in the time evolution law (i.e., the transition
from the “truncated" Hamilton's equations to their original form,or from (IV.3) to
(IV.16)) is that the time evolution of the system is no longer a canonical transfor—
mation as in conventional conservative mechanics. Instead, such a transformation is

canonical-admissible (Santilli, 1978b, p.325 ; see also the contribution to these
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Proceedings by Kobussen & Santilli, 1979) in the sense that the time evolution,

from X at time 0 to X' at time t,

n

, . 2 .
XH =Xt % Mo+ ;T L

X4 %(X“,H) + %((x“,H),H) b ... =t

t af , aH(X) 3
57(0.%) EY.CI) CONT]
e X (v.2)

violates the condition for a transformation to be canonical, that is, it does not

preserve the fundamental Poisson brackets,

t ] 1 lu LAY
B o B R A [ L A VA
ax® aX
[rT’rJ] [VI:Pj] 0343 lays :
WtV = _ 4 = (V.3b)
[pi,rJ] [Pispj] ~l3xa O3x3

Clearly, if the time evolution is not canonical at the classical one particle
Newtonian level, its quantum mechanical image is necessarily nomunitary in order to
preserve the correspondence principle. This illustrates the necessity of performing
the transition from the conventional unitary transformations to the more general
class of nonunitary transformations for any effective quantum mechanical description
of dissipativity. This aspect is fully in line with the approach by (George et al,
loc. cit.).

There are, however, other, rather crucial implications of the full technical
treatment of dissipative forces. That which is most relevant for this paper is the
property that, at the Newtonian Teve], the product of the time evolution law is
necessarily non~Lie, under the condition of being referred to the physical,‘total,

(i.e., kinetic plus potential) energy. (Santilli, 1978b, 1978c, 1978d, 1979a and
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1979b). This can be trivially seen from the fact that the Lie product is totally
antisymmetric. Suppose that the brackets of the time evolution under genuine dissi-
pative forces (that is, nonselfadjoint forces),
Axy = & g R (v.4)
ax®
characterize an algebra (i.e., they verify conditions (IV.5)) and suppose that H(X)

represents the physical, total energy of the system. Due to the antisymmetric natu-

re of the Lie product, the Lie realization of law (V.4) would imply the property
H(X) =HH=0 , H(X) = constant (v.5)

which is contrary to physical evidence, as well as contrary to the'necessary condi-
tion for the system to be dissipative (Definition of Section II).

As a result, a quantum mechanical description of the statistical mechanics of
dissipative systems based on the conventional Lie algebra product for the time evo-
lution law, equation (V.1), is open to generalizations, particularly under the con-
dition of compliance with the correspondence principle.

We are referring here to the expectation that, if the product of the time
evolution law is non-Lie at the Newtonian level, it is expected to remain non-Lie
at the quantum mechanical level, thus yielding a generalization of law (V.1). Ne-
vertheless, Lie's formulations of this topic are not excluded here and, before
introducing the non-Lie formulation, it may be useful to recall the Lie aspect of

the problem (see also appendix).

2°) Lie formulation.

As was recalled in 1°), a necessary condition for mathematical and physical
consistency in this case, i.e., Lie formulation, is that the function H does not

represent the actual, nonconserved, physical, total energy. Instead, it is an
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vauxiliary function" (in the language of Santilli, 1979c) assisting in the treat-
ment of the problem. This aspect too is in line with the approach by Prigogine and
his collaborators (George et al, loc. cit.).

We will now show that, in fact, a second necessary condition is that the pro-
duct of the time evolution law Zs not the conventional, trivial Lie-product AB-BA,
but instead it is given by the more general isotope

[AB1" =ACB-BCA , C=fixed . (V.6)
This latter aspect can be directly seen via the use of the nonunitary transforma-
tions. Suppose that the system is indeed described at a given value of time by the
trivial Lie product Aﬁ-ﬁﬁ, where H is the “auxiliary operator® conventionally called
the Hamiltonian. As indicated earlier, a necessary condition for the time evolution
of this system under genuine dissipative forces is that the time transformation is
not unitary. A most significant class of nonunitary transformations is given by the

so-called unitary-admissible transformations (Santilli, 1978d)

A - i\' = e‘itHS A e'itRH (V.7)
A=0t, R#RT, §#s5t, AS.RH1#0 . (v.8)

To appreciate the physical meaning of transformations (V.7), note that they yield

immediately

A o (AR - RSR) = (ALH)

P

iA =i lim
0

where (A,ﬁ) is Lie-admissible, Since Lie-admissibility is associated with nonself-
adjoint forces, it appears clearly that (V.7) represents evolution under the influen-
ce of such forces. These transformations (V.7) are said unitary-admissible in the
sense that they are nonunitary, yet they trivially recover the conventional unitary

transformations at the values R=S=1. Also, transformations (V.7) are a quantum
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mechanical image of the Newtonian transformations (V.2).
Consider now the unitary-admissible transformations of the Liouville-von Neumann
equation. It is easily seen that, under these transformations, this equation is

transformed into a Lie isotope according to the rule

i-g-‘%- (fpl=0 - 1_2_"%:- 1 =0 (V.9a)
e hpEt, W oaRE, seeltS s o~ TRH (V.9b)
A',p'1* =R Co' - 5" CAY, T-= HHRA it (V.9¢c)
Indeed B
HHHS [ =g onTtRA _ (ithS o -1eRA SRR -ithS ithS efitﬁﬁ
- oithS 5 o itRA JTtRA -1tRS (ithS 4 -1 HRA (V.10)

- it G TERH -itHS 5t -5 QItRH -1tHS go e vy
Thus, not only H does not represent the total physical energy, but the product of

the time evolution law s not the trivial Lie product.

This yields the Lie algebra preserving generalization of Heisenberg's (and of the
Liouvilie - von Neumann) equations proposed by Santilli (Santilli, 1978d, p.752, and

1979c), which is such that the Lie isotopic structure is preserved :

o

PX BT 0, PR B -0 (V.11a)
[RH,RV% = X XY - X0 C XM = a™(t,X) (V.11b)
R 3Ry aRTIN MY
(@) = (@)oo = (= - =% . (v.11c)
ax"  axY

Indeed, these equations now preserve their structure under arbitrary unitary-admis-
sible transformations (remember that Heisenberg's equations (and the Liouville -

von Neumann) equations preserve their structure only under unitary transformations).
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Note also that the notation B is introduced here, instead of ﬁ, to recall that the
“"auxiliary operator", or "Birkhoffian" ﬁ, does not represent the total physical

energy.
To be specific in this rather crucial point, it should be again stressed here

that, when the time evolution is expressed in terms of the conventional, quantum
mechanical, Lie product AH -ﬁA, and H is the total, physical energy f4+9, all forces
are entirely derivable from a potential. On the contrary, when the Lie product is
generalized to the form ACH - H 65, genuine nonselfadjoint forces occur under the
correspondence limit, but, as indicated earlier, the operator i {conventionally
called the Hamiltonian) cannot be the total, physical, nonconserved energy. If not
taken into account, this latter point may be misleading, particularly with respect
to the rather crucial problem of the physical interpretation of the algorithms at
hand. .

In conclusion, it appears that the inspection from an algebraic viewpoint of
the quantum mechanical, statistical approach to dissipative forces by Prigogine and
his collaborators (Mayne et al, loc. cit., and quoted papers) reveals the existence
of a reinterpretation in terms of an isotope of the Lie algebra, along the lines of
the Lie algebra preserving generalization of Heisenberg's (and Liouville's von Neumann)
equations proposed by Santilli (Santilli, loc. cit.). This point is not purely for-
mal. indeéd, it allows the computation of the classical limit of the equations and
the verification of the existence of genuine dissipative forces nonderivable from a
potential. For the method how to compute this classical limit for equations (V.11),

see (Santilli, 1978a, particularly Chart 4.9).

3°) Lie-admissible formulation.

The difficulties associated with the physical interpretation of H in the Lie

formulation are easily remedied by the Lie-admissible algebras. Suppose that the
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non-Lie algebra of the time evolution (V.4) is Lie-admissible. This algebra, as by
now familiar, admits a product which is neither totally antisymmetric nor totally
symmetric. As such, it is indeed capable of representing the actual evolution in

time of the energy according to the rule (IV.16)

o= (M) = 2 g x) B M1 insa F O (V.12)

ax¥ ax¥  apy

by therefore bypassing inconsistency (V.5). Indeed, (V.12) is nothing but the usual
classical rule giving the time variation of the total energy H=T(p) +V(¥) of a sys-
tem under the influence of nonselfadjoint forces : dH =d?‘?NSA and thus é =i'?NSA‘

Once the algebra is non-Lie at the Newtonian level, we expect that it is non-
Lie also at the quantum mechanical level, in order to preserve a direct physical
significance of all the algorithms at hand, including, and most importantly, the
preservation of the physical meaning of the operator i as the total, nonconserved,
physical energy.

This yields the Lie-admissible generalization of Heisenberg's equations pro-

posed by Santilli (Santilli, 1978d and 1979b ; see also the contributed paper to

these proceedings, Santilli 1979c¢)

ix*- (A,8%) =0 , (V.13a)
(KM% = R R XY - XV S XM = S¥V(t,X) (V.13b)
- - R, ar, Y™
(SHY -~ sVHy = (WY . s"“)ﬁzo == -2 {Vv.13¢)
ax¥ o axY

which preserves the Lie-admissible character under arbitrary unitary-admissible
transformations, and which verifies a generalized version of the correspondence prin-
ciple, yielding equations of type (IV.15).

The point we intended for this paper is that, in the transition from the quantum
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mechanical equations (V.13) to the statistical profile, the Lie-admissible product
(ﬁ,i), in view of section IV.3, s not expected to be preserved. Instead, we expect

the emergence of the Lie-admissible, quantum mechanical isotopy

T At tal .
3% (H.p) o ., (v.14a)

- -

(F.o)* = AR%s - 5%, (V.14b)

R* =R+R', §%=35+8" or R*=RR" , §¥=5¢

This isotopy is necessary in order to comply with the correspondence princi-
ple in the following sense. At the classical, Lie~admissible, statistical level
(Section IV), we have identified the necessary emergence of an isotopy of the one
particle Newtonian product in order to truly perform the transition to the statis-
tical profile. If the same Lie-admissible product apply for both the quantum mecha-
nical, generalized, Heisenberg's level (V.13) and the corresponding statistical
]evél, such a description would necessarily violate the correspondence principle.
Indeed, its classical limit would not represent a genuine statistical framework,
because it would not represent the crucial divergence term paFi,NSAlapi origina-
ting from Liouville's theorem in its original formulation.

It is appropriate here to indicate that a considerable advance in the study
of equations (V.13) and (V.14) has been achieved at this workshop. For instance,
these Lie-admissible equations can be treated via conventional Hilbert spaces,
although interpreted as two-sided, left and right modules, and not in their one-
sided interpretation of conventional quantum mechanics (Santilli, 1979c). Neverthe-
less, it should be equally indicated here that a considerable way remains yet to be
covered in order to reach the necessary technical maturity for the treatment,

understanding, and applications of Lie-admissible equations (V.13) and (V.14).
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VI. CONCLUDING REMARKS.

As indicated in the introduction, most of contemporary theoretical physics is
still dominated by the forces derivable from a potential, by their representation in
terms of the conventional analytic equations in the “truncated" forms (I.3) and
(I.4), and by the underlying Lie algebra structure. It may therefore be of some va-
lue to present a few remarks aiming at the identification of the physical relevance
of our results, as well as at the indication of further, possible, developments.

As is well known, a most significant part of statistical mechanics is plasma
physics. This discipline has lately seen truly remarkable progresses, mainly moti-
vated by energy-related issues. Yet, it appears that the physical relevance for this
field of physics of nonconservative forces in general, and that of dissipative for-
ces in particular, is not sufficiently stressed in the literature, nor adequately
treated as yet on technical grounds.

A certain number of experimental facts, interpreted by means of the definition
of dissipativity of Section II, suggest the following remark : dissipation of energy
often implies a contraction effect in the emitting matter. The most banal of these
facts is to be found in quantum physics. A transition from a given bound state to a
more bound state of the same system via the emission of quanta of energy often cor-
responds to a reduction of the mean spatial extension of the system.

Along similar lines, we have already indicated in Section I the focusing effect
of electron Bremstrahlung (see, for instance, Kolomensky & Lebedev, 1962). This
effect results in a volume reduction in dynamical space. Likewise, focusing of a
heavy beam may be obtained by "friction" on an auxiliary electron beam (see, for
instance, Budker et al, 1974). Finally, astrophysicists have recently shown, using
a numerical model, that inelastic collisions between celestial objects imply a

clustering of these objects (see Brahic, 1977). There certainly exist examples of
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this type in other parts of physics.

In conclusion, it appears that dissipation, if properly identified on physi-
cal grounds and adequately treated on mathematical grounds, can provide a relevant,
if not crucial role, in stability problems in plasma physics and, more specifically,
in the clustering of plasmas. In turn, this aspect is linked to the fundamental role
of dissipative forces in the evolution of the physical world at the one particle
Newtonian Tlevel,at the quantum mechanical level and at the statistical/thermodynami-
cal level.

This idea is, by no means, new. H. Poincaré (Poincaré, 1911), commenting on

the cosmological theory by R. du Ligondes, wrote :

"Evolution is produced by these collisions ; if there were neither
collision nor passive resistance (i.e., friction), or even if bodies
were perfectly elastic, these projectiles could move about indefini-
tely, without showing any tendency to cluster, in spite of the attrac-

tive forces between them".

Despite the loss of almost three-quarter of a century in the study of this
rather fundamental physical aspect, it appears that physicists have finally initia-
ted its comprehensive study. However, apart from specialized contributions on the
topic, the phenomenon “"dissipation-contraction", that we associate with the time
evolution of the element of volume in the dynamical space, according to (II1.5),
does not appear to be clearly identified and treated in the existing literature at
large. We feel that it is useful to draw attention to this point. We also feel that
the noninitiated reader should not be surprised by the rather deep methodological
implications of the full treatment of the phenomenon considered, such as the aban-
donment of the familiar Lie algebras in favor of the covering Lie-admissible algebras.

A final remark may be useful to indicate another reason of our interest in
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the Lie-admissible approach to statistical mechanics. In this paper we have reached
an algebraic characterization of statistical mechanics under a rather general class
of forces, the variationally nonselfadjoint forces. Nevertheless, these forces do
not exhaust the forces of nature. A still more general class of forces is given by
the nonlocal forces, that is, the forces composed by :

- a local-differential, selfadjoint part ;

- a local-differential, nonselfadjoint part ; and

- an integral, nonselfadjoint part ;

according to the scheme

Foo(trsr) = F(tFF) + Fusp(tF.7) + ”J B(e, 7,7 B, v

It goes without saying that the applicability of Lie algebras for the time
evolution under these nonlocal forces is in doubt.

Even though numerous physical systems can be effectively described by the
local terms only, there exist systems in nature which demand the use of nonlocal
forces for a more adequate treatment. Also, Jocal, nonselfadjoint, farces are often
an approximation of true nonlocal forces under the reduction to a point-like treat-
ment of the "particles" still capable of accounting for their extended character.
This is typically the case of the dissipative motion of extended bodies in a resis-
tive medium (e.g., a satellite in Earth's atmosphere).

The remark intended for this paper is that the Newtonian realization of the
Iie-admissible algebras appears to be fully capable of incorporating nonlocal forces.
Indeed, in all equations (I1.10), (III.5), (IV.15) and (1V.30), the external forces
have been left undefined in their actual structure (whether local or nonlocal) pre-
cisely in view of this potentiality. It is at this point that the Newtonian notion
of Lie-admissibility acquires its full light. Recall that non-Lie brackets (A,H)

are Lie-admissible when the attached brackets {AH1™ =(A,H) - (H,A) are Lie. Suppose
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now that the nonselfadjoint forces responsible for the transition of the time evo-
lution Taw, from the Lie brackets [A,H] to the Lie-admissible brackets (A,H), are
purely nonlocal. We then reach the remarkable property that the "Lie contents” of
the brackets (A,H), given by the antisymmetric part %[A,H]', is representative of
the local component of the system, while its departure from the Lie algebra charac-
ter, given by the symmetric part %((A,H) +(H,A)), is representative of the nonlocal
component of the same system.

It is hoped that these remarks illustrate the usefulness of abandoning conven-
tional Lie algebra formulations of (classical and quantum) mechanics in favor of
the covering Lie-admissible formulations, as well as they illustrate the truly remar-
kable capability of representation of the forces of nature which are offered by the

Lie-admissible algebras.
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APPENDIX

It may be of some value to i]]ustrate'in more detail the fact that, for the
case of local forces, the Lie-admissible structure according to the theorem of sec-
tion IV.3 is not the unique possible algebraic structure for nonconservative statis-
tical mechanics.(For the case of nonlocal forces, the technical difficulties for
the use of any algebra other than the Lie-admissible algebras are so great to render
meaningless at this time the search of any alternative to the Lie-admissible alge-
bras. Thus, we limit the present analysis to the case of local forces).

The topic under consideration has been treated in detail in the forthcoming
monograph (Santilli, 1980a) and we restrict ourselves here to only a brief, nontech-
nical, summary.

The problem under consideration is whether (local) equations of motion with

nonselfadjoint forces in their first-order form

Je

$oo TME,X) =0, wo=1,2,3,4,5,6 (A.1a)

N .*/
, (=2W) = P (A.1b)

(Xu) = > > >
—FSA(tarsp) + ?NSA(tor’p)

=T 11

admit a representation with analytic equations other than the Lie-admissible ones
of equations (IV.15). The answer to this question is affirmative. Among the various
analytic equations which might be considered, most relevant are the so-called
Birkhoff's equations which, for the case of autonomous systems, are characterized

by the rules

a0 2700 = B8 (h.22)
aX
R,(X)  BR,(X)
a,,(X) = —5 _;;;_‘_’” (A.2b)

det (qu) #0
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yielding the analytic equations (Birkhoff's equations)

XM - @V(x) 2B(X) - g (A.3)

ax¥
-1 WV
uv -

@) = (lla,, 1l )
and the time evolution law

o def

Ay = 2B gviyy B 00 et (A.4)

ax™ X’

The important part of this alternative is that the brackets [A,B]* of equa-
tions (A.4) do indeed verify the Lie algebra laws (Iv.4). As a matter of fact, they
represent the most general possible, Newtonian, regular, realization of the Lie
algebra product.

Another important aspect of this alternative is that such a Birkhoffian repre-
sentation of the systems considered always exists (under certain smoothness and regu-
larity conditions unessential here).

Upon transition to the statistical aspect via the use of the original
Liouville's theorem, we then reach the following alternative to equations (IV.22)

{for autonomous systems)

3p * 3 =
3t [p,Bl +p SE; Fi,NSA =0 . (A.5)

A number of remarks are essential here to put this methodological alternative
in its proper perspective.

First of all it should be restressed that the "truncated" Hamilton's equations
are strictly inapplicable, in general, for representations (A.2), under the condi-
tion that the Tocal variables ¥ are the coordinates of the actual experimental set—
ting (if this condition is relaxed, a universality theorem of Hamiltonian formula-

tions exists). This point is important to stress that the conventional Liouville's
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equation (IV.8) must necessarily be abandoned for the statistics of nonselfadjoint
forces (under the condition of preservation of the reference frame used in actual
experiments). The only alternative left under these conditions is what type of ge-
neralization should be used.

Secondly, it is unknown at this moment whether, despite the generalized struc-
ture of the Lie product as per equation (A.4), the Lie algebra can indeed describe
the complete time evolution law (A.5), as it is the case of the Lie-admissible alge-
bras via the notion of isotopy (section IV.3). The problem consists of the study
whether the additional scalar term 9‘§%$F1,NSA of equation (A.5) always admitsa Lie
algebra representation of the type

* ) w© _ 3p 'uv 9B
Bl +p = F; = [p,B =22 q L. A.6
[p,B] P 3y [p,B1 o o3V (A.6a)

aR' R'PTIVY
— ¥ (A.6b)
ax? axY ’

thus yielding the isotopy

(@™ =

[0.81" » [p,B1 . (A.7)

It should be indicated here that equations (A.6b) constitute the necessary and suf-

Ficient condition for the brackets [p,B1*" to be Lie.

Thirdly, even though the existence of the Birkhoffian representation (A.2) is
ensured by the existence theorems of the Inverse Problem, its actual computation in
practice is so complex, even for low dimensionality and simple nonselfadjoint forces,
to discourage the most devoted Lie scalar, in the language of (Santilli, 1978c,
p.1312). Assuming that such a Birkhoffian representation exists, one still remains
with the problem of establishing the existence of the isotopy (A.8). Assuming that
such an existence can be guaranteed, one then remains with the rather substantial

problem of its explicit computation in the needed closed form,
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The need for the explicit knowledge in the closed form of the generalized Lie
tensors 2*" and @'" and of the Birkhoffian B should be stressed here. Indeed,
without such knowledge, the treatment would be purely formal (e.g., for the problem
of quantization).

These technical difficuities are due to the need of solving partial differen-
tial equations for the computation of these functions. This situation should be com-
pared to the universality and simplicity of the corresponding results for the Lie~
admissible algebras, equations (IV.14) and (1V.26). Indeed, these results are valid

for all the Newtonian systems of the class considered.

Also, as indicated in Section V, the function B cannot represent a physical
quantity and it is, instead, an auxiliary function. The total, physical, energy must
be separately defined. This implies the fact that the time evolution law cannot be
defined in te‘ms of the energy whenever the brackets are Lie.

And last, but not least, the entire methodological context of the Inverse Pro-
blem is inapplicable in its currently available form (Santilli, 1978a and 1980) for
the case of nonlocal forces, while the applicability of the Lie-admissible approach

persists.
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Nonequilibrium thermodynamics is formulated by combining the nonlinear Fokker-
Planck equation with the so-called Gibbs entropy postulate. The entropy production
thus derived consists of two parts: one is of the same form as the usual entropy
production and the other is the fluctuating part attendant on it. The evolution criterion
can easily be verified in the stochastic framework. For illustration the 'system governed
by the linear Fokker-Planck equation is in detail discussed.

1. Introduction

The thermodynamics of chemical reaction system far
from equilibrium has extensively been developed by
Prigogine and his co-workers [1]. The stochastic ap-
proach to chemical kinetics [1—4], however, has been
studied almost independently of the nonequilibrium
thermodynamics. Except the attempts by a few au-
thors [3. 6], we have little knowledge of those to
connect the stochastic property of chemical reaction
with 1ts nonequilibrium thermodynamics.

We denote by P(X.r) the probability distribution for
finding the numbers of molecules of d chemically
reacting constituents to be X=(X .X,,....X,) at
ume t. The behavior of chemical process, on the
assumption that it is Markovian. is described by the
master  equation (MEy of birth-and-death type
goverming the time evolution of P(X, ). The chemical
ME represents the mascroscopic rate equation in the
space of stochastic variables, which assume the re-
alized values (X, X,....,X ) at time ¢. The clue to
incorporate the stochastic behavior of chemical pro-
cess into the framework of nonequilibrium thermody-
numics is to find a thermodynamic quantity closely
related to the probuability distribution. Such a relation
i given by the so-called Gibbs entropy postulate [7],
which efines entropy in terms of the probability
distributions over all possible reaction states. The
stochis stie process of chemical reaction has no potion
of force. The Gibbs entropy postulate, however,
authes it possible to mtroduce the force correspond-

Reprinted from Z. Physik, B33, 191 (1979

ing to the reaction rate (flow) derived from the chemi-
cal ME. To investigate this problem, in Sect. 2, we do
not start with the chemical ME itself but with the
nonlinear Fokker-Planck equation (FPE) obtained as
an asymptotic representation of it in the limit of lurge
system size [8].

On the basis of the Gibbs entropy postulate, we
define the entropy difference, which is the entropy
measured from its steady-state value. Its time de-
rivative is evaluated in such a way that a generalized
force can naturally be introduced in the course of
transformation of the nonlinear FPE. It -is then
shown that the time derivative of the entropy differ-
ence consists of two parts. One is the linear part of
entropy production. This is expressed in terms of the
probability-flux differences and the definite general-
ized forces at steady state. The other is the nonlinear
part of entropy production. This is due to the devi-
ation of the generalized forces from their steady-state
values. [ts stochastie expression in the neighborhood
of steady state is of the same form as that by which
Schigl [S] has made the information-theoretical ap-
proach to nonlinear thermodynamics of open system.

The nonhinear part of entropy production, which is of
central interest in this paper, can also be split into
two parts: the systematic part coneerning the average
motion and the fluctuating part attendant of it. This
state of affiirs, in Sect. 3, is illustrated by the system
with, Crau s distnibution. In the neighborhood of

DR0- DX 790033 001 S0 a0
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steady state, the systematic part is just the same as
the so-called excess entropy production and the fluc-
tuating part plays a subsidiary role in discussing the
stability of the steady state.

In Scct. 4 the excess entropy production is dealt with
from the stachastic standpoint. Then the irreversible
circulation of fluctuations [9] appears of itself in the
derivation of evolution criterion in terms of excess
flows and excess forces.

2. Derivation of Entropy Production

We consider a system in which a sequence of chemi-
cal reactions occurs under the conditions as follows.
The system as a whole is at mechanical equilibrium
and its temperature and volume are maintained con-
stant. The initial reactants A are converted into the
final products M via the intermediates X. The system
is so well stirred that all the chemical species can
uniformly be distributed in space. The concentrations
of A and M in the system, 50 as to remain unchanged
in time, are controlled by each external reservoir with
constant chemical potential. The intermediates X are
open to both A and M SUb]CCt to such a time-
independent condition.
For the numbers of reacting molecules we use the
same symbols as those of chemical species, and let us
denote by W(X—-X+r)=W(X,r) the transition
probability for the numbers of reacting molecules to
pass from X to X+r, in a unit time due to a p-th
reaction. The jump r, is a set of integers r;,, which
may be positive, negatxve or zero. The birth-and-
death ME describing the time evolution of the proba-
bility distribution P(X,) is then given by

——P(}\ n=Y {WX-r

—W(X.r,) PX.0)}. (2.1)

) P(X—1,.1)

We now define intensive variables by x =X/V, where
I” is the size (volume) of the system under con-
sideration. In the limit of large system size (X - ot,
1'= «. X,V ={inite), x becomes continuous. The re-
alizations of the chemical birth-and-death process
described by (2.1). therefore, tend to continuous path.
Horthemke and Brenig {8] have recently derived a
nonlincar FPE by analyzing the behavior of fluc-
tuations in the chemical birth-and-death process in
the limit of large system size. The derivation is based
on the theories of diffusion processes and Ito stochas-
tic differential equuation [10]. Such a procedure
makes it possible to overcome the difficulty as-
sociated with the truncation of the Kramers-Moyal
expansion. They have thus shown that the most
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general asymptotic representation of Eqg. (2.1) in the
limit of large system size is the nonlincar FPL,

o ‘}
)=~
- p(x ) i %) p(x, 1)}
+ t _# {Bxyp(x. 1)}, (2.2
IV xR ) =)

In this equation pfx,f)="V?P(X.1). and the drift vec-
tor fix) and the diffusion matrix B{x), which 15 sym.
metric and non-negative definite. respectively, are the
values in the thermodynamic limit of the first- and
sccond-moment of the jump r,/V with respect to the
transition probability expressed in terms of X/ V.
Horsthemke and Brenig have demonstrated by some
simple model reactions that the nonlinear FPE ap-
proach is in good agreement with the birth-and-death
ME formalism in contrast to the van Kampen ap-
proach [11]. We now try to formulate the non-
equilibrium thermodynamics of the open reaction-
system subject to the nonlinear FPE (2.2).

According to the Gibbs entropy postulate, we in-
troduce the entropy change S(1)—S,, produced in the
interior of a system by irreversible processes. which
induce the deviation of nonequilibrium probability
distribution p(x, 1) from its equilibrium one p, (x). It
is defined by

S(1)=Seq=—[dx p(x, 1) In {p(x. t)/p., (x}}, 2.3

where Boltzmann's constant is assumed equal to un-
ity and dx=dx, dx, ... dx,. On the probability distri-
bution we impose the natural boundary condition
which means that p(x,1) vanishes for x — + x. Since.
however, the numbers of reacting molecules are non-
negative, we define p(x.1)=0 for —x <x<{(. The
local equilibrium is implicitly assumed through (2.3
which involves the fact that the probability distnbu-
tion preserves invariably its form in the time evolu-
tion of system. Such a probability distribution is said
to be invariant with respect to reversible motion in
the sense of stochastic dynamics. This reversibility
invariance gives a justification of the mucroscopic
approximation by the local equilibrium for a certain
class of systems called hydrodynamic svstem [Sb].
Otherwise, it is impossible to define the force cor-
responding to the thermodynamic force in the or-
dinary nonequilibrium thermodynamics constructed
on the assumption of local equilibrium.

Assuming the existence of a unique steady state. we
have 4S(1=S(1)~S,,, as the deviation of St} from 11>
steady-state value S,

A8 = —K{(p.po)—1dx Apin(pg p.) (24

where
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Kip.pot={dx p(x. 0 ln{p(x.1).po(x)} 20 (2.5)
and

Ap =p(x. 1) = pyiX).

The Kip.po) is called Kullback information [12] or
information gain {13] of p(x,1) with respect to PolX).
Using K(p.po). Schidgl has attempted to formulate
the information-theoretical nonequilibrium thermo-
dynamics of open systems [5].

Differentiating (2.4) with respect to ¢, we obtain

d d )

EJS(U: —E;K(p.po)-—fdx——%P—ln(Pofpcq)- (2.6)
In order to investigate thermodynamically the time
evolution of the reaction system governed by the
nonlinear FPE (2.2), we start with the transformation
of the first term on the r.hs. of (2.6) into a thermody-
namic expression. To this end we write (2.2) in the
form

cp I3}
—= ——-(pF :
R = (pE) 2.7
or
é ¢ 0
——lnp=—- F-—1 .
cr np X F+ cx np (2.8)
where

1 fe é é
F=f——!{— - B+B-— +B.-— / (2
f 3V e B+B 7 Inp, +B ~ ln(p,po)} (2.9)

We now define a generalized force X by

é
X= - ~ In {p(x, t)/p (%)} (2.10
(A
This X should not be confused with the symbol X for
i set of numbers of reacting molecules in (2.1). If, for
instance. the probability distribution for an open
svstem in which chemical reactions are taking place
is Poissoniun, this force is in complete agreement
with the chemical affinity expressed in terms of
chemical potentials [(14]. For the deviation of X from
its steady-state value X,, we have
g
A4 = — N In {p(x, t)/py{x)}. (2.11)
By subtracting (2.8) at the steady state from (2.8)
itself. we can derive, taking (2.11) into consideration,

c }
- - Intpip,)
ot

Lfa ‘
’ 5 _”..(BAX) +AX-B- .( hll"u'
X

5,.

== 242
i .le,) (2.12)

2V I\( X
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Multiplying both sides of (2.7) by In(p/po) and those
of (2.12) by p and adding the two, we obtain

T

i"n

{pin(p po)}

~a

¢ L
— [p{F In(p po) =B~ 4X}]+ 35 p X B-JX.
' ) (2.15)

On integrating this and taking account of
é .
Jdx = [p {F In(pjpo) B+ 4X}] =0,

we find

d .
————K(p,po)——-i-jdxpdx-ﬂJK;O.

" 7 (2.14)

The inequality [6] is due to the fact that the diffusion
matrix B is positive definite.

To deal with chemical reactions. however, it is to be
desired that one dJerives an alternative expression in
terms of F and 4X. This is motivated by the fact as
follows. The F given by (2.9) contains explicitly the
force difference 4X and the drift vector f, which s
related to the deterministic rate equation dX:dt=f(X)
for the most probable path (). When we multiply
both sides of (2.12) by p and perform integration by
parts, we find, taking account of {dxpéln (p:po)i€t
=(d/dt){dx p=0,

fdpr-AXz%_;depAX-B-AX. (2.15)
We therefore have as the alternative to (2.14)

d
-—E;K(p,po)—-:j'dpr-Axg(), (2.16)

where, in reference to the probabilistic continuity
equation (2.7),

1é .. «
pF =pf—=— —(pF) (2.17)

2V éx
is called the probability flux in the space of stochastic
variables. If (2.17) is substituted into the r.hs. of
{2.16), the following equation is finally obtained,

d i ¢ \
e 3 f AX RSN, D , ) 8
de(p’p“) -4 75y \,B i AX/ (2.18)
where
2y ={dxplx.0)t)
and
‘:} d‘ -l‘
B: . aX =) ¥ B 01X )cx
X w11
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In this stage, comparing both terms on the r.hs. of
(2.6) to each other, we observe what thermodynamic
character each term has. Substituting 12.7) and its
steady-state equation into the second term and per-
forming integration by parts, we obtain the ex-
_pression in terms of the probability-flux differences
A(pF)y=pF —(pF), and the generalized forces X, at
the steady state,

—-jdx(i(%eln(po/pcq)=j'dxd(pF)~Xo‘ (2.19)
Let us now limit ourselves to the immediate neigh-
borhood of the steady state. We then find that the
Lh.s of (2.19), that is, the linear part of the entropy
production in the Schldgl's information-theoretical
approach [5a] can be assigned to the first-order
quantity dP of the entropy production variation 4P
=3P +(1/2)6*P + ... around the steady state, where
P is the entropy production introduced in non-
equilibrium thermodynamics [1b]. In contrast to
this. equation (2.16) or (2.18), the Lh.s. of which is the
nonlinear part of the Schlogl's expression for entropy
production, is assigned to the second-order quantity
(125 P, that is, to the excess entropy production in
terms of excess flows and excess forces in respect to
the steady state.

The nonequilibrium-thermodynamic study of stabi-
lity of steady state is based on the excess entropy
production. What we are really interested in, there-
fore, is the nonlinear part of the Schidgl's expression
for entropy production. In the present framework it is
the entropy production arising from the force differ-
ences 4X. From now on, denoting it by 4,2, we use
in place of (2.18)

1 d
Jx/}’=(f~AX>+§—[—/-<B'.5x 4X5z0. (2.20)
The first term on the r.h.s. is attributed to the system-
atic part of reaction processes and the second one to
the fluctuating part.

We see from (2.5) and (2.16) that except at the steady
state the sign of —dK(p,p,)/dt=d.2 is always op-
posite to that of —=Ki(p.py) According to the
Liapunov's theorems [15], then, the steady-state
probability disiribution po(x) is asymptotically stable
and —K(p,p,) is a Liapunov function for the non-
lincar FPE (2.2). As far as we are concerned in the
nonequilibrium thermodynamics on the basis of the
Gibbs entropy postulate, we are compelled to restrict
ourselves to such systems that it is possible to assume
an asymptotically stable probability distribution.

In what follows we shall derive the evolution crite-
rion n the present framework. To consider the tem-
potal change of A4y #, we retur to the original ex-

K. Ishida: A Stochastic Approach to Nonequilibrium Thermodynanucs

pression $y.2= —[dx(¢p/ct)In {p/po)- We then obtain

d{J A pc
It = —)J\Hel lnip:po)
__"dx%l—é)-ln(P”Po)- (2.2

The first integral on the rhs. of this equation is
always negative definite except at the steady state,
because of

|

¢
v

-—de tct

a 2
In(p/pe)=—fdx p{é—t In (P/Po)} <0.

[»%

If, however, we use (2.7) in the first integral and
perform integration by parts, we obtain

—jdx%—?—%ln(p/"po)=fdpr-A'X<O, (2.22

where X =¢&4X,ét. The thas. of this equation repre-

sents the temporal change of 442 in such a way that

the probability flux pF is held constant and only the

force differences AX are varied. Let us indicate this

by dy(d¢P)dt. We thus obtain, using (2.17),

dy(dx?
dr

’=<r. AX)+ : <B: —a-a'x> <0.
cx

I o Be]
= (2.23)

This equation, though involving the fluctuating part.
is of the form similar to the evolution criterion in-
troduced by Glansdorfl and Prigogine [1]. It may
here be remarked incidentally that the second in-
tegral on the rhs. of (2.21) represents the temporal
change of 4,7 due to the change of the probability
flux pF;

&p. d_(4.P)
— . ) [iet] Abit. SliA
fdx g Inip; po) yr

2
=[dx = (pF)- 4X.

We bring this section to a close with the conside-
ration on the behavior of (2.20) in the neighborhood
of the average (x). The obtained results will be made
available in the next section. We start with the de-
rivation of the kinetic equations for the average (X~
and the variance o ={xx) —(xy{x), where is a dya-
dic product, te, a matrix with elements x;x;. It
follows directly from (2.2) that

5£f/x;={f(\<), (2.24)
and

d

J!d =7/ {x %, 1flx))

+70x /xfta,! »; RBixy,. (2.25)
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where T indicates transpose matrix. Expanding fi(x)
around the average (x>, we obtain the power series
in terms of Jx =x—{x),

. AN
S =[O+ ¥ (—) dx;
j=1 ij (x>
4 4 o,
%Z Y (ct - ) Ax; 4x, +0(4x; 4x, Ax)).
jm 1l k=1 & <% (2 76)
We have also for B, (x) the similar expansion in
power series. Using thesc expansion equations in
(2.24) and (2.25), we find

)(J() au+0(<dxj/_1xk Axl>) (2.27

d L (iédf, ¢f;
—g.= 3 [ SR i F N :
‘dto‘” ki“ {(E’C,‘)@\ % (5‘C,‘)(x) o-‘k}
ézB
B, ({x>)+3 ( ) o }
{ l< ? kgl lzl €%, 0%y /¢xy u

+0({dx; 4x, Ax,)).

Exactlv similar procedure applied to (2.

Ay P= ZJAX+Z ey (f’-—‘dﬁ)

i=1 j=1 CX; (x>

20) gives us

+0dx, 4x, AxpD). (2.29)

In this equation, Afi-—-AX,-((x)), .I“.:d(x,-)/dt and 6;
=dg,,dt have been substituted respectively for (2.27)
and (2.28), in which the higher order terms
Ot/ dx; 4x, 1x,y) are truncated, and the irreversible
circulation of fluctuations [9] defined by

¢ (1éf, af,
1” z EZI {(6.’& )’l; i (&xk )”‘) a‘h}

has been introduced.

(2.30)

3. The System Subject to Linear FPE

For un understanding of (2.29) we consider the sys-
temn that € s so distributed around sts average “x,
that x -/x, is of the order of magnitude of ¥ 72,

(2.28)

195

It is then possible to write (2.27) and (2.28) in the
closed forms independent of cach other as follows:

d
I(x)-:f((x)). 3.1

which is the rate equation for the most probable
path, and

d 1
' —a——-yoa+(y-a)r+’—/-B, (3.2)

dt

where y is the matrix with elements ,ru-—-(cf,,cx )ex
and B=B({x)). As will later be shown in a concrete
form, such truncatins of higher order terms are legi-
timate, if the system just considered assumes an
asymptotically stable steady state. The equation (3.2)
is derived from the linear FPE,

& 8 ,
7 P 0=~y (x =) pl.0)}

2

2V éxix

{Bp(x, 1} (3.3)

We can also obtain this linear FPE, together with
(3.1), by means of the system size expansion [ 11, 16]
of the birth-and-death ME (2.1).

To the same degree of approximation as (3.1) and
(3.2). the equation (2.29) reduces to

= = d
2,2 =T 4% +1é: ’rax) . 34
x 2 \Cx - (3.4)
We have here used the fact that the term
@: (64X 7x)(,, vanishes because of x;= —x; and
¢4X,;éx;=34X ;jdx,. The irreversible circulation of
fluctuations, z, is given by

z=%{(y-0)" —y-o}. (3.5

Let us now consider the behavior of this equation in
the immediate neighborhood of the steady state. The
flow J vanishes at the steady state, that is, J,
=f({x)¢)=0. We therefore have the excess flow

dF =7, -0¢x,, (3.6}

where 7, =7({x>o) and 3(x)y ={x) = {xDq. Corre-
sponding to oJ. the force difference AX is replaced by
oX. We thus obtain the excess entropy production
dy. 2,

by =61 0% + (-—.’-“i—éx) . (3.7)
OX (7
where

1
=g, @y, 0" v B, (3.5
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On the rhs. of (3.7), the first term is the excess
entropy production concerning the most probable
motion and the second term is that duc to the
fluctuations of excess flows and excess forces.

The solution of the linear FPE (3.3) is given by the
Gaussian distribution,

plx.ty=2m, Vy—4 2{detg)~ '3

><cxp{~g—a":(x~<x>)(x-<x>)}. (3.9)

Since the approximation | = | holds for the Gaus-
]

-
sian distribution. the natural boundary condition
defined in the preceding section is consistently used.
According to (2.11), the excess force dX derived from
{3.9) takes the form

X =V{e"! (x—(x))—ag5 ' (x={xDo)} (3.10)

We therefore have

(‘ 5X) =Vie'~a5") G.11)
CX e

Substituting this into (3.7), we obtain

Oy 2=0J-0X +Vié:(g~t—a5 20 (3.12)

The positiveness of dy.2, which originates in that of
(2.20). can be ensured by the following two factors. (i)
When J-5X >0, the steady state is asymptotically
stable. This is based on the thermodynamic criterion
for the stability of steady state {1]. (ii) The inequality
?&:(a"~ag‘)>0

(3.13)

always holds for the case under consideration, as it
can easily be verified below. All the variances tend
toward their steadv-state values. that is. if & <0,
a>a,, or if 6>0, o <o, The example will be given
in Appendix.

Let us apply exactly the same procedure as the
derivation of the inequality (2.14) to the lincar FPE
(3.3} in the immediate neighborhood of the steady
state. We then obtain, to the sume degree of approxi-
mation as (3.8),

{ 1 v B .
=4 K(p.p,))——:z—i;f_dxp X B, X >0

i (3.14)

cxeept at the steady state. If, on the other hund. the
lincar FPE (3.3) and both Gaussian distribution (3.9)
and its stationary one are substituted into the in-
tegrand of = [dx(“p;c0latp.p,), which s cqual to
the Lls, of (304 then after straighttorwierd caleu-

lation we can find. using (3.3),

—%K(p,p0)=l’§&:(a“—ag‘)>0. (3.15
When the steady state is unstable, the fluctuations x
— (x> are anomalously enhanced up to order unity
near the instability point and the probability distribu-
tion becomes non-Gaussian, even if it were initially
Gaussian. That is to say, the form of the probability
distribution is not invariant in the temporal evolution
of system. It is then impossible to define the force
difference such as (3.10) {or (2.11)). so that (3.12)
remains no longer valid. From the stochastic point of
view. therefore. it is concluded that the stability con-
dition (3.14) or (2.14) holds only for the systems
assuming the probability distribution invariant in
time.

4. Excess Entropy Production.8J - 6X

The so-called excess entropy production has in detail
been studied by Glansdorff and Prigogine [1] in
relation to the evolution criterion in terms of excess
flows and excess forces. In this section, however, we
consider it in the present framework.

We denote by 5,2 the excess entropy production
8J - 6X for the most probable path;

0P =38J-5X. 4.

The excess flow 61 has already been given by (3.6).
The excess force 6X is, according to (3.10),

0X=—Vag'-6{x). (4.2)

It follows at once from (3.5) and (3.8) at steady state
that

[ - 4
y‘,=——(§—V-Bo+ao)'aol. (4.3)
Substituting this into (3.6) and taking (4.2) into ac-
count, we obtain the linear relation between éJ and
oX,

dJ=L, 3X, (4.4)
where we have introduced the phenomenological
coefficient defined by

L= (! =0 4.5
A (7.V By +z,}>0. (4.5
The positiveness of L, is due to the fact that B, und
2, are always positive definite. In addition B, i
symiunetric, so that 2, is the antisymmetric part of L,

z, - b b, Uy (4.0)
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Using (4.4) in (4.1), we obtain
O =0X L, 6X>0. (4.7

This is the stability condition for small disturbances
of the most probable path near the steady state.

We now consider the time change of d4.7". It can be
written in the form ‘

dOy 7) _dy(3x?) ALY
dt dt d

(4.8)

where

dy (647}

S =0J-4X (4.9)

and
(4.10)

The differentiation of (4.2) with respect to time leads
to

5X=—Vaz'-03,
where 63 =(d/dt) 3{x). Using this in (4.9), we obtain

dy(8y P - -
WOT) _ _vs3.a5t 83 <0,

de
If. however. we substitute (4.4) and its time derivative
into (4.9 and (4.10), respectively, and take (4.5) into
consideration, we obtain

dyldx 7Y . .o ( | - -
T—V OX' E-;—/—Bo-—zo)-(sx
and

doldy .7} e (b5 ) -
L ox-(z—i,-soﬂo -6X.

From these two equations we can deduce

d " P 3 _ .
“‘15!-’-"—2;—‘{%![-{1- V-16%-2,-0X =0,

it (4.11)

This is the evolution criterion in terms of the excess
flows and the excess forces. For two-variable reaction
systems, the second term on the rhs of (4.11) is
written in the form

0X- -z, oX =2,(6X,6X,-3X,0X,).

where

[ " l
x, X, .
Lo
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This indicates that the irreversible circulation of fluc-
tuations is closely related to the areal velocity
(126X, 60X, —6X, 6.¥,) around the steady state on
the force plane (X, X.).

5. Final Remark

The formal derivation of the entropy production
(2.20) from the nonlinear FPE (2.2), to be sure, is
possible without recourse to the local equilibrium
assumption [6], but it is really on this assumption to
make the quantity —¢ln{p:p,)/Cx physically mean-
ingful.

The formula (3.12) of the excess entropy production
associatgd with the linear FPE (3.3) is adaptable to
such systems that the steady state chosen as a refer-
ence state is stable. Whereas. then. the variances
assume the finite values of the order of magnitude of
V!, they tend to diverge near an_unstable steady
state, so that the formula (3.12) breaks down. As a
device to overcome the difficulty of divergence of the
variances, there is the scaling theory of transient
phenomena proposed by Suzuki [17] for the macro-

_ varibles near the instability point. In the present

framework, however, we have no knowledge of how
to define the force near the instability point.

Appendix

The reaction scheme of Prigogine-Lefever-Nicolis
model [18] is as follows:

A—X
B+X-Y+D
2X+Y—-3X

X —E.
The concentrations of A, B, D and E are controfled
from the outside and are maintained constant in

time. If all the rate constants are assumed cqual to
unity, the birth-and-death ME is given by

| ™

—P(X. X0 =AP(X ~ L Y, = AP(X. X0

VUMY + PN+ LY~V ' BYXP(X, Y1}
+VHY —IX -2HY + DIP(X -1 Y+ Lo
-V IX(X-LBYP(X. Y.

HY + P +LY - XPUX, Y0

} ]

o

(Al

Denoting the intensive macrovariables by a=4,F b
=BV ¢«=X ¥ and v= YV, we ohtain for the dnft
vector fix) and the ddfusion matix i)
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1
a—bx+x (Wc—*—‘—\) =X

= bx—‘x-(.‘c—lv) ¥

~[u—-bx-(wc"‘y—'x] Aa
- bx~x*y (A-2)
and

a+bx+xiy+x —bx—x'y
(x —-[ —bx—x?y bx+xly]‘ (A-3)

In the neighborhood of the steady state ({xDo=a,
{ydo=ajb), the kinetic equations of S(x>={x)
—{x), and & are given by (3.6) and (3.8), respectively,
in which

b—-1t a*
”°=[-b _az] (A
and
= 2a(b+1) =—2ab
BO‘[ —2ab 2ab ] (A-5)

It follows from the normal mode analysis that if
b(=a?+1)>b, the steady state is asymptotically
stable. In the case of 2a>b.,—b>0, setting w=
{a® —(b,—b)?/4}"V'?, we find that the solutions of (3.6)
and (3.8) are written in the forms

5¢{x>=exp {—}(b,—b)t} {(cos wt)E

sin wt b.—b .

'*‘b (70””_“‘“— >}(0<“>)‘ {(A.6)
w 2

and

a=60+exp{—(bc—b)t}

bs ‘050):+bc~bsin t)E+-Sinwt o, —0
(b 70 w Yo i o)

b.—b ine

X {(coswt+ £ sin (»t) E +smut 151 (A7)

. 2w w

Here the subscript i indicates the initial state, E is
unit matrix, and the variance o, at the steady state is
given by

K. Ishida: A Stochastic Approach to Nonequilibrium Thermodynamics

. _[a(bc+b),/V(b‘—b) —2ab;V(b,—b)
0

. AS
—2ub V(b ,—h) bib,+b), Vu(bc—b)] (A8

Equation (A.7) satisfies the inequality (3.13), because
of either ¢ <0 for o,>a >0, or >0 for 6,<0 <d,.
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IRREVERSIBILITY AND ENVIRONMENTAL FORCES

SALMON Jean
Conservatoire National des Arts et Métiers
292, rue Saint-Martin, 75141 PARIS CEDEX 03

Abstract
lrreversibility in fluids is traditionally introduced by means of Boltzmann's
postulate of molecudar chaos,

We  suggest  another way, based
characterized by environmental forces dependent on the velocities.

on a non-Hamiltonian microdynamics

I ~ Introduction
The fundamental system of equations of classical statistical mechanics s

reversible because it is based on Hamiltonian equations. It brings about the temporal
invariance of the entropy of an isolated system which is contrary to the second
principle of thermodynamics away from equilibrium. : '

It was Boltzmann who broke this irreversibility on establishing a Kinetic
equation ensuring the increase in entropy away from equilibrium and allowing the
determination of the transport coefficients 2 .

We suggest another way, based on the introduction of a non-Hamiltonian
micro-dynamics bringing in two opposing environmental forces, one of damping and
one of diffusion. A kinetic equation of the Fokker-Planck-Frey-Salmon tvpe is thus
obtained and leads to a correct result with respect to the entropy and to a
determination of the viscosity coefficient of a dilute gas in good agreement with

experiment.

Reprintea from CISM Courses and Lecturgs n°261, Udine (1980)
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11"~ The B.B.G.K.Y. System and Boltzmann’s Equation .

Let us_ consider LR dilute gas. made up of molecules of massm. t designates the
time and x,,xz,w1,w2 the position and velocity vectors of the number 1 and 2
pamclcs :7(: and Xz are the external forces deriving from a potential @q, X12 and
X21 are the interaction forces deriving from a potential @.

The single and double distribution functions are shown by the symbols Fy and
Fy2 . The low value of the particle density allows us to neglect the triple collisions,
and, in these conditions, the system of the first two BBGKY equations 'is written:

(1) 3f "’1._8_5‘: E.?._E_l.. X” 3f2 dx, dw, = 0
at 3 X% m Jow, m aw, -

. 3y . BFe o 3P (Ke¥y) 2, (Reb¥) 3Fs
at 8 Xy ax, m Aw; m 3 Wa

This reversible system is incompatible with the second princii)le of thermo-
dynamics. To obrain the transport coefficients, the collisions are considered as local
and instantaneous whereas the external forces are considered as weak compared to
the interaction forces, whence, on setting:

(3 K2 = Xy = %y

we have thé following equation in which the integral is only stretched to the inter-
action domain of the number 1 and 2 particles:

af, — aF — —y BFp
@ E?*Wi"a“fzf(.wz‘w’)' B 28

Let us designate by O the centre of the interaction sphere and by OXYZ a
system of axes such that the vector g12=W2-W1 is parallel to, and in the same
direction as, 0Z . Let us consider a straight line parallel o 02 and lying at a
distance b from 0. This lin€ cuts the interaction sphere at the points Ag and Ag
as well as the plane xQY at the point A of the polar co-ordinates b and & (Fig. 1):
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Zh

Fig. 1

The point Ag corresponds to the beginning of a collision and the point Ag to the
end of a collision, whence:

. _.' aF
///(Wa"“ﬁ 8x12 dx = [[gm [Fm F12(ZE)]bdb de (5)

"The changing of t in -t and consequently, W; into W, will change the sign of the
two sides of the equation (4) if 0z does not change direction. On the other hand,
if 0Z is made to take the same direction as az, only the sign of the left-hand side
of (4) will be modified and irreversibility is introduced.

The equation (4) contains both F; and Fj;. The postulate of molecular chaos
ensures closure on imposing the loss of information of the particules, thus:

Z =ZE F12= F1(W1) Fz("_”;) (6)
Z=Zs  Fip= F(wWh)F(Wy) )

hond . .- - - N . . I3
wi and W'z corresponding to the velocities at the beginning of a collision which
.. bved —t . - . .
lead to the velocities W; and W, at the end of a collision according to thé
reversible laws of motion of the two bodies. On using (6) and (7), the equation

obtained is that of Boltzmann:

F ——5
°h Wy - = //]/gm[Fz (wi)R(wi)- Fa(W2) F‘<w1)]bdbd8 dw, @

Bt 3)(1
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The importance of this equation is considerable. On the one hand, the entropy of an

isolated systemn cannot decrease:

35,
ot

2 0 ( Kp Boltzmann'’s constant)

®  Siz-Ko[[log F]F: dwy gx, s

on the other hand, the theoretical determination of the kinetic viscosity coefficient
W is obrained on solving the equation (8).

Let us designate by =KgT; the minimum value of the interparticle potential
and by o the distance which makes the latter vanish. The deviation y , corresponding

to an impact parameter b and to a relative velocity g =g4; is:

o 1
2 -
(10) z:n—2b[[--'3—2--.4—9’2-]2-9f-
ry r . mg=J r
( rq being the root of the quantity in brackets).
From (10) we calculate the integrals:
2 o
(11 Qy (g): j(‘l —cos‘x) —b-%b-
{1-_1_ (L] o ’
2 1+

5 T, sv2 1€ m $+2 s _mg2
12 Qb = (-—'> f ( > a 25%3 o7 TKCT dg.
12 sl AT/ ) \aKT, W(9)9 ’

The expression for the viscosity coefficient is then 2

12
2.3 2
o e [ 45

16 mwo2022 196 Q22

An effective potential is that suggested by H.J.M. Hanley and M. Klein3#

° - - 6
(14) @--KOT{G“’?Y <_d_?_>'“_ [mo-7(mg-8)] (Eﬂ)-,,(i‘_’_ﬂ
me=6 \ T - mg-6 r r/]

5:

The agreement with experimental results for Argon is cxcellcnf
m=6633 10%g ; T =152,8K; 0=3,29710""m; y=3

Ko=1,3804 10°%; 1 in 10™%poise ; mg=11.
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Table 1
T
K K exp 3 4 H / :u‘
298,16 227,5 226,3 0,5%
463,16 2324 323,1 0,1%
783,16 471,5 468,4 0,6 %
973,16 ‘ 546,3 547,7 0,2%

HI - A NON-HAMILTONIAN MICRO-DYNAMICS

Since 1975, we have suggested a hypothesis introducing the irreversibility at
the level of the molecular interaction®?. Instead of first of all respecting the
postulates of Hamiltonian mechanics and then breaking the past-future symmetry as
we have shown in the preceding paragraph, we have chosen to add non-Hamiltonian
terms to the fundamental equation of dynamics. The ‘first which seems to impose

itself is a damping term )—(’np of the form:

X12F“‘B[(W1'.‘7: —(W’;—V;] (15)
n1==fF1 dw, “2"‘]"2 dws (16)
“17"1“/*71 W dw, nava ”’/Fz W, dw, .17

This damping term must be compensated by a diffusion term in velocity space
—

X324 cnsuring the continuation of the motion and the velocity at the thermo-
dynamic cquilibrium, which leads to the expression:

— KoT 5] Gl
Xigg = - ( —— - — | log F. (18)
124 = B m 3w, 3w, 9 Fy2
3 -
The ememble Xyap + Xyag represents an environmental  force. The term  must

vanish for an interparticle Coulomb potential for particles of the same charge in. the
absence of a neutralizing bottom. Thus 8 should be proportional to the Laplacien
4@ of @. Lastly, the results obtained by means of the hypothesis of linear
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relaxation show that 8 must be the product oqu) by the average half-duration of
"the crossing time of the particle of velocity g and of reduced mass m/2 through the
repulsive part of the interparticle potential of quantum origin.

We -thus arrive at an equation of dynamics of the form:

‘dw1 Ve =]e) —o —by > - KoT ( 3 3 ) )
19 Mot a X,ym= e =~TAP| (Wy-Vy)=(WamV, — - —— |log
a9 dt " 3%y [( ! v,) (2 2)+ m \3dw; 3wz g ‘2_!

The true Liouville equation is written:

P R - ki B i g 3,(x1raz)+ 1,(?;!-",2):0
dxy dxs dw, m 3wWa m

dt

whence, on fully writing out the irreversibility kinetic equation governing Fy,:

3Fe o, 3 o BFe 1 3¢ 3F: 1 39 2h

at v 3% 2" 39X, m 3X; 3W; m 3Xz BWwW,

vdp| 3 [_. - - KoT (aaz aﬁzﬂ

2EP (W =V Fi= (Wo=Vy ) Fia+ -t +
- [BW, (W 1) 12 2=V2) Fiz o\ T |

tAp | 3 — - — KoT [3F2  3F\]
21 + e (Wa=Va)Fon = (Wi vy ) F. FRBALAR <.__.__..12 - _.13)1
@D m [awz [( 22) Fro= (Wi=72) P m \3W, 3w _l

d

If two particles are in presence, the distribution functions are the Dirac type, thus
Maxwellian at zero temperature. The irreversible term disappears and the traditional
motion of the two bodies is re-established. Let us return to the case of a
population of particles and in right-hand side of the equation (21) let us use the
approximation: '

-2
(22) F12 = F1 F2 e KoT

For a dilute gas, the position of the functions Fq and Fp varies little within the

interaction sphere. Let us multiply (21) by dX,, dw, and integrate, We then have

the Frey-Salmon kinetic equation®?
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aF, — B8F, X; 9Ff _ nKeTZB 3 [y —\. . KT 3F;
e W e e g ¢ e e o | (W =g )Py —— — 2
at ! axy m 3w, 2m 3w, k 1)’ m awj @3
-t
m--a-‘z-— <d(p>e—7 r2dr = & Ape T r2dr (24)
3K2T? . dr 3KT

The non-decrease is entropy S4 is ensured. Indeed, on designating the Maxwellian
distribution by Fj', it follows that:

32
LS wf(am

M
S,= <Ko [FlogFdx,tuw, Fi=Fi J L dxy dw 2 0
1

at. 2m? v,
(25)
The expression for the viscosity coefficient is:
m
@ — 26)
#= 78 (
with for T : (Fig. 2)
o™, . s : :
: b2 4 ! 27b m\2 .net
T = 2 1——-—-)-—- 'r) dr [-————( > @ KT 47362 dbd
f U(g =)~ ol ~o? \ankT g*db dg
g0 0
@7

Fig. 2
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For a sutherland potential:
r
28) r<g @=00 >0 Q)--KQTJG(—G—\) fo(‘i)xﬂ

The calculation is made on considering the vertical straight line as the limit of an

oblique straight line:
r-a
o=-a

29) r<0 p=-KgT;
The final result is: :
g [ mKgT >V2 1 WA
30 . pe—— cum— T
(30) > ( p e

g2
Agreement with experiment is berter than 1% from 300 to 2200 K for Argon10

6=282010%m; T, =110,8K; m=6633 10"% kg.

Table 2

T 10%0y 10% thexp 4 |
K Pa.s Pa.s l wle !
250 1,926 1,949 0,012
300 2,272 2,272 0,00
500 3,400 3,365 0,01
700 4,286 4,25 0,008
1000 5,372 5,35 0,004
1600 7,083 7,100 0,002
2200 8,463 8,510 0,006

IV — The Fine Entropy Method
The idea of the fine entropy method has been introduced by }. Fronteau
logarithm of the distribution function. A molecule of fluid,

force X and to its close environment, is assumed 10 obey

11,12

and defined as being the
subjected to an external
the following law of motion:

(31) m—:X-a(W—V)-a-——éﬁ,logF-XT
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in which the gradient of the fine entropy is brought in as a generator of disorder
to oppose the state of rest towards which the molecule was tending in the absence.
of X.

The true Liouville equation,

aF — afF 3 (%
—4W i b= | — F | =
at v dx ow (m ) 0 ' ¢2)

associated with the equation (30), allows us to recover an equation of the type
(23)1%

..a_":....w.‘.?;.;._x_..i,i[anW—“J)-E—E-.w—’-(-?lAwF] 33)
ot ax m odw m 3w m

P. Combis, J. Fronteau and A. Tellez-Arenas 13 have also studied the motion of a
one dimension Brownian quasi-particle at position X and velocity v . On designating
the damping coefficient by ¥, the equation of motion is written, in a uniform and

constant external force -Mg, as:

dv : 3
m—&-t—u-mg—vmv-vKoT—é—v-logf | (34

and leads, with (32), to the density probability cquation fu

af ar 3 o 3%
—_—dp ¥ e e (VY fe — — =0 (35
at ax ov ( g) 2 3v? )

KoT

2 a
Cm 2
o (36)
For an initial position Xg and an initial velocity Vg .. ie. for a £ function cqual

o 8 (x-%g)d{v-vg) ac zero time ... the equation (35) has the explicit solution 14,

1 . ) o
f = iy #X = [ An(x=R) =280 (x-R) (v=7)+ Ags (v =7)7]

(37)
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with:
2
38) Aoy = —— [2 vt -3+4e""-e°2’”]
23
" g2 -vt)2
(39) Auy = = (1-e)
2
(40) By = —— [1 - 9-2“]
2v
(41) A = Axx Aw - <Axv)2
= . Vo -vt g -vt
(42) x-x0+7(1-e )-;E-(vt-ﬂ-e )
- -vt 9 -vt
(43) V =vgye --—(1—e )
. v

. =\2
The quantity (X- X) has, for an average value:

2 g2 vt -2t ]
(44) (x-x)n-é-;?[th—Ci«{-‘ie e

thus, for large t, the following formula which is well verified by experiment:

- -x%)? 2 2K,T
(45) g.)_(__)i_)_. -2 - 0
t v2 mv

V ~ Conclusion

We have taken up the problem of irreversibility starting from an equation of

irreversibility motion. To the usual force deriving from a position potential,

we have

added two non-Hamiltonian forces or cnvironmental forces. The first is an usual

damping force and the second is a force proportional to the gradient in the
space ‘of the logarithm of the distribution function.

velocity
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We thus obtain an irreversible kinetic equation which allows us to take account
of the viscosity coefficient ‘of a dilute gas and of the laws of Brownian motion.
Consequently, we have associated non-Hamiltonian forces with dissipative

structures.
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Abstract

Liouville’s theorem, in its original form (1838), allows us to derive a kinetic equation from any
given dynamics, whether conservative or not. In this article we study the inverse problem: given
a kinetic equation, to find quasi-particle dynamics {(generally non-conservative) which, via
_iouville’s theorem, generates precisely this equation. The mathematical problem thus presented
allows an infinite number of solutions. in fact, physically, we are allowed, by what we call the
principle of correspondence, to retain one particular non-conservative set of dynamics, namely
that which becomes conservative when statistical equitibrium is reached. From this viewpoint,
we give the solution to the inverse Liouville problem for a very general class of kinetic equations.
This solution has a direct physical interpretation in terms of current velocity. We consider in
particular the cases of the Boltzmann and Fokker-Planck equations. :
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I. INTRODUCTION.

The following problem has been recently studied in (Frﬁsch, Forgacs
and Chui, 1979) : given a kinetic equation
%: R(f) ‘ (1.1)
where f(r,v,t) is the one-particle distribution, r is the position coordinate,
v is the velocity, to determine é Hamilton function H(r,v,t) such that, if

f(r,v,t) is a solution of (I.1), then the same f(r,v,t) is also a solution of

af . % (EI;.BE_.- éf_.éﬂ_) . (1.2)
i

The summation convention was used in (I1.2), i=1,2,3, and m is the mass of a
particle. Frisch, Forgacs and Chui considered the case where (I.1) becomes the
Fokker-Planck equation and, for the fundamental solution corresponding to a
quadratic potential, they found the Hamiltonian H(r,y,t) explicitly.

The particular case of the Fokker-Planck equation brings to light,
in our opinion, the deficiencies of the above method. Frisch, Forgacs and Chui
start with a non-Hamiltonian evolution in an infinite dimensional dynamical
space (the kinetic equation (I.1)). Via the Liouville equation (I1.2), they Took

for Hamiltonian dynamics in a finite dimensional phase space, that are equivalent
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to the original kinetic equation (I.1) in a weak sense only. By the weak equiva-
lence we mean that the Liouville equation (I.2) corresponding to the Hamiltonian
dynamics that are found is not necessarily strictly equivalent to the kinetic
equation (I.1) ; only the solutions of {I.1) have to be also solutions of (1.2).
On the other hand, the Hamiltonian fpund in (Frisch, Forgacs and Chui, 1979)
for the case of the Fokker-Planck equation does not have a physical meaning.
Besides, this deficiency is of a general nature. Indeed, (Santilli, 1978) has
recently considered the problem of reformulating non-Hamiltonian dynamics in a
finite dimensional dynamical space as Hamiltonian dynamics in a finite dimen-
sional phase space. The reformulation is possible under very general circumstan-
ces, but the Hamiltonian obtained after the reformulation does not, however,
have a physical meaning.

In this paper we shall consider the inverse Liouville problem for a
large class of kinetic equations of type (1.1), but we shall look for non-

Hami]ton{an dynamics {I1.3) in a finite dimensional dynamical space,

= Y (fir,v,t)

TR

= ¥ (F3r.05t) (1.3)

dynamics that are strictly eguivalent to (I.1) via the general Liouville equa-

tion (1.4)

3
r,i) vy . (1.4)

By "strictly equivalent” we mean that (I.1) and (I.4) are identical equations.

Note that kI.4), which takes into account general non-selfadjoint forces (I.3),
gives rise to an algebraic Lie-admissible formulation of statistical mechanics

(Fronteau, Tellez-Arenas and Santilli, 1979). Note also that there exisis a
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confusion in the literature about the exact meaning of the expression "Liouville
equation”. We have therefore added to this article an appendix devoted to this
concept. In conclusion, the problem that we call the "Inverse Liouville Problem"
is the following : given (I.1), find (I.3) such that (1.4) is equivalent to
(I.1). We shall see that the time evolution equations (I.3) have a natural phy-
sical interpretation.

A few remarks about this problem are in order. In this paper, we solve
the inverse Liouville problem for (I.1) being a rather general gain-loss balance
kinetic equation. Simple physical argument allows us to select "good", physical-
1y interesting, time evolution equations (I.3) among many possibie equations
(1.3) for which (I.4) is jdentical to a given kinetic equation (L.1). It is
jmportant to note that the equations (1.3) are unusual time evolution equations:
the vector field (I.3) depends on the function f that can only be obtained as
a solution of (I.4). Thus (I.3) and (I.4) have to be considered together. The
virtual particle evolving in time according to (I.3) has been referred to as a
quasiparticle (Combis, Fronteau and Tellez-Arenas, 1979 ; Tellez-Arenas,
Fronteau and Combis , 1979), i.e., a mathematical object representing a certain
average behaviour of the real body.

In studying the inverse Liouville problem we have the following
objectives : (i) The quasiparticle representation (I.3) of kinetic equations
of type (I.1) provides a new view of the non-Hamiltonian, non-conservative
structure of phenomenological equations of macroscopic physics. (i) Physical
experience associated with particle dynamics and stochastic processes might
help to construct extension of the well-established kinetic equation (e.g.,
the Boltzmann equation) by constructing first the vector field (I.3) and then
arriving at the kinetic equation via the Liouville equation (I.4). (iii) Final-

1y, the reformuiation (1.3) and (I.4) of (I.1) might be useful in solving the

’
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kinetic equation (I.1).

IT. SOLUTION OF THE INVERSE LIOUVILLE PROBLEM FOR A CLASS OF KINETIC
EQUATIONS.

1°) The kinetic equations considered.

We shall now specify more explicitly the class of the kinetic equations
that will be considered. According to (Grmela and Iscoe, 1978 ; Grmela, 1979),

the right hand side of (1.1) is decomposed uniquely into two parts,

R(f) = R(f) + R'(F) (11.1)
where

RE(F) = % [R(f) £ I R(3F)] (11.2)
and

JE(r.st) = F(rmwt) . (11.3)

It will be seen in the remainder of the article that, in the time evolution
law for f, ﬂ%+(f) represents all the phenomena that are associated with colli-
sions between particles. j@+(f) is thus called the non-conservative part of
the statistical operator R (f), and, conversely, R (f) is called the conser-
vative part of J}(f).

Note first of all that the solution of the inverse Liouville problem
for ]a(f) is immediately obtained from the solutions for R (f) and ja+(f).

\Indeed, ‘

R(F) = - %E- (f V;_’i) - % (fvv,i)
i 1

+

vi) (11.4)

276 = - %,: (FV7 ) - Sy (Y



— 254 —

- 1215 -

implies

R(f) = - g?; [FOYVT v 1 - %V; [f(v;’i4-v;’i)] (11.5)

.

and thus, in (I.3) and (I.4)

- +
v, v M
= +
- +
v, v, v (11.6)

The class of R~ that will be considered is defined as follows. Let
us consider a particle represented by the position coordinate r and velocity v

and moving according to the Newtonian law

P =

Iﬂ <

v = F(r,t) (11.7)

where gg'is a force and the particle has unit mass. The operators B ~ considered
are defined now as the right hand side of the Liouville equation (1.4) corres-

ponding to (II.7), thus

R = - v, §§T - gVT (f 9§Qr,t)) . (11.8)
i

131

If §f’= 0, we recognize the familiar free flow term. A direct verification shows
that the operator introduced in (II.8) has in fact no non-conservative part, in
the sense of (I11.2). In order to be able to consider also the Vlasov-type kine-
tic equations, we shall admit that the force ?E‘can depend on n(g,t):fd3! f(r,v,t).
This generalization is very familiar in the context of the Vlasov equation. In

this case, the Newtonian dynamics (II.7) are replaced by

v
i = Flnsrot) (11.9)
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and the right hand side of the Liouville equation (I.4) becomes

R (F) = - v M3 (r ?:kn;r,t)) . (11.10)

Tary  avy
The inverse Liouville problem for (I.1) where R is replaced by R~ introduced
in (II1.8) and (II.10) is of course trivial. The solutions are given by (II.7)

and (II.9) respectively.

We proceed now to the specification of the class of the non-conservative
operators R* that we shall consider. We propose to consider the class of gain-
loss operators describing phenomena without memory, i.e., such that the probabi-
Tity of transition between two points depends only upon these points and the
corresponding times. Now, let X EIRSN be a point in the dynamical space of the
system considered, and fN(X,t) the corresponding density at time t. By introdu-
cing the probability density P(X,,t|X;,t;) of the transition from (X;,t;) to
the neighborhood of (X5,ts), t; <t,, one successively obtains

fN(Xat?.) - fN(Xatl)
At

3 .
2 £y {X,t) = lim
ot N At=0

t1<t<t2 N At=t2"t1
fy(Xstz) = j dX' (Xt )Pt X 5ty)
fy(Xty) = J dX' g (X,t1)P(X" 5t X, t0)

) 3 1 . [ ' 1

Zp A6t = Tim e | dX[RX' ) POGE X6 ) -Fy (G 6 )P(X Tt X, 1) ]

at=0 RFN :
(11.11)

Let us now consider the case in which, for at sufficiently small, one may intro-

duce the idea of a transition probability density per unit of time, w :

P(Xota|X'oty) = (ta-t1)w(X3X') = At w(X;X') (11.12)
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The equation (II.11) then reduces to
%€ fN(X,t) = gf' [fN(X‘,t)w(X;X') - fN(X,t)w(X';X)] (11.13)
R

By putting X =(§£,y£), £=1,...,N, and using the microreversibility relation

W(rps¥p 3 TpoVp) = W(EgsVp 3 Tpo-¥p) > (11.14)

one may verify that the integral operator present in {11.13) is of type 3&+(fN)
in the sense of (II.2). Furthermore, we suppose that the so-called detailed ba-

Tance condition
eq, e X
W(rgotp 5 povy) TRo(rps¥p) = wlrgop s rpo¥p) Ty (£ps¥) (11.15)

is satisfied, where fﬁq(rz,yz) = f;q(r ,-yz) is the unique time independent so-

lution of (II.13).

In the following we shall obtain a general formulation giving a phy-
sically significant solution to the inverse Liouville problem for the kinetic
equations of type (II.13), and even of type (II.11). However we are interested
in solving the inverse Liouville problem for the kinetic equations which govern

one-particle distribution functions fi(rysvist),

fi{risvist) = | d¥rp ¥y, ... fN(§1a21,rz,!2,---st) (I1.16)

and we shall consider explicitly the cases N=1 and N=2, for which the following
notation will be used : fi(r;,vi,t) = f(r,v,t), f2(ri,visra,Va.t) = far,v,g,v,st).
Let us suppose then that there is no position diffusion, and that transition

probability depends only upon velocity and is symmetrical :
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Vousv',e') = w (v, vtiv,y) . (I1.17)
For N=1, the relation (I1.13) leads direct]y‘to the kinetic equation for the

one-particle distribution function :

ﬁf f(r.y.t) = R7(F) = I d3v' W(ysv') [F(r.v',t) - f(r,v,t)] . (11.18)

For N=2, (II.13) leads first of all to

2o falravagovst) szs‘-"Ids‘."W*(!,z;!’ ) [F2(rsyt Bt t)-Fa(rsv,6,v,8) ]
{11.19)
The evolution of f(r,v,t) is then obtained by summation with respect to £ and v.

In fact, for given r and v, the interaction vanishes outside a certain neighbor-

hood of r called the volume of interaction U, The integration with respect

int®
to £ is then limited to this volume 17 nt- By introducing the hypothesis of the

Boltzmann chaos
fa(r,v,g.v,t) = f(r,v,t)f(g,v,t)

and assuming that f is independent of position inside 1’;nt’ (I1.13) leads even-

tually, by putting W=w" 1", int ®
3 —R+ = 1d3 3yt 1d3y? eyt ot [ [ -
SET (0sYs) =00 (F) = [P Py a3 (v psv' v )[F(r,y" ) Fr,p',t)
- f(r.v,t)f(r,v,t)].  (11.20)

Finally, let us recall that it follows from thegﬁ—theorem that the only time
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independent solution of (I1.20) is the one-particle distribution function f that

satisfies

Fr,y ) f(r,p') = flry)f(r.y) (11.21)

2°) The principle of correspondence.

We have now to solve the inverse Liouville problem for (I.1) where R
is defined by (II.11), (I1.13), (II.18) or (II.20). We shall observe first that
the problem of writing a scalar function as a divergence of a vector function
{(the problem that is basically involved in the inverse Liouville problem) has
an infinite number of solutions. There is however a natural requirement restric-

ting the choice of possible solutions. Note first of all that, given
of _p+
=A%

and a solution of the inverse Liouviile problem, i.e., functions \_I:(f;[,y,t) and

y:(f;r,y,t) such that

+

i) (11.22)

of _p+ __ 8 + _3
9t RI(e) - ar; (f Vr,i) av; (fv

it appears trivially that the conditions \_/’;=o , y’\j:o imply RF(£) =0. The
inverse however is not true in general. It seems nevertheless natural to require
that the inverse should be true, i.e., to require that for all f that are solu-
tions of ja+(f) =0 the functions y:(f;r,y,t) and y:(f;g,y,t) should vanish.

Indeed, let us write the kinetic equation (from (I.1) and (I11.1))

A=) =R7(e) + R (11.23)
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and a quasi-particle dynamical evolution (from (I.3), (II.6) and (II.9)),

.- + +
r=V .+ V.o=v+ ¥V,

o - v _F +

v = yv + !v = J{n;r,t) + yv (11.24)

that is associated with (II.23) through the irnverse Liouville broblem. The dyna-~
mics defined by the vector field (y;,y;) are classical dynamics in the sense
that the force ;f/does not depend upon the velocity v, and we note (from (I1.10))
that they do correspond to the conservative part jl'(f) of the operatorjz (f).
The preceding requirement (93+(f) =0 = (y:,yt) =0) means physically that we
associate a classical dynamical evolution ((yi,yt) =0) to any conservative sta~
tistical evolution (3%+(f) =0). The requirement will be referred to as the prin-
etple of correspondence between statistical mechanics and the associated dyna-
mics in the inverse Liouville problem. Note, from (II.8) and (II.10), that

R7(f) =0 does not necessarily imply (Voo¥) =0.

It may be useful to 1ink up the principle of correspondence with the
notion of thermodynamic equilibrium. According to (Grmela and Iscoe, 1978), a
thermodynamic equilibrium state implied by (I.1) is a solution of.ja(f) =0 that
is moreover invariant with respect to J defined in (II.3). As it follows direc-
tly from (II.1) and (I1.2), the thermodynamic equilibrium states are thus solu-
tions to.ﬁl'(f) =0, 32+(f) =0, that are invariant with respect to J. In the case
of the Boltzmann equation this notion of thermodynamic equilibrium states is
obviously equivalent to the notion of the equilibrium states introduced in Gibbs
gheory. With this definition of equilibrium, the principle of correspondence
finally reduces to what appears, in the inverse Liouville problem, to be a natu-
ral property : in a state of thermodynamic equilibrium, the time evolution of

the associated quasi-particle is governed by classical conservative dynamics.
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Note finally that this correspondence principle has already been explicitly
verified in the case of the Fokker-Planck equation (Tellez-Arenas, Fronteau and

Combis, 1979).

3°) Solution of the inverse Liouville probiem for 3&+(f) :
the Irving-Kirkwood method.

We do not know as to whether the principle of correspondence singles
out the solution of the inverse Liouville problem for.32+(f). One solution that
satisfies this principle is however known to us from the Irving-Kirkwood method

(Irving and Kirkwood, 1950 ; Noll, 1955) : given the quantity

Ro= | ax [o(x,X) - a(6X")] (11.25)
IRGN
where X, X' E!RGN, and where ¢ is a differentiable functionIRGN xRGN - R, one
has, for a=1,....,6N
= K, (X)
a
1
K(X) = J dX* [ dn X' ¢[X(n),X"(n}] (11.26)
RN o

X(n) = X-nX' 3 X'{n) = X+ (1-n)X'
The proof follows immediately from three observations :

l dX' [e(X',X) -e(X,X")] = ( dX' [o(X=X"',X) = ¢(X,X+X")]
1

S(X-X",X) = (X, X+X") = j dn %n— o[X(n) X" (n)]
0

4 o[X(m) X ()] = - X} g olX-nk' L X+(1-m)X']
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Note that it is possible to relax the condition of differentiability of ¢ by
considering the derivatives in the weak sense. We can indeed use the Irving-

Kirkwood method also in the case when ¢ involves Dirac delta functions.

The general class of operators j%+(f) defined by (II.13) is of type
(11.25) and the Irving-Kirkwood method thus provides us with a solution to the
inverse Liouville problem for this class of operators. We obtain, following

(11.26),

RIE (D)) = = Z [R G0V, 1)]
1

V+(X,t)=?7——)-1 K (F3X,t) =?—(X_71 f dX‘Jan'w[X'(n);X(n)]f (X(n),t).
| WSRO D e "

(11.27)
Note that the expression (II.27) of the current velocity satisfies the principle
of correspondence. Indeed, according to the detailed balance condition (I1.15),
the only solution of R*(fy) =0 is £ (X) such that w(XsX* ) FRA(x") =w(X ) Fy ().
If this relation is inserted inte (II1.27), one obtains V+(X,t) =0 after the
change of variables X' --X', n-1-n. The physical interpretation of (I1I1.27) will

be discussed in section III.
In the particular case where N=1, i.e., for X =(r,v)s w=H(v;v')s(r-r')

and H(v;v') =W(v';v), the relation (I1.18) leads to

% f(r,v,t) = [ d3v' W(vsv' )[F(r.v',t) -f(r,v,t)]
- - —3,,—] (FV) ) - %\Z (FV, ) . =123 .  (I1.28)
1
!:(f;r,!,t) =?’(E‘]"!jyjd3r‘[d3!lf dnr' H(y'(n);v(n))s(r')f(r(n),v(n),t) =0.
0

(11.29)
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VE(Frv,t) =t [d3r' d3vt] dn v WOy (n)3v(n))8(r*)F(r(n),u(n),t)
Ly sl sV m) 1N ¥y On_ v in;:Vi\n r rins».v¥inj,
1
=z rl,!,t Jd%'J dn v' W(y' (n)3v(n))F(r,u(n),t) (11.30)
0

where
r(a)=r-nr' 5 r'(n)=r+(l-n)r' 5 ov(n)=y-ny' 5 vi(n) =y (I-n)yt.

The case where N=2 corresponds to the relation (1I.20) which is not
directly of type (II.25). It is thus preferable to return to equation (II.13)
for which the solution to the inverse Liouville problem is given by (11.27). With
WEwH(v,vsvt oy )e(r-r )s(g-g") and w¥(y,usv',u') =w(y',u'5¥,v), one obtains

first of all a result similar to (II.29,I1.30}), i.e.,

3 =yt 3yt
5T T2(rsVagsp,t) = av; K,i av; Ko,i
+ - . + -
Kh=0 5 K =0

1
Et(fz;r,y’g,y,t) = Jd3!'{d3y'j dn v  wH(Y' (n)sv' (n)s¥(n)>uln)) x

0

x F2(r,¥(n)>g>v(n),t) (11.31)

and an equivalent expression for 5:. To deduce from this the solution to the
inverse Liouville problem for (II.20), it is necessary to integrate the equa-
tion (I1.31) with respect to g and y. Realizing the fact that &: vanishes for

infinite v, one obtains
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Using the same hypotheses as thdse leading from (II.19) to (II.20), one eventual-

ly obtains :

1
vy = ﬂﬁf‘ja‘-’jda!'[d%'[ dn v' W(¥* (n),y' (n)3¥(n)u(n))F(rs¥(n),t) x
0
x f(rsv(n),.t). (I1.33)
Since the solutions of (II.21) are the only solutions of jZ+(f) =0, we easily
verify through the change of variables (v',v') -» (~v',-v'), n-1-n, that (II.33)
satisfies the principle of correspondence.
To summarize, the Irving-Kirkwood method solves the inverse Liouville
problem with the requirement of the principle of correspondence : solution (II.30)
for R¥(f) defined in (I1.18), solution (II.33) for R*(f) defined in (II.20)
and, in'general, solution (II.27) for ]3+(fN) in (I1.13,11.14).

ITI. PHYSICAL INTERPRETATION.

Following the method used, in the context of hydrodynamics, by Irving
and Kirkwood in the appendix of (Irving and Kirkwood, 1950), we introduce in
RGN a mean velocity associated with a large class of statistical phenomena
(those statistical phenomena with the absence of memory, i.e., for which tran-
sition probability depends only upon the two points involved in the transition
and on the corresponding times). This mean velocity will be called the current
velocity. Let X be a point of RGN, and fN(X,t) be the corresponding density at
time t. He look for a definition of a "good" mean velocity V(X.t), and we consi-

der therefore all the systems passing through a fixed X at time t. The simplest
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way to express that a system, which s at X; at time t; and at X, at time t;
(t; <t <ty 3 tp-ty =at is arbitrarily small), is passing through X at time t

is to introduce the following Tinear interpolation :
X=X +n(X-Xy) -, Ogngl

and thus

Xy = X-nZ 3 Xp=X+(1-m)Z 5 Z=Xp-Xi . (111.1)

It is therefore natural to define the current velocity at (X,t) as
the limit, as At -0, of the average of Z/at for all the systems passiné through
X at time t. We introduced the double-density sz(Xl,tl;Xz,tz) for these systems,
i.e., sz(X-nZ,tl;X+(l—n)Z,t2). The double-density fan is related to the transi-

tion probability density P by
sz(X—nZ,tI;X+(1-n)Z,t2) =fN(X-nZ,t1)P(X+(1-n)Z,t2|X~nZ,t1) . (111.2)

We obtain therefore for the current velocity

1
Tim Q2 | dn & Fy(XnZ,t0)PORH(1on)T, b [XonZ, )
At-0 IRsN 0

V(X,t) = (111.3)

Tim
At-0

Since At =t,-t; »0 implies P(X+(1-n)Z,tp|X-nZ,t1) - 8(Z), we note that the de-

1
dz { dn fN(X-nZ,t1)P(X+(1-n)Z,t2]X-nZ,t1)
&N
0

nominator in (1I1.3) is equal to fN(X,t). Finally, if the notation introduced

previously is used, see (11.26,11.27), one obtains

1
1 1
V(X,t) = 1 dx' | dn X' Fy(X(n),t)PX ()5 ta [X(n)sty).
(%) TGE) 0 ZT’LRGN [0 n N(K(n) )P (n)  t2[X(n) 1)
(111.4)
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In order to verify that V(X,t) is the current velocity, i.e., that the Liouville

equation
3
3 fyt) = - 3 ~ [Fy (X 8)V6(%,8)]

is satisfied, we recall (II.11) which, by using (11.25,11.26), [putting ¢(X',X) =
(X', )P(X,t2 X" ,t1)], becomes

3 -
=5 Tn(%st)

i
+
e

- 1
Tim - K (X)
o [At—»o at e ]

. .2 1 L1
- m[fN(X,t) e B Ka(X)]

- :Ta [0V (X.1)] . (111.5)

The physical considerations based on the notion of the current velocity therefore
lead to a solution to the inverse Liouville problem for the class of kinetic

equations (II.11) ; the solution is given by (III.4).

IV. PARTICULAR CASES OF THE FOKKER-PLANCK EQUATION AND OF THE B-G-K
MODEL OF THE BOLTZMANN EQUATION.

In sections II and III, we applied the formalism of the inverse
Liouville problem to the kinetic equation (II.13), the solution being given by
(11.27), and to the kinetic equation (II.11), the solution being given by
(II1.4). We did not however explicitly specify the quantities w or P. In this
s;ction we shall discuss in more detail two special cases of (II.11) and (I1.13),
respectively the Fokker-Planck equation and the B-G-K model of the Boltzmann

equation.
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1°) Fokker-Planck equation.

Let us consider a stochastic process

dX(t) = D(X(t),t)dt + dW(t) x RN

in which D is a regular vector field and W(t) a Wiener process. The transition
probability density P(X'(n),tz|X(n),t1) that appears in (I11.4) becomes, for
small positive at=1ty-ty,

POX (n) 2 [ X(n)t1) = (2mt) (deto?) 7w oL

x exp {-gpp (197170 g X0 (K ()Tt ] [Xp0g(X(n) 1)t ]}
(1V.1)

where %{02] is the symmetric matrix of diffusion (the summation convention being
used in (IV.1) : a8 = 1,'...,6N). This transition probability density is there-
fore of the form p(X',X-nX',tz,t;) and, in the integral (III.4), the quantity

fNP=pr can be extended in the neighborhood of X as follows :
f:N(X""'\X' »t1)p(X! SX=nX',t2,t1) = fN(Xstl)p(X. X,ta,ty)
o n X2 [F (Gt )P(X" Kot t)]
a-a'xz N sl shalp sl
2 1 1 32 ' LR |
+ 2{ Xa X‘3 m [fN(X,tl)p(X Xota.t )+ O(Xuxsxy) . (1Iv.2)

By inserting (IV.2) into JdX‘ X' fyp, one obtains

1 1 - 1 1 3 t [RVE]
{ dX" X! Fyp = Fy(Xst1) I dx X2 p - n g fy(t) ‘ dX* X! Xep
lRGN a

n2 % ¢ ax’ X! IV.3
L ah o U D At S (1v.3)

o
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Taking (IV.1) into account, one can calculate various moments arising in (IV.3) :

f
i 1 = X,
dX' X! p =D (X,t;) at

[
2

1yt oy = 2
&' XXp = [62] st + 0(at)

.
] i 1 1 - 2
dX' X! X! Xep = 0(at)® .

By introducing these results into (IV.3), one obtains finally for (III1.4)

V,(X,t) = D_(X,t) - }[o2] Log fy(X.t) . (1v.4)

8
asB 3Xg
The current velocity thus obtained is identical to the current velocity associa-
ted with Brownian motion. Note, however, that the present derivation of (IV.4)
is different from that which is of current use in stochastic mechanics (Nelson,
1967)..In the particular case X =(r,v) and in the absence of any external field,

the current velocity (IV.4) reduces to

Ve,i © Vi =Yy
. o
Vo,i = Vy,i= -0y Agvy Log fry.t) (1V.5)

where C and A are the coefficients of dissipation and diffusion respectively.
The corresponding Liouville equation (I.4) becomes identical to the Fokker-

Planck equation

2 f(ryst) =R + R¥(e)

R7(F)
R(f)

3
- vy 3?; f(r,v,t)

i

3 3 3
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The principle of correspondence introduced in section Il is satisfied. In fact,

at equilibrium, one has

L2
7R
G e s G = constant

(v) =

which implies simultaneously

R¥(fF) =0 and y; =0 . (Iv.7)

In the case of the Fokker-Planck equation in RGN, and for a vector field D that
is linear in X, it has been shown that the non-conservative part of the quasi-
particle dynamics vanishes at equilibrium (Tellez-Arenas, Fronteau and Combis,

1979), which generalizes the result (IV.7).

The current j = f yt corresponding to (IV.5)

Po= - a2
J; = Cfvi Aavif

has already been used by other authors, notably* in (Chandrasekhar, 1943) and
in (Trubnikov, 1965). However these authors did not consider the question from
the angle of the inverse Liouville problem and furthermore did not envisage the
purely dynamical aspect of it, that results from the explicit integration of
the differential system. To our knowledge, the study of the statistical evolu-
tion in terms of non-conservative trajectories was considered only recently
(Combis, Fronteau and Tellez-Arenas, 1979 ; Tellez-Arenas, Fronteau and Combis,

1979).

*we thank N. Corngold for drawing to the attention of one of us (M.G.) these

two references.
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Finally, let us consider the simple case of the Fokker-Planck equation
in the velocity space, which we will compare to the case of the B-G-K model in
section IV.2. The condition leading to equilibrium at temperature T being
satisfied, and Boltzmann's constant being taken as unity, the Fokker-Planck

equation may be written, in one dimension, as follows :

) _ 9 CT 32 N v
ﬁf(v,t) = CW [vf] =+ -—I—n—mf ;3 C>0 . (1v.8)

Let us choose, as the initial distribution f(v,0),the distribution corresponding

to equilibrium at temperature To #T :

1/2
£o(v) = £(v,0) 2(2_1:"1’5) exp [-!‘2‘.};} ) (1V.9)

The solution f(v,t) of the equation (IV.8) may then be written, for t>0,

1/2

exp - TVZ (Iv.10)
2[T +e-20Y(T,-T)]

and the following dynamics may be deduced from this and (Iv.5) :

. m
flv.t) = (zn[T + e'ZCt(Tu-T)])

CT 3

vV =- Cv - TITW Lng(V,t) (IV.11)

. T o2Ct 4

v = Cv(l TE) ey LT (1v.12)
(1-75)* 7,

It is verified that, in accordance with the principle of correspondence introdu-
ced in section 1I.2, v vanishes at thermodynamic equilibrium, either for Ty =T,

or for t tending towards infinity when T, #T.

2°) B-G-K model of the Boltzmann equation.

Let us consider the kinetic equation of the B-G-K model (Bhatnagar,
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Gross and Krook, 1954) in one dimension,
%f flv,t) = u !dv' [M{v)f(v',t) -M(v')f(v,t)] (IV.13)
where M(v) is the equilibrium distribution at temperature T

M(v) =<§§,nlf>l/2 egp[—i"é‘%i] » (1V.14)

and 1 the collision frequency. It is easily verified that the solution may be

. %
written

F(v,t) = e 8 [Fo(v) -M(v)] + M(V) (1V.15)

where fg(v) is the initial distribution, which we choose to be of the form

£a(¥) =(?:_T€)1/2 exp [_%‘%] ) (IV.16)

The general results obtained in section II.3 allow us to write the current velo-
city, in the velocity space, as follows :

-1

w {e ™ Fo(v) M) + M}

<
H

1
X J*“QV‘ [ dn v’ M(v'(n)) {e-“t[fo(V(n)) *M(V(n))]'+M(V(n))} (Iv.17)
-co 0

with v(n) = v-nv' and v'(n) = v+ (1-n)v'. The integral I,

1
I(v') = l dn M(v'(n)) folv(n))
0

which may be written

1
(v') =—2 | d -7 b)2 ,
(v') Py JO n exp { > [(an+b) 4-c]}

* We thank I. Iscoe for this dbservation.
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_ 1, 1)/ _v'2
a = V‘ (-T— + 'rg) ’ C = TTra—
v' 1 1/2
b=~ W (T To) (Iv.18)
T T,
reduces to the following form :
v'E
12 T
m mv 0 m 2
I(v') = exp |- du exp [~——(u-v) }
2n(TTg) 1/ 2y [2(T+To)} ’ e 2¢
v
T
€. 1o
= . 1
T+T, (1V.139)
In the expression of v' I{v'}), the mtegratmn from -Lﬁ— to VT€ may be accom-
plished in two domains : from —l—ﬁ to _T_’ and then from l’—‘-64‘.0 VTf The

first term thus obtained is an odd function of v', whose contmbutwn to the
integral

ri-co
dvt v I(v')

decr

is zero. One thus obtains

(oo 1
dv' ( dnv' M(v'(n)) folv(n)) =

o 0
v'€
m ' __mv'? To _mo 2]
W Jtmdv exp { WZ(T-{-TO)] v'€ du EXP[ Té‘(u V)
T— (Iv.20)

" Let us note that the above integral (IV.20) is zero for T=Ty, i.e., for M=fy.
Thus the expression (IV.17) of the current velocity v (in the velocity space} in

fact reduces to the integral term containing the product Mf, , with M#f,. By
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introducing the function F,
Y
F(y,v) = | du exp[—-EL-(u—v)z] s (Iv.21)
0 2¢€

the expression (IV.17) may finally be written

ut

. -ut -1 ”
S e SO R O) RO RPm ey
f—i-m
. lf V"€ mvlz
X }‘ dv [F(lT—O-,v) - F(—T-—,v)] exp [-m] . (1v.22)

When T is close to Ty, we may limit ourselves to the first terms of the expansion

of the square bracket in (IV.22) :
V'€ v'€ - (1.1 _mv'? (
() - F4E ) = [e (1) -
« exp |- (_._V“é’- )2 , (1v.23)
2¢ \ T
By including these terms in (IV.22), one obtains for the term in v, in first

order in T-T,,

-ut
£ . (1v.28)

. u T
vm-—v(l— )
[ To. ety o Mv) T, M(v)
olVv fQV

Note that the expression (IV.24) of the current velocity (in the velocity space),

associated with the B-G-K model of the Boltzmann equation, has the same structu-
re as the corresponding expression (IV.12) associated with the Fokker-Planck
equation. This analogy may in fact be carried even further. Indeed, it is easily

verified that the relation (IV.24) may identically be written in the form

. T
Vo -Bv - %ﬁ”g‘v Log f(v,t) (1v.25)
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which is the form (IV.11), with c=§.

V. CONCLUDING REMARKS.

We have succeeded in solving the inverse Liouville problem for a gene-
ral class (II.11) of kinetic equations expressing a gain-loss balance. We have
arrived at the same solution by, firstly, using the mathematical aspect of the
Irving-Kirkwood method and, secondly, by following the physical intuition of a
current velocity. We have used this general solution (III.4) in two different
situations : on the one hand, by postulating the existence of a transition pro-
bability density per unit of time, which corresponds to the Boltzmann type equa~
tions*, and, on the other hand, by using the explicit form of the Wiener transi-
tion probability density, which corresponds to the Fokker-Planck type equations.
One of the essential properties of the solution (III.4) is that it leads, in
the cases studied, to quasi-particle dynamics which satisfy what we have called
the principle of correspondence : when statistical equilibrium is reached, these

dynamics become conservative.

*The case of the Enskog equation is published separately by one of us in
(Grmela, 1980).
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On the other hand, the physical interpretation of V obtained in sec-
tion 111 together with the intuition associated with particle dynamics might
suggest an interesting new V and then, via the general Liouville equation (I.4),
Jead to new extended kinetic equations. We have not yet systematically investi-
gated this possible use of the quasi-particle view of kinetic equations. Another
possible use of (I.3), mentioned in section I, is to obtain solutions, or at
Jeast some gqualitative properties of solutions, to (I.1). An obvious iteration
method arises. We start with some f(l)(r,g,t) satisfying the given initial con-
dition. By using f(l), we calculated V in (I.3). The equations (I.3) are now
standard ordinary differential equations that can be solved, at least in prin-
ciple. The solution has to be obtained for all dnitial values (fo’Yo)' Supposing
this step (in principle standard but, in practice, difficult) has been realized,
we also have immediately (by the method of characteristics) a solution, that we
denote f(z), to (I.4). Everything can now be repeated with f(z) replacing f(l).

One can hope that this iterative process converges to a solution to (I.1).

Although only some of the consequences of the inverse Liouville pro-
blem (as presented here) have been developed, it seems to us that the results
obtained may lead to progress in statistical physics, as much in the field of

general ideas as in the field of calculation technigues.
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APPENDIX

The expression "Liouville equation" is often used in the literature
of Physics ; its meaning however varies from one author to another. In this
appendix we intend to explain the meaning that we associate with the expression

"Liouville equation" and recall its historical context.

Liouvilie in his paper (Liouville, 1838) proved the following theorem :

given a system of ordinary differential equations
dX n
’a’f = V(X,t) M X = (XI,XZ,...,Xn) €R (A.l)

the Jacobian Jy = D(Xt)/D(Xto)s [where by Xy = X(t,XtO) we denote that trajecto-
ry, passing through Xto at time t;, which is determined by {A.1)], evolves in

. . ¥
time according to

d 3
d—tLﬂgIJtl '—'-37;'\’(1 H a = 1,...," s (A.Z)

the right hand side being evaluated at X¢. Liouville in his paper did not spe-
cify V (except by the obvious regularity conditions). Because of the prevalence
of interest of physicists in conservative systems, the meaning of the "Liouville
theorem" became associated only with a special case of the Liouville result,
namely the case when %X— V, =0 (i.e., for example, the case of Hamiltonian
systems). Gibbs in his ?undamental book (Gibbs, 1902) did not make any reference

to Liouville's original paper. To our knowledge, the first reference toliouville's

paper in the context of statistical mechanics appears in (Tolman, 1938). Different

%*
Liouville proved in fact a slightly more general result, since his theorem is
related to the solution written in terms of integration constants and not in
terms of initial conditions.
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authors (Guiasu, 1966 ; Gerlich, 1973) recently rederived the original Liouville
result, and introduced it under the name “generalized Liouville theorem". In
1965, one of us (Fronteau, 1965), pointed out the true meaning of the theorem.
In the mathematical literature however, this theorem was not completely forgot-

ten (see, for example, Arnold, 1974, p.196).

By using the Liouville theorem, one can introduce the description of
the time evolution generated by (A.l) in the context of statistical mechanics.
We introduce a density f such that

£(Xgst) 3 0 (A.3)
f(Xg,t) dXy = f(xto’to) dXto , for all t, (A.4)

where dXy is an ejement of volume around a moving point Xi, and f(Xt,t) is the
density at that point. The relation (A.4), which expresses the absence of crea-
tion or annihilation of states (or equivalently the conservation of probability),

can be also written

f(Xg,t)|J¢| = constant, for all t . (A.5)

The equation (A.2) is therefore equivaient (if (A.5) is used) to

d
-a—fLogf=-%-x—-Va (A.6)
o

e 2 (FV) =0 (A.7)

at e : ’
In the particular case where %Y_ V, = 0, (A.7) reduces to the familiar form

[¢1
af 3 -
-a—f—!-va-é—x—af—o . (A'B)

Note that the relation (A.7), which is the evolution law for density, is refer-

red to by several authors as the "continuity equation” or the “generalized
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Liouville equation". In fact, as shown in this appendix, the term "generalized"
is not appropriate. We propose to refer to (A.7) as the "general Liouville equa-

tion", or briefly "Liouville equation".

Independently of the Liouville theorem, another type of association
between (A.1) and a partial differential equation of type (A.8) has been intro-
duced in (Koopman, 1931 ; Carleman, 1932). Consider (A.l) as being autonomous
(i.e., V independent of time). The flow generated by (A.1) is denoted Xg-uyXq = X¢.
Let @ be a real-valued function defined in R". The flow ut induces naturally a

flow P20 = Uy, , where o is defined by
ep(X) = @y(u_i(X)) ,  vXeR" . (A.9)

Note that ¢ (X) has previously been written as f(X,t). Now, if (A.9) is diffe-
rentiated with respect to time, the equation (A.8) is recovered. Thus the equa-
tion obtained by Koopman and Carleman is identical to the Liouville equation
corresponding to the case %x;-vu = 0 (for instance, Hamiltonian systems). We
note that (A.9) is the density conservation relation. However, if we want to
use the more general condition, which states that there is neither creation nor

annihilation, we must replace the density @(Xy,....X,) by the n-form

O(X5enXp) dXp L. dXy .

Using the same type of induction introduced by Koopman and Carleman, the equa-
tion {A.7) is then recovered. This is the basis of a demonstration recently
proposed by (Steeb, 1979).

It is well known that the Hamilton equations, which are a particular
case of (A.1), and (A.8), constitute the framework of conservative statistical

mechanics. The difficulties arising in attempts to understand the observed
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macroscopic time-irreversible evolution in this context are also well known. In
order to contribute to this problem some authors have tried to change the frame-
work by replacing the Rami1ton equations by more general dynamical equations
(A.1). To the Hamilitonian vector field was added firstly a traditional represen-
tation of friction (Chandrasekhar, 1943 ; Guiagu, 1966 ; Fronteau, 1965 ; ....)
and then a term representing diffusion (Chandrasekhar, 1943 ; Trubnikov, 1965 ;
Fronteau, 1975 ; Salmon, 1975 ;....). The non-conservative dynamics, which are
thus introduced, induce a new algebraic structure for statistical mechanics :
the current Lie-structure, that is adapted to (A.8), becomes a Lie-admissible
structure which is now adapted to (A.7). (Fronteau, Tellez-Arenas and. Santilili,

1979).



- 279 —

- 1240 -~

'REFERENCES

.L. Frisch, G. Forgacs and S5.T, Chui, Phys. Rev. 20A, 561 (1979).

= o4

M. Santilli, Foundations of Theoretical Mechanics, vol.l (1978), Springer-
Verlag, Heidelberg - New York.

=

J. Fronteau, A. Tellez-Arenas and R.M. Santilli, Hadronic J. g,'130 (1979).

P. Combis, J. Fronteau and A. Tellez-Arenas, J. Stat. Phys. 21, 439 (1979).

A. Tellez-Arenas, J. Fronteau and P. Combis, Hadronic J. 2, 1053 (1979).

M. Grmela and I. Iscoe, Ann. Inst. Henri Poincaré 28A, 111 (1978).

M. Grmela, in Global Analysis, Lecture Notes in Mathematics, vol.755, Springer-
Verlag (1979).

J.H. Irving and J.G. Kirkwood, J. Chem. Phys. 18, 817 (1950).

W. Noll, J. Rat. Mech. Analysis 4, 627 (1955).

m

. Nelson, Dynamical Theories of Brownian Motion, Princeton University Press
(1967).

S. Chandrasekhar, Principles of Stellar Dynamies, Dover publications, New York
(1960) [see reproduction of articles published in (1943)].

B.A. Trubnikov, in Reviews of Plasma Physics, vol.l, Leontovich Ed., Consultants
Bureau, New York (1965).

D. Bhatnagar, F. Gross and M. Krook, Phys. Rev. 94, 511 (1954).

M. Grmela, Non-Hamiltonian Dynamics of an Enskog Quasiparticle, to be published
in Hadronic J. (1980).

J. Fronteau, Hadronic J. 2, 727 (1979).
J. Liouville, J. Math. pures et appliquées 3, 342 (1838).
J.W. Gibbs, Elementary Principles in Statistical Mechaniecs (1902).

R.C. Tolman, The Principles of Statistical Mechanics, Clarenden Press, Oxford
(1938).

S.‘Guia§u, Revue roumaine de math. pures et appliquées 11, 541 (1966).
G. Gerlich, Physica 69, 458 (1973).

J. Fronteau, Le théoréme de Licouville et le probléme général de la stabilité,
CERN 65-38 (1965).



- 280 -

- 1241 -

V. Arnold, Equations différentielles ordinaires, £d. Mir, Moscou (1974).
B8.0. Koopman, Proc. Nat. Acad. Sci. USA 17, 315 (1931).

T. Carleman, Acta Math. 59, 63 (1932).

W-H. Steeb, Physica 95A, 181 (1979).

J. Fronteau, Comptes Rendus Ac. Sciences Paris A280, 1405 (1975).

J. Salmon, Comptes Rendus Ac. Sciences Paris A280, 1559 (1975).



-~ 281 —

INVESTIGATION OF GENERALIZED LIOUVILLE EQUATION

G.A. Rudykh

The properties of a generalized Liouville operator and the propagator corresponding to
it are studied in an appropriately chosen function space. The Hille—Yosida theorem is
used to prove that the generalized Liouville operator is an infinitesimal generating
operator of a strongly continuous, unique semigroup. The conditions under which this
semigroup is contractive are considered. :

Introduction

The paper is devoted to investigation of the generalized Liouville equation 1]

@r i,
at
where

a
L{t) = (. () ~Za () -=[H (g, 7 1), -1 Z-a;(()-—” {(q.p.1)}

fot
is the generalized Liouville operator, n is the number of degrees of freedom of the mechanical system,

a a
9={q.,...,¢.) is the vector of the generalized coordinates, p=(p,,.... p.) is the conjugate vector of the
generalized momenta, f{g. p. ) is the density distribution function, H{q, p. t) is the Hamiltonian of the
mechanical system, {-, -] is the Poisson brackets. and Qj{q, p, t) are nonpotential forces.

(48]

g

Siberian Energy Institute. Siberian Rranch, USSR Academy of Sciences. Irkutsk. Translated from
riginal article sub-

Teoreticheskaya i Matematicheskaya Fizika, Vol.46, No.3, pp.414-425, March, 1931,
mitted November 15, 1979,
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1., Chuice of the Function Space

DEFINITION 1. The space T of a mechanical system with n degrees of freedom is an open,
connected subset of " equipped with a2 Lebesgue measure, ([} < =, whose components are the n genera-
fized coordinates and n conjugate momenta,

DEFINITION 2, The space r* of a mechanical system with n degrees of freedom is an open,
connected subset of &°*' equipped with a Lebesgue measure, p(T') < =, whose componeats are the n genera-

lized coordinates, the conjugate “momenta, and the time t. We shall denote a point in I and ! by z:-(q. P
and (x, t), respectively. If not stated otherwise, we shall assume that T and ' are bounded subsets. The
cylinder G.,=TX(a,b) is the set of points (z,t)€l", €T, 1€(a, 5). Let Lz( I') be a separable real Hilbert
space, When investigating the differential evolution equation (1) it is convenient to consider two spaces:
L.(a, b; L,(T)), which is a L space over the Hilbert space L,(T), and the Sobelev space W' {Ge s). L:{a, b}
Ly{T)) is the space of classes of functions ¢ that are square“summable on [a, b}, with values in Lz( ). The
scalar product and norm in this space are determined in accordance with
2 4 v
(0 ) (0w Logrn =S (F Wy dt. 198, vran = (5 lhe iTi‘..(r) d‘) < s0.

The space Li(a, b: L:([)) is a complete separable Hilbert space. The space 31:'(G, .}, equipped

with the norm

9P v gy b)_—_( ) !padtdt) '_(

Ua, b

. T gt g 2 oy
REARNC R
oy T=1 /

is also a Hilbert space. Its elements are functions that belong to L.{a, b: L{T)) and have partial derivatives
of first order with respect to all the variables and time that also belong to L.(a, b L.{D)).

We denote by {W:, L.} the set of linear bounded operators mapping from W:'(G..) to L:(a. b L))
Since W. {G..) and L.{(a, b: L:([)) are Banach spaces, {W.'. L:} is also a Banach space with the norm
su LR ”'»“h AL P
GGy, LF
Fa0

iy e =

WG,

By (,=t{u. »: [.{)) we denote the space of functions that are infinitely differentiable on [#, &} and take
values in L' '} with compact supports in T

2. Theorem: The Class C?{ﬂ‘ b; L.(I') Is Dense

in the Space L (g b; L ITH

The linear differential operator (2) is in the general case unbounded because there are differentiation
operators in the Poisson brackets. Therefore, on the basis of the specific properties of Eq. (1), we shall
regard the generalized Liouville operator as an operator mapping from the class C,~(a. b L:(I')) into the
space Liia. b L.{T)). In what follows, we shall denote the class C,=ta, b Ly()) and the space /. {a, i L[}
by C‘:(-) and L,(-), respectively. The aim of the present section is to prove that the class C':)"' <) is
dense in the spac~e Lz( -}, We first prove the following proposition, which is a generalization of Lebesgue’s
lemma (2].

PROPOSITION 1. If the function qiz. NCL( ), —*"aTLTh7 0, then for every ¢ > 0 there exists
5 > 0 such that for 'h! <& the inequality 'g(r=h t+hy—qlr i, <7¢ holds.

Proof, Without logs of generality, as in the proof in {21, we shall assume that g and b are finite,
and the function ¢ x, t) is bounded. Then for every £ *> 0 there exists a step function §(x, t) such that
L]
fj'l«p(r.t)—xp(z,m'dwz/.., 2.n

.t

Appiying the Minkowski incquatity to the expression
?

h

t 2
Qe hy by - @la Ol = (” Ylzth tth)—plz, ) l’l“‘l”) ,
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we readily Tind that

b [
b (7t BY ~ (2, ) s < U"“(‘ bht+h) —¢(x,¢) [P AT di+ ” Tydzt by b4 ) — plz+h, L+R) 12 dT de +
al

Jfle@o-vanrara, : @.2)
and

1
S§,""’“" bt by - p(z, ) PAT dt—0 (as h—0),
a

()rp(x-%— hot - hy—(z--h, t+h)PdTdt<e; (a8 h — 0 and by virtue of 2.1))

LY

b

S§[q>(z,'t)-——ip(x. DT < o

a
Thus. the inequality /2.2) is transformed to ll¢(z+h, t4+h)—@(z, t}llm<2,=e, which proves the proposition,
THEOREM 1. The class C:’ ) is dense in the space L)

Proof. It is necessary to show that for arbitrary function ¢ ¢ L,(+) there exists a sequence of
functions {§i)., €C.=(-) for which the strong convergence g=s-limvy, holds in the norm in Lz( *}. We consgider
’ e

the cagse when g=—o, b=-e, when C;"(-) is identical to (" (R.%; L.(T)), where by R: we denote the time
space {~« = t = =}, Suppose the function f(t)€C,~(R,’) and f(t) has the properties

FO=0: j/(z)dz=1; supp(N={€R,; 1t<1); f(©)=0 for Iti=1. 2.3

e
We shall approximate the function @€L,(R,*: L(I')) by Steklov-averaged functions of the form
e 9=gn= [ f(t-s)g(s)ds, 2.4
. p A
1 t -

where h > 0 is a parameter, and fn(t)mrf (—h—) is the kernel of the averaging. It is readiiy verified that

h(t) satisfies all the conditions (2.3) and at the same time is a function with compact support: further, the
last equation holds for {t! = h. We consider the expression

o= [ A6 {ot—)—p(0)ds,
taj=ch

which. using 2.3) and the Hilder inequality, we can transform to

b
Ip—ol*< ( If.(s)lcp(t—s)——q:(t)l’ds) < [ (@ lpt-s)— g ds. 2.5
{alch {al<h
We introduce
e(B)=sup [lo(t+s)— o) i*ar, 2.6
t<a S,

which, as is readily shown (see Proposition 1), tends to zero as h — 0. Integrating 2.5) over RL. applying
Fubini’s theorem, and using (2.6), we obtain

19— Ol s racen < S e ds § o +9—o@pdt <o —0.
iaf<h Her

Thus. for the sequence of functions 2_4) the strong convergence ¢=s-lim g in the norm holds in
A0

L;(R."; L,(T}). On the other hand, each of the functions in this sequence is infinitely differentiable {3] and
maps R} into L (), Finally, to prove the theorem, we consider the sequence of functions () =¢(t/k),

™
=]
18
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where 0.2t and  satisfies all the conditiuns 2,3). Since each of the functions 2.4) is infinitely
differentiable and maps N’A into L' 173, W is readily seen that [haad ] f0= (R 14(1)) Similarly, as above,
it ean be shown that

Vi g =agulleane pae,, =0,

[
H-ent

which proves the theorem

COROLLARY 1. The generalized Liouville operator L: €,°(-)=L.(-) is densely defined.

3. Investigation of the Generalized Livuville Operator

We consider the Cauchy problem for the generalized Liouville equation (1},
__._a/(‘lb'lp") = L@ p Dy (g, Pt} me = fslg, P), B.1
where fo(q. p)€C(I'); [¢C.~(+). As noted above, the operator (2} is in the general case unbounded. However,
in appropriately chosen function spaces
PROPOSITION 2, The generalized Liouville operator L: W,'(G,,)-~L:(-) belongs to the set {W.', Li}.
Proof. If we can prove the validity of the ineguality .
L (g. PO, S MG P ) Bvsgg 3.2)
in which M does not depend on the choice of the function j{g, p, 1)t (G. ), then it will yield
HLf(gs Py ) Heus =M (g P ) Hiviceanm: (3.3
Using (2), we obtain

nuu:.(.,ufjw/):drdz&ffj{[i(i—liw“) : ‘Iy*ﬂ‘l‘ “‘/‘/“!*

up, e N ey,
st

RN wl uf I aH ol g, (0/1 B af | V ;('*l
/ ’A:l 9p, I ‘Z‘( aq, ) up, Z ap: 0q, ‘I? pry Q. ) oy ‘ |
N 6l af . /Q‘
Y V2
L_;‘ 7, af dt.
We introduce
oH aH Q.2
A= max { — (——-—~Q“); Z——Q—} (3.4)
@06, , L TP aq. e did 23

Using (3.4) and making some simple manipulations, we obtain

WL < 74° H{/ +V [(uq‘)’ +(_%i—)] - (a") }drd1<v"[l.",«, o

Thus, we have proved the validity of (3.2) and, therefore, (3.3) as well.

PROPOSITION 3. If the generalized Liouville operator 12) is defined on the subset D(L) = C‘,’)°(~)
of the Hilbert space Lz(') and maps into Lz('). then:
1) the adjoint operator L* has the form

L* =—[H{z.p.1)," +Zo (q.p.t)——-——- 3.5

[

and is closed;
2) L admits closure (can be closed).

Proof. Since L is densely defined. there exists a unique operator L* that is the adjoint of L; it
is determined by the condition (Lg, t)rv=(q. L®¢)::,. where ctD(LY; +¢D(L*). At the same time, D(L*)
consists of all ¥ € L (<) for which the linear functional ¢—t(/g¢, ¥)... is continuous on D(L}. Integrating
the left-hand side of the last expression by parts and bearing in mind that the functions « and ¢ vanish

273
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outside the compact subset K - I', we obtain 3.3}, On the other hand, because L is densely defined, it

follows from (3] that the vperator L* is closed, Before we turn to the proof of 2), we show that D(L®) is
dense. In accordance with Theorem II.1 of Riesz (4], the dual Hilbert space L*/-} is isomorphic to L (-},
and therefore, D(L) -~ DIL*) and DIL*) is dense, 'since D(L) is. Thus, D(L*} is not empty. Suppose

the sequence {z.};2 “D(L) and s~!im ry=0, s-lim Lry =y ; then lim(Lx., ¢).., ,=lim(s., L*q).., for arbitrary element
v € D(L*J. On the one hand, x;-;‘ha\'e hr;l_t;.. LA e, =, k;;xd on the othf:—:‘r‘ Hm({Lry, ¢)e. =y, P)ra, Since
¢ is an arbitrary element in the domainkc:f“deﬁnirion of the adjoint operator, :::;mbining the last two limiting
relations we find that y = 0, which proves Proposition 2. .

COROLLARY 2. The operator L* is densely defined. -

THEOREM 2. The generalized Liouville operator L: C,*(-)~L.(-} is a closed operator.

Proof, Since D{L*} is dense, we can introduce the operator L®** = (L=*}* which is the only
operator that is the adjoint of L*. We find L** from the relation (L*¢. ¢)c.,={(F, L**})r . where ¢fD(L*),
$eD(L**). Using '3.5) and integrating the left-hand side of the preceding expression by parts. and noting
also that the functions ¢ and i vanish outside the compact subset K <2 I, we conciude that L** = L. But
if an operator L satisfies L. = L** then it is closed {3].

PROPOSITION 4. The operator L*L with domain of definition D(L*L)={gvD(L): LgtD(L*}} is
self-adjoint and positive if and only if o(L*L)<{0, =).

Proof. By Theorem 2, (L*Lo, ) e, = (Lo, L** ) niy={@, L*LY) 1y, (.., LEL==(L*L}",

Necessity. We show that negative eigenvalixes of the operator L“L do not belong to its spectrum.
Now the spectrum 7(L*L) of a self-adjoint operator lies on the real axis and if ~2€g(L*L), is to hold it is
necessary and sufficient that
LA LD @il 2l (3.6}
where c=const; g¢D(L?L). Suppose (L*Lg, )0 and A > 0; then, multiplying both sides of the equation
L*Ls¢ = A¢ scalarly by ¢. we obtain (A@, @) r=rigli )< (L°Le, @) ey T (M9, @) i v ={{L*LH1D)p, 9)ryS
FLELAAD) N Hplizaey.

The relation (3, 6) follows from the last expression, which proves the necessity.
Sufficiencv. If o(L*L)<[0, =), then the self-adjoint operator L*L has the spectral resolution
(oL ), )= S AdEg g @.7
adder)

where E, .=(Euwp, @),; Ev is an orthogonal projection operator which depends on the real parameter .
Since each of the functions E, y=(E\9, @)ius=(EF, ®)ras={Ep, Ex®P)r, = (Erglf, ;>0 and \ > 0, we conclude
from (3, 7) that (L*Le, )220,

COROLLARY 3. The generalized Liouville operator (2) has the polar decomposition L=U-(L*L)"=
U-1L], which follows from Theorem 2 and Proposition 4.

Here, {Ll ig a pogitive self-adjoint operator, and U is partly isometric. Note that a polar repre-
sentation of the generalized Liouville operator was used in [5] to find a formal solution of Eq. /1) by means
of a Schmidt expansion. Consider the equation

Lo—rg=(L—Al)g=1y, 3.9
where A is a real parameter; ¢+D(L)=C~(-): ¢FR(L)=L(-}. We have the mapping
Leepd==ly: D(LYy~(L~AM)}D(L}. (3.9

The values of the parameter A for which the equation (L — All¢ = 0 has a solution fapart from the trivial
¢ = 0) are called the cigenvalues of the generalized Liouville operator. Suppose that for some A the
operatur L - Al has an inverse,

(L-31)~ =1 3.10)

which ig catled the resolvent of L. [f 3,9 i3 1 one-to-one mapping, then the operator [~ Al has the
inverse (3,10}, and
(L-3fy= (L =30y Dily -ty o



— 286 —

The values of the parameter A for which the operator i3,10) exists, is bounded, and defined everywhere
on RIL) are called the resolvent values of the generalized Liouville operator.

PROPOSITION 5. If X is not an eigenvalue of L, then /3.9 is a one-to-vne mapping, an inverse
aperator (L—al)"*, which acts in accordance with 13.11), exists, and it satisfies

AL=id) B Gt R 3.12)
where a and y are constants.

Proof. Since A does not belong to the point spectrum of L, we can define for this last the inverse
(L—i0)-'. Consider the expression {[(L—2I)gll, which satisfies (L —21) qiloe = iLgfm = A (@, (L*TL) @) ue
+Mligine. By virtue of 12) and Proposition 3,

AL=2D it 2 K@ + 1@ @ L) e+ 3.13
where
90,7 (g, p. 1)
(g,2.0}= —_—— (3.14)
* ‘2_:‘ aps
We introduce the notation
2= sup xlg.pt), ye= inf  x{qp0), 3.18
vgp el X @by (P NElX s d)

where 0<a<(<b<, and consider three cases.

1. \, < 0. Then it follows from (3.13) that LD @llib ZA 0l +2Bl@l . where B=ya<0. It is
readily seen that | (L—AD gl = (A+AB) 1|q>|lf,,.,>(h+B)‘!‘;fpi|:.m- Finally, '
?‘(L“'KI)Q)“L-(-);’(K'*'B)”‘P“L.(»). A+B=>0. {3.16}

2. The function x{(g, p, t) = 0 everywhere in the region I'X(a, b). In this case. it follows from
(3.13) that . )
HL—rypllem =M@l  A>0. 3.17)
3. Y, > 0. On the basis of (3.13), we have iI(L—M)q:iI:,(.)k‘lffpﬁ&,'i"}.Bi:t;;]"u,,, where B = X, > 0.

Using the inequality (3:+AB)"= (A+B)/¥2, which holds for » = B, we find that
At
LA s = _V—z_g T, A0, 13.18)

On the other hand, it follows from the obvious inequality 1@, =l (L~21) " (L =MD plle. SIL—=RD) iy
HL—AlYyegile,, that
NL=rD) gilew .2 @il oo JU(L—2L) " iy

Finally, comparing each of the estimates (3.16), 13.17), and (3,18} with the preceding inequality, we obtain:

in case 1,
H(L=AD) e, S (B, A+B>0, B<0; 3.19)

in case 2,
H(L~18) e =42, A0 3,200

in case 3.
L=20) ~ e, =¥2 (A~ (=B)), A>0, B>0 3.21)

We now show that the operator L, is closed in the norm in L {-). Suppose the sequence {4ataer " DIL),
s-lim @o=g, and s-lim (L—2f)gu=u.. By the incquality /3.13), the sequence {¢.}7.( is fundamental, and

therefore s-lim @ =p.fL,(-). On the other hand. the sequence {Lg.} ., 18 also fundamental. Since the genera-
lized Liouville operator L is closed, g.¢D(L) and aoliit Lep = Laps. Thus, (L—Al)te=te. A8 in the pruof of

e

Theorem 1, it is easy to show that the domain of definition of the operator Ly is a dense subset in the
Hilhert space [.2( ), iLe.. Ly is densely defined, Using this and the fact that L - Al is clused, we conclude
that the set (L = ADD(L) coincides with L (+), 1f 3.9 is nut 2 one-to-une mapping, then A is an eigen-
value of L:_for in this case there will exist functions ¢ <! O(L) for each of which Eq. (3,3} is satisfied:

Lo, 3y, =, Lea 2=t Subtracting the second from the first, we conclude that Ll g Mg 1) 0, i.e.,

A is oan engenvalue of L, But by hypothesis A s aot an cigonvidae of [, This completes the nroof,
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We consider the formal solutxon to the Cauchy problem 3.1} in the form of the T product of
operators
g,z =T t=t 1 (. m, (3.22)

where '.(-,,:v.'!' 2 I . p,l!'(‘ SN
Lireei jom o ; 10l
{r--2) [AYH J[.\,)c..}

is the solving operator propagator) of the problem (3.1},

PROPOSITION 6. If for each —= < t < = the functions H(q. p. t),f(q, p, 1}¢C*{I") and are integrable
once with respect to t, then the propagator (3,22) forms a continuous one~parameter Lie group (phase flow).

The proof is analogous to the proof of Theorem % in [6].

COROLLARY 4. The infinitesimal operator of the one-parameter Lie group Tt - ty )} has the form
d(F (=i (g, oo Yt =Lf(q, p, 1) and is a closed operator ‘see Theorem 2).

THEOREM 3. For 0<esi{,<i<b<w the generalized Liouville operator L defined by formula (2)
with domain of definition D(L)=C,~(-)=L,(-) is the infinitesimal generating operator of a strongly continuous
ffor t = t) unique semigroup {T'(t—t). U<t,<t<w}, which has the following properties:

TO =1, I T(x=ty=T(v), HOT (=) =1, T{x) T {u) =T (v+1);

2) 4T (t—te) i Sa exp{y{t—ts)}, where o and y are constants;

3) s«{i;:x[‘(l —t)flg pyt)y=F{g. p. 1) inthenormin L, (-},

Proof. The validity of T(0) = [ follows directly from (3.23). For 0 = t = 7 & =

.

P OT (=) = {1+-‘:L(§)d§+—;—!(fla(§)d§); +o - fu;-,,dg *% (jL(g)dg): . }=

| +jL(§,\d§ *J:L(g)d‘; + % UL(§)d§): - —_,i (j:L(‘;')dg )= :~jL(;)d§fL(§)dg =t jL(gydz +

¢ k3

%{(fL(E)d§)=+2J:L(§)d§f Li)ds ~ (J’ L(z)d‘;)!} S moxp {J'L(g)dg}__; (o).

Setting 7 = 0 in the preceding expression and noting that T(0) = I, we obtain T(t)T(—t) = I, Similarty,
T{xiT{w)=T"(v+1:). In this case, the propagator (3.23) satisfies
IT(t—to) [z exp {1(t—t)}). (3.24)
From 13.22), (3.23), and 13.24), we obtain the following estimates:
in case 1,
(g, p, ) sy e M folq, PYheser, AT (2=t [ Sem o001, (3.25)
in case 2,
(g, b, )ller=tifelq, p)lleacss BT (t~to) lI=1; (3.26)
in case 3,
12, B, ) hewr S T2 Dlifo(q, P) deacrs T (8~t0) SV TemB00-00, 3.27)

where B = x_ < 0 and B = ¥, > 0. Since L is closed (Theorem 2) and its domain of definition D{L) =
C?(-) is dense in L (-) (Theorem 1), and for A > y its resolvent (3.12) is defined and satisfies the estimates
(3.19), (3.20), and ?'3 21), all the condxtx’ons of the Hille—Yosgida theorem [3] are satisfied, from which
Property 3 follows and also the fact that L is an infinitesimal generating operator of a strongly continuous
ffort =t o unique semigroup {T'(t—t), 0<t<t<w}, Thus, if the incquality 3.26) or (3.27) holds, the genera-
lized Lluuvtlle uperator L:Co(-)~Ls(-) is the infinitesimal generating operator of a stroagly continuous

for t = tq) unique contractive semigroup.

If the function . ((q, p, t) defined by (3, 14} vanishes identically, then by 2 certain redefinition of the
Hamiltonian of the mechanical gystem the yeneralized Liouville equation 3. 1) can be reduced to the classieal
equation

276



— 288 -

af(g, p.t .
~M—.f—lm?€~i(q.p.:), 7(g Pt i = fo{q, P}, (3.23)

u

where ¥.-={H(q, p, t), -] is the classical Liouville operator. In accordance with (3,286}, the propagator
corresponding to the classical Liouville equation {3.23) is a unitary operator in the space L,(*). It is this
that is the L, version of the classical Liouville theorem.

In conclusion, we formulate the classical Liouville theorem in a form that enables one, given the
instantaneous vzlue of the function f(g, p, t) of the Cauchy problem (3,28}, to find the exact solution of the
nonconservative Hamiltonian scheme of equations

. _OHlgpn _ dflgpt)

e aps = EP ) =g, pl) Limi=p . (3.29)

Ve shall say that the nonconservative Hamiltonian system of equations (3.29) satisfies Assumption A if the
function H(q, p, t) €C %3V ('), and the solutions of the system can be continued to infinity and remain in the
region @ when they are continued both to the right and to the left with respect to t. Here, Q=T isa
hounded open subset of T, Q'=QX/J, J={t: 4,5t =00},

THEOREM 4. If Assumption A is satisfied in the region a! for the nonconservative Hamiltonian
system of equations 13,29), and f(q, p. &} is the instantaneous value of the probability density distribution
function which satisfies the Cauchy problem (3.28), and at the initial time t = ¢, the function fs{¢. p) has one
unconditional extremum fa maximum) at the point (q". p"). then at any fixed time t =t* > ¢,

max (g, p, t*) = [(g{q’. P>, 1, {*) 2{q’, P" £, 1%}, £%). (3,30

g2}

Proof. Suppose that the couditions of the theorem are satisfied but (3.30) does not hold, i.e.,
max (g, p, VZIGE P° ta ). P47 15, 6. £%), £*), #%€J. By Assumption A, a solution q=a(q", P\ ta, 1), p=
(q,pEQR
p(2°, p°, ta, t) to the Cauchy problem (3.29) exists, is unique. depends continuously on the initial states in the

region Q!, and for t =t is equal to ¢'=q(q% P° s, t), P’=p(7°. P’ to. o)} therefore, the foregoing inequality

is also satisfied at the time t* = t . [n other words,. max f(4. g, LY Z[(9(q". P b, ts), P(@° P\ te te) 1) On the
ta.0160
other hand, by the conditions of the theorem, maxf(q, p, LY =f(q(q", B° te. ta)y P(g°. '\ o, L), 1s). Thus, we
{q.p€0
have obtained a contradiction, which proves the theorem.
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Abstract

The text of this paper corresponds to the talk given at the First International Conference on Non-Potential Interactions
and their Lie—admissible Treatment under the heading “Short—range Interactions and T-—symmetry breaking in Statistical
Mechanics”. The aim of this talk was to show that the idea of overlapping associated with short—range interactions
allows one very simply to introduce irreversibility into the reversible laws of evolution deduced from Hamiltonian me-
chanics and in a way that shows itself finally to be correct. In order to do this we adopted the principle which is the
basis of the work of this Conference. This is that, although the description of a set of interacting particles by local
potential theories is justified when these particles may be considered as points, i.e., when only long—range interactions
occur, it is no longer possible to ignore the finite size and mutual overlap of the particles when short—range interactions
take place, and in this latter case a description involving non—local non-—potential terms is required. Thus, on one hand
we recall that when a variation is observed in the individual state of a body in short—range interaction, the notion of
overlapping expresses itself by the existence of a non—arbitrary small time interval, and, on the other hand, we show
that this finite time interval brings out a non—locality in time that breaks the reversibility. Starting from the first equa-
tion in the reversible BBGKY sequence, we obtained in this way a new, irreversible equation, which seems to be well
adapted to the description of evolution phenomena in Statistical Mechanics since it reduces to the Boltzmann Equation
when the general conditions of validity of the latter are satisfied.

Copyright © 1982 by Hadronic Press, Inc., Nonantum, Massachusetts 02195, US.A. Al rights reserved.
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734

INTERACTIONS A COURTE PORTEE
ET IRREVERSIBILITE EN MECANIQUE STATISTIQUE

1. INTRODUCTION.

Les molécules, les atomes, les noyaux, les particules fondamentales, ont
une extension finie dans 1'espace. Cela n'est mis en cause par personne, méme si
l1a structure interne de ces corps microscopiques, et en particulier celle des
particules subatomiques, n'est pas encore bien connue. De méme personne ne doute
de 1'existence et de 1'importance, au niveau microscopique, d'interactions dont
la portée ne s'étend guére au-dela de 1a "matiére” elle-méme et qui ne peuvent
Honc se manifester entre deux corps que si ces deux corps viennent au “contact"
1tun de 1'autre. Le terme “contact", étant donné la nature des corps, signifie en
fait pénétration mutuelle, plus ou moins importante selon le type d'interaction
mis en jeu. Cette notion de pénétration mutuelle est une propriété essentielle des
interactions & courte portée, qui leur confére un caractére trés particulier en
comparaison des interactions & longue portée et qui, de ce fait, devrait les pla-
cer d'emblée dans un domaine de la physique peu atudié jusqu'a présent. En effet,
c'est un des mérites du professeur R.M. Santilli que d'avoir rappelé, et formulé
de maniére précisel, les deux propriétés suivantes : -lorsque ne se manifestent
que des interactions & longue portée, 1'approximation qui consiste a assimiler
Jes corps réels a des points est acceptable et les théories utilisées peuvent étre
de nature potentielie ; -si 1'évolution du systéme considéré est régie essentiel-

lement par des interactions & courte portée, 1es phénoménes de recouvrement qui

apparaissent nécessairement se traduisent par des effets non locaux qui ne peuvent
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pas &tre correctement analysés dans le cadre de théories purement potentielles.
Les considérations générales rappelées ci-dessus représentent la base
des travaux de physique théorique et expérimentale, ainsi que de mathématique,
exposés lors de cette Conférence. Une part importante de ces travaux est consti-
tuée par 1'étude des relations pouvant exister entre le caractére particulier des
interactions 3 courte portée et 1'altération plus ou moins prononcée des symétries
exactes généralement associées aux théories actuelles, de nature potentielle.
Dans ce cadre, nous allons nous intéresser & la notion de symétrie, ou de non
symétrie, lors du renversement du sens du temps en mécanique statistique. Les
exposés suivants aborderont le probléme posé par ce type de symé;rie & propos,
cette fois, de 1'interaction forte qui se manifeste en particulier dans les
réactions nucléaires. I1 me semble donc utile de rappeler trés briévement dans
cette introduction les similitudes et les différences qui existent entre ces deux
domaines — physique nucléaire et physique des particules (interaction forte)

d'une part, et mécanique statistique des ensembles de molécules (interaction molé-

culaire) d'autre part — en ce qui concerne le renversement du sens du temps.

En physique subatomique, les théories actuelles sont des théories quan-
tiques issues du formalisme hamiltonien, c'est-d-dire de la notion d'interaction
potentielle, notion elle-méme directement associée & 1'image idéale de particules
ponctuelles. Ces théories admettent 1'invariance par renversement du temps de
T*interaction forte. Les expériences faites sur ce sujet avaient donné jusqu'a
présent des résultats qui semblaient compatibles avec cette invariance. Elles se
limitaient toutefois a& des mesures de sections efficaces, peu sensibles au phéno-
méne &tudié. Des expériences de polarisation, faites récemment” en collaboration
par 1'Université Laval au Québec (Canada) et le laboratoire Berkeley de 1'Univer-
sité de Californie (USA), montrent en fait, de maniére trés nette, que 1'interac-
tion forte ne serait pas invariante par renversement du temps. Ces nouvelles expé-

. o R . MEas . .3
riences, d'une trés grande importance pour la physique nucléaire, seront présentées
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dans .cette Conférence par le professeur R.J. Slobodrian, de 1'Université Laval. La
nouvelle approche des phénoménes subatomiques, qui consiste 4 tenir compte de la
notion de recouvrement nécessairement associée aux interactions i courte portée,
se développe actuellement dans le cadre d'une formulation Lie-admissible. Le pro-
fesseur R. Mignani, de 1'Université de Rome, montrera comment cette formulation

prédit en effet une non invariance par renversement du temps dans les réactions

b
nucléaires .

En mécanique statistique classique, la théorie actuelle s'appuie comme
précédemment sur 1'approximation ponctuelle de la formulation hamiltonienne et
elle se traduit, en particulier, par la séquence d'équations couplées BBGKY qui
régit 1'évolution dans le temps des densités de probabilité réduites. Du fait du
formalisme dont elles sont issues, ces &quations théoriques sont réversibles. Sur
le plan expérimental, la situation en mécanique statistique est plus claire que
celle qui existe en physique nucléaire : les lois phénoménologiques qui décrivent
effectivement 1'évolution des phénoménes sont irréversibles (exemple : 1'équation
de Bo]tzménn) et donc profondément différentes des équations réversibles BBGKY.
Quant & la nouvelle approche des interactions & courte portée en mécanique statis-
tique, elle peut se concevoir de la maniére suivante : -admettre, comme premiére
approximation, 1'image idéale de particules ponctuelles obé&issant & une dynamique
hamiltonienne, et les équations BBGKY qui en résultent ; -trouver pour ces équa-
tions une formulation qui fasse apparaitre explicitement la notion de variation de
]*état d'un corps pendant un intervalle de temps donné, au cours d‘une interaction
a courte portée ; -introduire dans cette nouvelle formulation le concept d'inter-
valle de temps fini (non arbitrairement petit) correspondant & une variation signi~-
ficative de 1'état d'un corps en interaction. €'est cette nouvelle approche qui est
décrite dans le présent article. Elle introduit dans les équations d'evolution une
non localité en temps qui brise la réversibilité, d'une maniére semble-t-il satis~

faisante puisque 1'équation ainsi obtenue pour la densité de probabilité a un corps
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contient 1'équation de Boltzmann.

dessus, en ce qui con-

exposée ci-
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2. NOUVELLE FORMULATION DE L'EQUATION BBGKY;.

Soit un systéme constitué par un ensemble de N molécules identiques,
repérée chacune par zj =(ri,vi), i=1,...,N. La densité de probabilite
fy(zys..-52y,t) associée a ce systéme est telle que fN(zl,...,zN,t)dzl...dzN est
1a probabilité de le trouver dans 1'élément de volume dzl...dzN autour du point

z,s...,zy & 1'instant t. La densité de probabilité réduite fi(zl,...,zi,t) est

1

dafinie par la relation

fi(zl,...,zi,t) = dzi+1"'dZN fN(zl,.,.,zN,t)

f,(z,,t)dz, est donc la probabilité de trouver la particule baptisée 1 dans 1'élé-
ment de volume dz, autour de z; @ 1'instant t, indépendamment de 1'état des autres
particules du systéme. L'approximation qui ponsiste 3 assimiler les molécules &
des points décrivant des trajectoires différentiables se traduit par le fait que

le systéme considéré obéit a une dynamique locale de type hamiltonien, s'écrivant

ry =Yy

Vo= 1 y(zqezz) 3 Ta3=1,..N (2.1)
Poogg s

ot 1'accélération y dérive d'un potentiel. L'avolution de la densité de probabili-
té réduite f,(z,,t) est alors régie par la premiére équation, not&e BBEKY,, de la

séquence BBGKY :

g ingl(z,t) = -y.grad, f (z,t) —(N—l)divy[fl(z,t)g(z,t)] (2.2)
BBGKY,
( [(2,8) = ey | 42° 2(z2')Fa(z,2't) (2.3)

of 1'évolution de la densité de probabilité fy(z,z',t) est régie par BBGKY, qui
depend elle-méme de f3(z,z',z",t), etc... Les équations BBGKY sont réversibles au
sens dynamique. Cela signifie que si f(z,t) = fi(r,v,t) est une solution de 1'é-

quation BBGKY;, alors fy(r,-v,-t) en est aussi une. Cette réversibilité, qui est
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une conséquence directe de la dynamique hami]tonienne‘(Z.l), implique la réversi-
bi]ifé des lois théoriques d'évolution macroscopique déduites de ce formalisme :
si M(t) est une variable macroscopique et L[M(t)] une loi théorique d'évolution
associée & cette variable, alors L[M(-t)] doit aussi é&tre une loi d'é@volution.
Autrement dit, la réversibilité des équations (2.2) se traduit par le fait qu'il
serait impossible de déterminer le sens d'écoulement du temps par une observation
de la variable M(t). En fait la réalité physique des phénoménes macroscopiques

est tout autre, 1'une de leur caractéristique essentielle étant 1'irréversibilité :
si L[M{t)] est une loi d‘évolution possible, L[M(-t)] n'en est généralement pas
une.

L'objet de cet article est d'introduire 1'irréversibilité dans 1'équa-
tion réversible BBGKY; par 1'intermédiaire de la notion de recouvrement, notion
qui est nécessairement associée aux interactions a courte portée, et qui n'est
cependant pas prise en compte par une dynamique du type (2.1). Une premiére métho-
de consisterait & tenter de modifier cette dynamique. En 1'absence d'informations
précises sur la nature des corps et sur la nature des interactions, i1 semble trés
difficile, sinon impossible, de procéder ainsi. Nous allons donc nous placer au
niveau statistique et considérer 1'expression (2.3}, dont la signification physi-
que permet aisément une généralisation susceptible de prendre en compte qualitati-
vement la notion de recouvrement. En effet, 1'expression (2.3) montre que r(z,t)
est 1'accélération moyenne d'une molécule donnée située en z & 1'instant t dans
1'ensemble N considéré, sous 1'action d'une autre molécule de cet ensemble. Cette
accélération moyenne peut s'é@crire d'une autre maniére, en faisant intervenir la
notion de variation de la vitesse durant un certain intervalle de temps. I1 suffit

pour cela de considérer une paire de molécules subissant des diffusions du type
(ZgsZgato) = (Z:2'5t) » (z),2,,t;) » t,>t>t;

pour z et t fixés. Les molécules de 1'ensemble N étant assimilées & des points dé-

crivant les trajectoires différentiables de la dynamique (2.1), r(z,t) peut s’écrire
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sous la forme suivante :
. -1 ; ' v ¥1-¥Yp
r(z,t) = lim [fl(z,t)] dz dzodzodzldzlm[fzf’] . (2.8
t1-to-0 2020
C(z,z',t) 21521
tOstl
[f2 P} . f2(20926$t0)P(Zlaziatl;ZO:Zésto)
Zg.Zo
2,2,
Loty

fz(zo,zb,to)dzodzb est la probabilité de trouver la paire considérée au point
(zp,zp) & 1'instant to. P(z1,21,t13Z0.205t0)dz1dz] est la probabilité de transi-
tion correspondant au passage de cette paire du point {(zg,zg) & 1'instant to au
point {z1,z1) & 1'instant t; (on se limite & des phénoménes sans mémoire). Remar-
quons que P est une densité de probabilité de. transition dans 1'ensemble N et
qu'elle doit donc prendre en compte d'éventuelles interactions entre la paire con-
sidérée et d'autres molécules de 1'ensemble. La notation C(z,z',t) rappelle que
les variables zg,z§,to.z,z',t,21,21,t1 ne sont pas indépendantes : 1'intégration
par rapport d z9,29,z1,2zi est limitée aux paires (zo,zo.to) et (z1,21,t1) qui se
correspondent par une diffusion engendrant la paire (z,z',t), de maniére compati-
ble avec la dynamique (2.1). En fait, & la limite t;-to -0, la qualité différen-
tiable des trajectoires permet aisément de tenir compte de la contrainte C{z,z',t),
indépendamment de la dynamique (2.1), en utilisant les relations de définition de

la vitesse et de 1'accélération et en introduisant de nouvelles variables :

[ rerg rier v-vo w1y )
YEgg, Tt Y TR, Tt
g=ri-ro 3 u=vi-¥o ; a=(q,u)

ty-tg-0 ¢ 8t= ty-tg 3 n =10 . (2.5)
Zga = Fmay zy = z+(1-n)a
z;n =z'-ma' 3 Z;n = z'+(1-n)a’
= t-nat 3 t = t+(l-n)at
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Avec ces nouvelles variables, 1'expression (2.4) s'écrit
1
- u
r(z,t) = lim [fl(z,t)] ! J dz'dada’ { dn Z%»[fz P] , (2.6)

At=0 . Zon*%on

0 z ,z!
1n’"1in
tDn’tln

ou 1'intégration en n correspond & une distribution uniforme de 1'intervalle at
autour du temps t donné.

On vérifie aisément qu'a la limite At -0 cette derniére expression est équivalente
d 1'expression initiale (2.3), en utilisant la propriété

Tim P(zln,z;n,tln 5 ZgnsZgnaton) = 8(2)6(a%)
A0

Nous avons donc obtenu, par 1'intermédiaire de 1'expression (2.6), une nouvelle
formulation de 1'équation BBGKY,, formu]gtion qui présente les deux propriétés
suivantes :

a) & la limite at -0, elle est équivalente & la formulation habituel-
le (2.2,3) associée a la dynamique hamiltonienne (2.1) ;

b) elle se préte immédiatement & une extension capable de modifier

profondément la nature de 1'&quation BBGKY,. Cette extension consiste en la sup-

pression du passage & la limite At -0, l'intervalle At associé 4 la variation de

Ll'état d'un corps en interaction 4 courte portée étant considéré comme fint,

e'est~-d-dire non arbitrairement petit.

Nous allons voir que 1'extension (At -0) - (At = «fini), qui introduit
1'irréversibilité dans les lois d'é@volution, est physiquement justifiable par les

phénoménes de recouvrement qui apparaissent lors des interactions & courte portée.

3. RECOUVREMENT DANS LES INTERACTIONS A COURTE PORTEE ET IRREVERSIBILITE.

Dans 1'approximation ponctuelle représentée par la dynamique (2.1) et
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1'eéquation (2.2), la notion de variation de 1a position ou de la vitesse d'une
particule durant un intervalle de temps donné reste significative quelle que soit
1a longueur de cet intervalle et quel que soit le type d'interaction (potentielle)
subi par la particule. Cette caractéristique permet de concevoir physiquement

une variation de vitesse u durant un intervalle 4t arbitrairement petit, ce qui
signifie mathématiquement que dans 1'expression (2.6) 1a limite at— 0 est effecti-
vement atteinte. Par contre, lorsqu'on admet la notion de recouvrement, de péné~
tration mutuelle, de deux corps d'extension finie en interaction & courte portée,
1tintervalle de temps minimum correspondant & une variation significative de
1'atat d'un des deux corps en interaction est certainement fini. Cet intervalle

de temps minimum, v, dépend du volume moyen de la zone de recouvrement, et donc

de 1a nature de 1'interaction et des énergies mises en jeu. Cela se congoit aisé-
ment de facon gqualitative. Imaginons une paﬁticule sous la forme d'une boule de
gélatine translucide aux contours irréguliers et de structure interne non unifor-
me. Si cette particule est isolée, ou soumise & des interactions a longue portée,
il est{possib1e & chaque instant de déterminer avec précision son centre de masse,
par exemple par une série de clichés pris de difections différentes. On peut alors,
en premiére approximation, représenter cette particule par son centre de masse et
décrire son mouvement par une dynamique hamiltonienne. Par contre, s'il y a péné-
tration mutuelle au cours d'une interaction & courte portée (et que dans la zone
de recouvrement rien ne permette de distinguer la matidre appartenant & 1'un des
corps de celle appartenant & 1'autre), et bien que le centre de masse du systéme
global formé par les corps en interaction puisse encore étre déterminé avec préci-
sion, il y a nécessairement une‘indétermination sur la position du centre de masse
d'un corps déterminé. Cette indétermination est généralement d'autant plus grande
que le volume de la zone de recouvrement et 1a masse qu'il contient sont importants.

Dans ces conditions, la notion de variation de la position ou de la vitesse d'un

corps doit correspondre, pour &tre significative, & une variation au moins égale
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aux incertitudes dues au phénoméne de recouvrement. Cette variation minimale non

arbitrairement petite n'est concevable que pour un intervalle de temps v lui-méme
non arbitrairement petit. Le schéma suivant, dans lequel &3r représente 1'incerti-
tude sur la position du centre de masse d'un corps, résume le point de vue précé-

dent.

longue portée

83r-0 &3r#0 (83r)"' > 63
At -0 At =Txv-lsy at=t'>7T
Finalement le passage de 1'approximation ponctuelle & la notion de péné-
tration mutuelle se traduit par 1'extension (at—0) - (At = « fini). Cette exten-
sion modifie profondément la nature de 1'expression (2.6) de 1'accélération
moyenne [(z,t) de 1'approximation ponctuelle et fournit une nouvelle expression

XT(z,t) adaptée & la notion de pénétration mutuelle :

) (3.1)
On’zgn

Z, .2
1n°71n

1

X (z,t) = [fl(z,f:)]’1 [dz'dada' Idn—'f_-[fzp]z
0

tOn’tln

ol maintenant n = E%EQ, tOn = t-nt et tlrl = t+(1l-n)t. Cette expression (3.1) de

Xr(z,t) peut aussi s'écrire explicitement en fonction du temps :

t
X _(z,t) = [f,(z 1:)]-1 dz'dada’ 1 dt'-g—[f Pl : (3.2)
Al 1\4e T cbt'2hdy .z )
ot 9t
-1 zlt"zlt'
t',ti+r
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avec
_ t-t' R ' [ t t! 1
Zogr T 2T a 5 Zope =12 T @
- t-t C e frott),
th. = Z+( - )a H th' 1+( )a

On voit que 1'introduction de 1'intervalle de temps minimum T se traduit par une
non localité en temps sous la forme d'une valeur moyenne calculée sur cet inter-

valle. La nouvelle équation d'@volution ainsi obtenue pour f)(z,t) s'écrit

BBGKY;GD  : o fi(z,t) = - v.grad f,(z,t) +R[f1] (3.3)

R[f1] = - (N-1)div [f1(z,t)X(2,1)]
L'expression (3.2) de Xr(z,t) montre que cette nouvelle équation est irréversible.
I1 reste maintenant & vérifier que 1'équation irréversible (3.3) est
susceptible de décrire correctement 1'évolution des phénoménes expérimentaux. Pour
cela, nous allons montrer qu'elle se réduit & 1'équation de Boltzmann lorsque les
conditions habituelles de validité de cette derniére sont satisfaites. Rappelons
ces conditions :

a) 1'évolution est essentiellement déterminée par les interactions a
courte portée, c'est-d-dire qu'en premiére approximation la vitesse d'une molécule
ne varie pas en dehors d'une zone de collision ;

b) dans une zone de collision, les densités de probabilité de transi-
tion P{zy,21,t1320.29,tg) dépendent uniquement des vitesses et de 1'intervalle
ti-t

¢) la dépendance explicite des densités de probabilité en position et
en temps est suffisamment faible pour qu'elle puisse étre négligée & 1'intérieur
du volume moyen Vco1' d'une zone de collision et durant un intervalle de temps du

méme ordre de grandeur que Ta durée moyenne d'une collision.

Remarquons d'autre part que, de fagon générale, 1'intégration sur les variables g

et g' dans 1'expression (3.1) est en fait limitée aux volumes d‘incertitudes &3y
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et §3r' =83 r associés aux centres de masse de chacun des deux corps en interaction.
En effet la densité de probabilité de transition P qui figure dans cette expres-
sion (3.1) correspond & une transition de durée t au cours de laquelle les varia-
tions g et ' sur les positions sont du méme ordre de grandeur que les incertitu-
des sr sur les centres de masse. Cette remarque et les conditions a), b) et ¢) ré-

duisent 1'expression (3.1) & une forme beaucoup plus simple :

1
X (z,t) =[f1(z,t)]'1 dr'dy'dgdudg’du' [ dn-——fz( VonT v0 ,t)PT(v ,v On’VOn)
0
L' Evco]
q.9' €6°
1
-1 ey Y
X (z,t) = [f1(z.t)] { dy’dudu I dn — ¢ , (3.4)
0

+ ' 1
¢ = FalraVoparavy stV gy We(VinsV1in3VonsVon)

ofl wT,=(63r)2PT est une densité de probabilité de transition dans 1'espace des vi-
tesses. On peut maintenant trouver la forme du terme de collision R[f,] de 1'équa-
tion BBGKY, QD (3.3), en utilisant une méthode introduite® par Irving et Kirkwood.
On obtient ainsi

1
R[F1] = = (N-1)div,[F1(2,t)X (2,8)] = = (N-1) [ dy" dudu’ [ dn = . grad, 4
- 0

-

-grad g = g + div, (u'9)

R[] = (N-1) j dv'dudu’ % [¢(ﬂ=1) -$(n=0)]

la contribution du terme divv.(g'¢) dans 1'intégrale I dy' étant considérée comme
nulle.

Finalement le terme de collision de 1'équation BBGKY,(D s'écrit

R[f1] = (N-1) ‘ dy'dydv* V_
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C'est bien une expression de ce type qui est & la base de 1'équation de Boltzmann.
Pour obtenir la forme habituelle de cette équation, il suffit maintenant d'intro-
duire la notion de densité de probabilité de transition par unité de temps,

W = % wT, directement liée d la section efficace différentielle de collision dans
Te cas ol les collisions a trois corps ou plus sont négligées. Pour des collisions
du type (v,v') » (v,v') et des angles de diffusions (8,0) dans le systéme du centre

de masse, on obtient

%

W(9,v' v,y do

dvdy' = |y-v'| == sin 6 dedo (3.6)

col dq

Dans le cas de collisions &lastiques entre corps identiques, et en admettant 1'in-
variance des interactions pour une réaction et la réaction inverse, on a d'autre

part
WE(v,y'5v,v") = WE (0,0 50,y ) (3.7)

Les relations (3.6) et (3.7) transforment 1'expression (3.5) en la forme habituelle

du terme de collision de 1'aquation de Boltzmann. La méthode que nous avons utili-

sée pour tenir compte des phénoménes de recouvrement lors des interactions d courte
portée introduit donc 1'irréversibilité d'une maniére qui semble satisfaisante

d'un point de vue phénoménologique.

4, RETOUR A LA NOTION DE DYNAMIQUE.

En associant & la dynamique hamiltonienne idéale (2.1) la notion d“inter-
valle de temps fini T, correspondant & une variation significative de 1'état d'un
corps en interaction & courte portée, nous avons obtenu 1'équation irréversible
BBGKY, CD (3.3), qui "contient" 1'équation de-Boltzmann et qui a donc quelque
chance.d‘étre bien adaptée & la description des phénoménes expérimentaux. On peut
maintenant envisager d'associer au systéme des N molécules en interaction une dyna-

mique généralisée A, non potentielle, qui engendrerait directement 1'équation

BBGKY, (3D . On peut aussi envisager de faire correspondre & cette équation un
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ensemble de N quasi-particules statistiques indépendantes se déplagant dans un

. ’7’6
champ moyen de nature non potentwﬂe6

. La dynamique B de ces quasi-particules
statistiques serait telle que les propriétés du systéme réel qui ne dépendent que
de Ta densité f) seraient reproduites. Ces considérations se résument de 1a fagon

suivante :

approximation ponctuelle, interactions potentielles,
+
intervalle de temps fini T

U

BBGKY, (D —» Boltzmann

I

approximation ponctuelle, interactions non-potentielles,

r.o= v, 5 o i=1,...,N
A:{f’ -1 (4.1)

vo = ¥y (z4525,t,7)
i i NP J

Y.‘-"-V- M ’i=1,...,N
g: (v T (4.2)
V. = ng(zi,t,T)

-

Les dynamiques généralisées A et B engendrent respectivement (probléme de

Liouville directe 9) les équations d'évolution suivantes :

3 5 1 1 L}
A : T fi(z,t) =~y .gradrfl(z,t) -(N-l)d1v¥ {dz INP(Z,Z »L,T)fa(z,z',t)  (4.3)

3 .
B :ox fi(z,t) =-v. gradrfl(z,t) —d1v![f1§NP(z,t,r)] (4.4)

On peut donc immédiatement obtenir une solution possible pour INP(Zi’Zj’t=T) et
gNP(Zi,t,r), par identification avec 1'équation (3.3). En choisissant 1'expression

(3.2) de Xr(z,t), on trouve ainsi
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t u
- -1 1 T 4.5
INP(21°Zj’t’T) = [fg(zi,zj,t)] I daidaj : { dt = [fz P)Zoit"zojt‘ (4.5)
t-1 Zyig 0 5t
t',t'+T
-1
ENP(Zi’t’T) = (N—l)[fl(zi,t)] { dzj XNP(Zi’Zj’t’T)fZ(Zi’Zj’t) (4.6)
avec
L tet! ) o tet!
Zoqpr T T84 5 Zogp T TTTO8
_ t-t’ . _ -t
Zig T z1+(1~ o L T Zj+(1 T )aj

Les dynamiques non potentielles A et B qui, dans 1'approximation ponctueile, peu-
vent engendrer directement 1'équation irréve}sible BBGKY, 3D , sont donc trés par-
ticuligres. Elles sont en effet non locales en position, vitesse et temps, par
1'intermédiaire de la densité de probabilité f,. L'étude détaillée de telles dyna-
miques.est sans doute irréalisable dans le cas général. Cela n'est pas surprenant
puisqu'elles décrivent, au moins au niveau statistique, Te mouvement de corps qui
sont susceptibles de se pénétrer mutuellement. Nous pouvons cependant poser cette
question : sachant que, pour un systéme régi par des interactions & courte portée,
la dynamique potentielle idéale (2.1) et la dynamique généralisée non potentielle
(4.1,4.5) ne sont que des représentations approximatives de la réalité physique,
Jaquelle de ces deux représentations est la plus proche de cette réalité ? Il sem-
ble naturel de répondre que c'est la représentation généralisée (4.1,4.5), puis-
qu'elle est compatible avec la nature irréversible des lois d'évolution observées
au niveay macroscopique. Remarquons toutefois que cette représentation généralisée
des interactions internes du systéme N doit étre complétée par les contraintes ré-
sultant des lois générales de conservation associées & tout systéme fermélo’ll.
Remarquons enfin que 1a nature non locale des dynamiques (4.1) et (4.2) impligue

un traitement Lie-admissible au sens le plus généra]lz.
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An algcbraic approach to irreversible dynamical
descriptions

J P Constantopoulos and C N Ktorides

Physies Department. University of Athens. Athens, Greece
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Abstract. We establish a connection between the non- unitary transformation scheme which
breaks the time reversibility at the microscopical level and an algebraic deformation scheme
which generalises the Lie product. This formal approach is further supported by an explicit
construction of the various operators involved. The compatibility conditions are considered
for this case and are found to be automatically satisfied by the algebraic deformation
scheme in the particular case of the Fokker-Planck equation. In this way, a particular
model of the non-unitary transformation scheme i given constructively.

In this note we present a construction of the @ operator. which results formally in the
A-transformation scheme of Prigogine and coworkers (Misra and Prigogine 1983.
Prigogine 1979, 1981, Prigogine et al 1973), through an algebraic deformation
approach (Fronteau et al 1979). Furthermore we shall demonstrate the intimate
connection between the two aforementioned approaches and in particular, how the
algebraic deformation scheme can be regarded as the case of what Prigogine er al call
intrinsically random systems. We recall that the plrysically relevant distribution function
p is defined in Prigogine (1981) by 5= A™'p, where A is a non-unitary transformation.
and satisfies the modified Liouville equation

iop=0p (1)

where ®(Li=A"'LA. Here L denotes the formal Liouville operator for a Hamiltonian
systern which is Hermitian and which can be easily adapted either to the classical
(Poisson brackets) or to the quantum mechanical (commutator) case (Prigogine et al
1973). Now the requirement for the existence of a Lyapounov function implies the
star Hermiticity condition on @, namely

id(L)=[id(L)]* (2)
where by definition
®*(L)=d(~L) (2a)

and where the dagger denotes Hermitian conjugation. The above condition is a
necessary ingredient for establishing an H-theorem (Prigogine 1981). In addition the
star Hermiticity condition guarantees that in general the operator ® can be divided
into an even and an odd part. In other words instead of (1) we may write

inp = (D +D)p (la)

0305-3370/84/020029+05802.25  © 1984 The Insttute of Physics L29
Reprinted from J. Phys. A: Math. Gen. 17 ( 1984) L29—-L33
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having so transformed the macroscopic thermodynamics distinction between reversible
(") and irreversible (9°*’) processes into the microscopic description.

At this point, it is worth noticing that Grmela and Iscoe (1978) have also considered
a unique decomposition of the general kinetic equation by writing

36 =R_(p)+R.(p) (3)

where R_(p) stands for the time reversible part of the right-hand side and R.(p)
incorporates the irreversible behaviour which according to the previous considerations
may be thought of as brought about by the non-unitary mapping A.

It is important to notice the difference between (1a) and (3). As noted already,
(1a) is a ‘generalised’ Liouville equation which transcribes to the microscopic domain
the thermodynamical distinction between reversible and irreversible processes.
Equation (3), on the other hand, is a genuine macroscopic equation. Attributing the
latter equation to the microscopic domain, Fronteau (1981 and references therein)
has reached an interesting new interpretation. According to Fronteau (1981) the
non-equilibrium statistical mechanical equation (3) leads to a quasiparticle concept.
This new concept corresponds to a ‘total’ picture emerging for a particle when the
interaction with all other particles is taken into account. Here, there occurs an
interesting analogy with quantum field theory where one considers a bare and dressed

- < particle, the latter being conceived of as a ‘final’ entity emerging once microscopic
interactions have been taken into account.

The question arises whether (3) can be cast in the operator form of (1a) and vice
versa. We shall show that this can be naturally achieved within the Lie admissible
deformation scheme which generalises the Lie algebraic structure of the Poisson
bracket. We recall that according to Fronteau et al (1979) the classical Liouville
equation can be generalised by replacing the Poisson bracket with a new one, namely

36 =(H, 5) 4)
where
(H,p)=HRjp+pTH. (4a)

In the above equations H is a ‘Hamiltonian function’ which describes only a part of
the system. R and T are operators which in certain special cases reduce to functions
on the phase space. We stress that (4) refers to the evolution of the physically relevant
distribution function in phase space. It is for this reason that we have denoted the
density in (4) by g

Operators R and T describe the deformation content of the theory. According to
our point of view these operators are capable of incorporating the dynamical content
which leads to the quasiparticle picture.

We are now in position to relate, at least formally, the non-unitary transformation
p->p=A""p with the aforementioned deformation scheme. In particular, if we start
with the full Liouville equation and act by A~} from the left we get

iBp=A""HAp—H. : 5
Comparing with (4) and (4a) we notice that the operation by A™! amounts to the
identification :

AT'HA=HR, T=-1], (6a, b)

where [ is the identity operator.
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Clearly, equations (6a) and (6b) relate (formally) the two aforementioned schemes.
In particular, they provide a prescription for the specification of the non-unitary
operator A provided that the deformation operator R is known. Conversely, if A is
known a corresponding deformation operator can, in principle, be introduced via (6a).

In the bridging equations (6) appears only the Hamiltonian H and not the operator
®. To proceed in this direction we construct the formal Liouville operator via the
identification

L=i% , 7

};(aHa g_q_a_)

8q: dp:  9p; 3q;

when the Hamiltonian H is known. In exactly the same way we may explicitly construct
-the operator @ directly from (4) by taking into account the form of the generalised
product (,) in the classical case (Fronteau et al 1979), namely

=i (8)

where

where

=i(aHa ﬁi)Jr"aH 3 (8a)

- S;-‘“"‘.
aq; dp; dp; 8q;) ij=19p; " ap;

Here s; is a well defined n X n matrix which expresses the content of the algebraic
deformation in a precise form. We stress that the term (9H/dp;)s;0/6p; should not
be interpreted strictly as a friction term. This less interesting instance is also included
in the formalism, but we are mostly interested in the case when s;; includes the effective
interaction of the whole with the individual. This is the case which leads to the
quasiparticle concept.

Equations (7) and (8) split naturally in two parts. In particular we may write

=%+, 5= 9, . (9a, b)
where
%lsia_l—!i 9’(25 ¢ aH 6 P = i 9{__13_9_.
S 4q; op/’ i=1 3!’: aq. i=10p; " ap;

Thus, given the Hamiltonian of the system and the algebraic deformation matrix
s, the formal operator @ can be explicitly constructed through (9a), (9b) and (8).
Clearly this is not enough. The star Hermiticity condition of @, or its counterpart on
%, has to be checked. In fact we have

O(L) =i =i(~iL+F) = L+i¥. | (10)
Now the star Hermiticity condition (2) imposed on (10) gives ‘

—J=(-7#(=L)) =-GL+%) =iL-F" (11)
which implies

F=y" (12)

which means that the operator 7 is necessarily Hermitian.
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As a particular example of the above analysis we consider the Fokker-Planck
equation for one particle in three dimensions. In this case we have the decomposition
{Grmela er al 1980)

.. .8 d .
®°Vp=1R——p=z Uia—r-p(r, v, £), (13a)

i=]

3 a da 3
QM5 =iR+p= ( — (vp(r, +A——5irn, ) 13b)
p=iR+p i; Caui (vp(r, v, 1)) Aau,- 55 At £) (13b)
where C and A are the coefficients of dissipation and diffusion.
From (13a) the relevant Hamiltonian can be identified as H = Ymv?. On the other
hand, from (13b) we have

. 3, 0H a PR d 3 0 4 3 g
F= Z s, =C+ Z Cy,—+ z A— = Z Ui (14)
=100 dy; i=1 v =1 0y 0y =y op;

Condition (12) is automatically fulfilled for & by construction. The above is a particular
instance of a more general situation. In fact, whenever the algebraic deformation ‘
scheme yields real and symmetric matrices s, (12) will be automatically guaranteed
by construction.

Concluding this note it is worth noticing that the alternative procedure for breaking
time reversibility, namely via a projection operator P which acting on p eliminates
unphysical effects, does not seem to have a deformation counterpart, in general. In
order to study this situation, first we notice that P cannot commute with the Hamiltonian
entering the Liouville equation (1).

In fact if it did we would have

0 = Pp =Pe Hp(0)e' = H5(0)e!*", (15)

i.e. the evolution of ¢ would be determined by the original Hamiltonian which is

undesirable.
Given that the commutator [P, H] does not vanish we notice that the algebraic

deformation scheme becomes effective only under special conditions. Specifically one
must show the existence of an operator S which satisfies the relation

[P, H]= HSP. (16)
If this happens to be the case we find _

10,6 = PHp— gH = H(I + 8) — pH Y
where the natural identifications follow

R=1+5, =1 (17a)

Clearly the conditions for the existence of an operator § satisfying (16) constitute an
open question even in the formal case.
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THERMODYNAMIC ANALYSES OF LASER INSTABILITY AND SUPERRADIANCE

H. Hasegawa, S. Sawada and M. Mabuchi

Kyoto University, Kyote, Japan

1. INTRODUCTION

The instability phenomena in nonlinear optics, laser and super-
radiance, have received the interest of theoretical investigation
from a macroscopic point of view. In the Third Rochester Confer-

ence, Graham discussed[l] the problem of unifying the laser theory
and the non-equilibrium thermodynamic theory of Glansdorff and

Prigogine, [2] based on the entropy expression for the steady non-
equilibrium state, S = 1nP, where P is the well-established steady-
state solution of the laser Fokker-Planck equation. .

The difficulty, which led Graham to say[1] that "the relation
of the quantity 1nP to the non-equilibrium thermodynamics remained
still unclear'" so that "a unified treatment of thermodynamics and
fluctuations far from equilibrium is still missing", is concerned
with the fact that the central role played as a thermodynamic
potential in the Glansdorff-Prigogine theory is the entropy pro-
duction rather than the entropy itself. Here we find a better
answer to the problem by focusing our consideration on a rudi-
mentary point of contact between the thermodynamic and fluctuation
theories, on the basis of which results of our numerical analyses
will be presented.

Our standpoint is that the thermodynamic framework can be
statistically reformulated by an explicit use of generally time-
dependent solutions of the Fokker-Planck equation, which removes
the "local equilibrium" assumption in the thermodynamics and which
also enables us to extend the framework so that it may apply to
transient phenomena as well. This has been discussed fully in a
series of papers by one of the authors.[3]

667

Reprinted from Coherence and Quantum Optics, Ed. By L. Mandel and
E. Wolf, Plenum (1978}, p. 667
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2. STATISTICAL DESCRIPTION OF THE THERMODYNAMICS OF A SYSTEM
UNDER THE FOKKER-PLANCK EVOLUTION LAW

It is not an easy task to recapitulate the Glansdorff-Prigo-
gine theory, but the following interpretative summary by means of
the quantity (, named entropy production, may be of assistance:

(a) ® 1is a non-negative quantity as a function of several varia-
bles, {Xv} (state variables which characterize a thermodynamic
state of the system evolving in time as xy(t)), as well as of other
time-independent parameters {Aj}. (b) (> attains its minimum value
at the equilibrium (or, the steady non-equilibrium) state x% towards
which every state temporally approaches. (c) Evolution criterion
d/dt)® < 0; stability against fluctuations §2p > 0, where 624
implies The second increment of the functionmal §(x(t)) with respect
to the variation 8x,(t) from the realizable time evolution of the
system. (d) The macroscopic course xy(t) that is realized must be
always accompanied with fluctuations. In the vicinity of the equi-
librium state x,, the probability of occurrence of such fluctua-
tions O8xy(t), may be expressed in terms of the correspondin% change
in & through the Einstein formula P = els8%S (626 = d/dt8°S: the
"excess entropy production').

The above aspects have been reviewed more fully by Nicolis, [4]
who discussed the fluctuation property (d) to an extent by consider-
ing the Markoffian evolution law. Our view on this problem is that
it is possible to complete Nicolis' argument so that essentially
the entire aspect can be formulated on the Markoffian basis, in
particular, on the Fokker-Planck evolution law.[3] We designate
the space of the state variable {x,} (assumed to form a Cartesian
coordinate system) as the ''phase space', over which the probability
distribution at time t, ¥(x t), is defined. Let us take the form
of equation satisfied by Y as

2

U 3 1 3

Dol 2 (K W) + oy e (K W), 1)
ot oxu U 2 8xu8xv uv

where, for simplicity the positive symmetric diffusion tensor Kyy
is assumed as constant and the drift velocity Ku(x) (generally,

a nonlinear function of x|, is assumed to satisfy the potential
condition, SKU/va = 9Ky/9x,, . Then the steady-state solution

Yo (x) of Eq.(l) is obtainab%e from a direct integration

X -1 ’
i - X 2 1 1
go(x) const. exp.[fxo Kuv K, (x") dxu ] ()
which is identical with Graham's P mentioned in the Introduction.
Our plan to unify the Fokker-Planck and the Glansdorff-Prigo-

gine theories begins with a firm variational principle which is
equivalent to solving Eq. (1), because historically the thermodynamic
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theory was initiated in connection with the variational principle
by Onsager[5] and expounded by Prigogine's school.[6] Two Forms of
such principle are available:[3]

Onsager's variational principle

[ A5t dx - 3 14,9} =max.(4) . ®
where
J'{/Sdl}‘f:lz IJV%% gf Y dx (3a)

with post-variation condition

A = - log W/b,) (v, defined by (2)). (3b)

0
Prigogine's variational principle (the local potential method)

[ 1080 (320 « 52 (v y) dx « 3G (logy,v,} = min. (logy) , (4)
u

wheré
& {1ogy,y } = | lxw%%g—"i 3—1-‘332 v, dx (4a)

with post-variation condition
= . 4b
V=19, (4b)

Here §o is generally a time-dependent solution of Eq. (1) resulting
from the variational principle. The reason why the maximum princi-
ple (3) "is attributed to Onsager is clearly that it is analogous to
the form:[5] [entropy production] - [dissipation function] = max.
by the association

f«:a dx —> [entropy production]

FLA P —> Zx[dissipation function]
It can be shown[3] that by the satisfaction of the variational prir

ciple (3) together with (3a,b} (hence for a solution ¥ of Eq. (1)),
the following relations hold:

[A3 ax = P14} = & [Gogwy/w)v dx . )

Therefore, the quantity ®{ 4,¢} (twice the "dissipation functional
may be identified, under the Fokker-Planck evolution law resulting
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from Onsager's variational principle, with thé 'entropy production”
- the total time derivative of a scalar quantity to be designated
as entropy (incidentally, as the very information entropy).

With the above understanding of the entropy production, it
can be seen intuitively that (b) § {4,y} tends to its minimum
value 0 as Y tends to the steady-state distribution wo (when the
time goes to infinity), in the vicinity of which

(c) the evolution criterion é%@’s, 0, (6)
and
the stability against &4 6263> 0 (7

hold. Furthermore, it can be shown that the stability condition
(7) is actually not restricted to the vicinity of the steady-state
but extends over all the time regions as far as the solution P(x t)
exists. As to the Einstein fluctuation formula for the non-equili-
brium steady-state, we have

L jtz =1 8%_(t) dt]
(d) P(ztz/ytl) = const.Xexp. [~ 5 £ Kuv oxu(t) " -
which can be dérived from the general Onsager-Machlup formula[3]
based on a most-probable-path argument.

It is an interesting but difficult question whether the vali-
dity of the evolution criterion (6) holds unrestricted in the vicin-
ity of the steady-state or not. In order to see the point of ques-
tion in connection with Graham's argument,[1] let us reconsider the
evolution criterion in the ordinary framework with the entropy func-
tion S(x) = log¥o(x)(=1ln P(x)) for which

R T 4 (9)

- = ds _ oS
O x(t)) = dt = Bxu u ITAVERA TRV

(We have used the potential condition and hence the expression (2)
and also the macroscopic evolution law, ku = Ku-)

2
de _ael v = oap-l 2Ky _ ., 3%
dt b 4Kuv Kqu - 4Kuv 3y KAKv =2 Bxkaxv KAKv - (10)

Therefore, the region of the phase space where the evolution cri-
terion holds can be well identified with the one in which the curva-
ture tensor BZS/QXUBXV is non-positive. This is certainly violated
in the vicinity of an unstable point (e.g., the unstable O-photon
state above threshold of the laser action), as it should. Let us
now go over to the present new framework,  for which we have derived
the formula[3]
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3 _9°s 1 3X Xy )
@{‘5 V=2 Bx 3x Kqu w.dx -] —KuAKVU Bx BxH‘w dx
(11)
where 4 is given by (3b) and
- d
X\ = X, 10g(¢0/¢) . (11a)

The first term on the r.h.s. of (11) is the same contribution as in
(10) averaged over the distribution §, to which the second term is
added. This additional contribution is always negative and is ori-
ginated as an effect of fluctuations. Thus, one can say qualita-
tively that the effect of fluctuations associated with the macro-
scopic drift motion is such that they tend to make its unstable
behavior mild so that the validity of the evolution criterion (6)
may be widened much from the prediction (10). This will be sub-
ject to a direct quantitative test in Section 4.

3. SOLUTIONS OF THE LASER AND SUPERRADIANCE FOKKER-PLANCK
EQUATIONS BY THE VARIATIONAL METHOD

-The single-mode laser action, described by the Langevin equa-
tion for a complex Van der Pol oscillator corresponding to the
active-mode amplitude, i.e.,

b - B(d-b b)b = T(t), <I(t)T (t)> = Q8(t-t') etc.,

may have a counter description in terms of a probability distribu-
tion subject to the Fokker-Planck equation

W _ 3 3y
W o8 (@-b]Pbw) + 4 Sl . (12)

We restrict ourselves to the "uniform phase' case, and simplify (12)
to

o2 2Enm e ady (12"

*
changing the variable to I=b b (photon number, i.e., the intensity
of the active mode) and following Risken's scaling procedure.[7]
Let us now apply the Onsager's variational principle (3)-{3a,b) to
solve Eq.(12'), which may be rewritten as follows:

/ .S‘nggﬂ f ZI( ) ¢ dI = max. '(13)
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with post-variation setting

4 = log(bo/¥) . (132)

A detail of the variational‘procedure has been described else-
where[3] but may be summarized in a word by the Rayleigh-Ritz
method, viz.

ansatz: y(I,t) = exp.x[uy + %11 - %212 - %313 ----1, (14)

(u_=u_(£))

for which the coefficients u,(n>1) can be determined from the vari-
ational principle, while uy can be determined from the normaliza-
tion, /¥ dx = 1. This condition may be re-expressed as

[++]
[ 3logy . <I> <12>
o “oe-vdl=dg S5m0 - I

=0 s (15)

with
[e =]

<™ = [ 1" ydr (16)
0

(instantaneous moments),
which eliminates 0o by means of other Un's and the moments.

Truncating the power series in the exponent of y up to Ia, we
have derived a set of ordinary differential equations for up's. In
virtue of the known steady-state solution Y, for which u;=a (the
pump parameter), uz=l and up(n23)=0, the equation may have the form

u ul—a

4y =0l .M -1

dae | Y21 T 2 Y2 ’ (17)
U3 ‘ Uz

where the two 3%3 matrices M; and M, are both symmetric given by

-

Z1-<12) %> 2<(1-<1) (1P-<15)> (1<) (1 -<15)>

- - 2
M, = -l—é-<(12_<12>)2> 7}{1“-<12>)(13-<13>)>

-1 3 3
§€<(I -<1 >)2>
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<I> - <12> - <13>
M. = <[3> <1 >
2
* <I”>
(18)

A transient laser action can be simulated by the solution of Eq.(17)
having the initial values

ul = oo uZ =Up = --- = 0 , t=0 (19)
and evolving in time such that uj;»*a, u,>l and up{n>3)+0, as t tends
to infinity.

We have carried out the above task with computer, using the
Runge-Kutta method (i.e., replacing the differential equation by
successive difference equations), where the initial values of u,
are chosen, which are negatively large. The results of the inte-
gration of upy's for three values of the pump parameter, a=0, 4 and
8, are shown in Fig. 1. It has been assured that a different
choice of the initial u;-values yields a difference in the results
that is insignificant after a first passage of duration (i.e.,
after the passage of t, at which a kink occurs for every ujs-curve
in Fig. 1). Clearly, this duration corresponds to the period in
which the system "falls' rapidly from the unstable equilibrium
point. The strange behavior of the ujz-curve after this duration
indicates that tremendous fluctuations are produced accompanying
this sharp fall and then are reduced; this is more conspicuous for
the larger pumping. An advantage of the present method is that
various lower-order moments and’ cumulants are obtained simultane-
ously in the course of the Runge-Kutta integration process in a
self-consistent manner with the distribution function. The sim-
plest ones, viz. <I> (intensity) and (I<I>)2%> (intensity vari-
ance), are presented in Fig. 2. A remark should be made about the
convergence problem, that is, the accuracy of the truncation up to
n=3. An inquiry of this can be made by comparing the results with
‘n=2 truncation and those with n=3, showing a fair result about uy's
and a satisfactory result about <I> and <(I-<I>)?> .

Let us consider, as a second example, the original simple model
of superradiance (superfluorescence) due to Bonifacio et al.[8] ex-
pressed in the operator master equation

aw
at

N

I ([RLWRD + [RW, R ).

The R,-diagonal representation of this equation may be approximated
by a Fokker-Planck equation, in accordance with the system-size
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Fig. 1. The integrated three coefficients u;, u; and u; in the
exponent of the time-dependent laser distribution function for
three values of the pump parameter a . The unit of abscissa is
the scaled time in accordance with Risken's presentation.[7] For
a comparison, the results for the truncation up to n=2(3=u;3=0 in
Eq.{(17)), a=8, are also shown (dotted lines).

expansion method, [9] as follows:

oy _ 3 3 2.9
e L RGT A re- By 52 ahd (20)
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Fig. 2 The mean and the variance of the calculated intensity (in
the same unit as Risken's) of the radiation for the laser. The n=2
truncation (dotted lines for a=8) disagrees with the corresponding
curves due to Risken[7] (especially for the intensity variance be-
tween t=0.2 and 0.5). This is improved by taking into account the
I3-term (i.e., the n=3 truncation).

where R=e 1, the magnitude of the "spin', represents the system
size (one-half of the number of active two-level atoms), and the
variable z represents the cosine of the Bloch angle (measured from
the north pole) so that

-1<z<1. (20a)
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Here, the Prigogine's variational principle (4)-(4a,b) (the "local
potential') is used to determine the approximate solution of Eq.
(20) by taking a trial distribution function as

R 2
$(z) = const. exp[- EE-(z—m) 1, (21)

which also conforms to the spirit of the system-size expansion. By
considering the mean m and the variance 9 of z as two variation
parameters, we have derived a set of differential equations for-
them as follows:

%¥-= n - 1 -e{m+1-0) (22a)
do _ 2
Fra 1 -m” + 4mo - 3ec . : (22b)

Here we have scaled time t such that t=I;Rt, as usual.

The stationary points of Egs.(22a,b) i.e., the zeroes of the
r.h.s., can be easily located. In the physical region of the m-o
plane, -1lsm<l, 0<g, they are:

(i) m= -1, o= (stable equilibrium point)

i
1}

0
(i) m é—>> 1 (unstable '"saddle point").

£
707

Thus, it is naturally expected that the system starting at any point
inside the above physical region will tend to the stable equilibrium
(i), as T -+ =, i.e., to the "south pole" of the dipole pendulum
around which the system becomes sharply distributed.

The nonlinear differential equations (22a,b) are easier to
handle than Eq.(17) for the laser, some typical solutions of which
are presented in Fig. 3. A significant point of discussion from
the present result must be that our method yields the evolution
equations for the mean and variance in order of the smallness param-
eter £(=1/R), one higher than that which has been formulated. [9]
Thus, the familiar superradiance equation of the hyperbolic tangent
type for the atomic inversion m 1is modified by the additional term
which arises from the diffusion part of Eq.(20). Consequently,
the present result yields a finite period in order of 0(log R) to
attain the maximum intensity of the emitted radiation, starting
from the complete inversion with a small, or even vanishing, dipole-
fluctuation. Since the diffusion part of Eq.(20) is purely quantum
in origin (as can be realized by checking its derivation and its
existence in the case of vanishing thermal photons), we can say
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Fig. 3 The integrated mean m and variance 0 of the normalized

atomic inversion, z=R,/R, for the superradiance with initial values:
m=0=0, at t=0 (R=100), where T=RI;t.

that the quantum fluctuation assures us of this result.

4. A TEST OF THE GLANSDORFF-PRIGOGINE INEQUALITY AND OTHER REMARKS

We had conjectured that the evolution criterion (6) might be
true in a much wider circumstance than restricted to near the steady
state: in view of the idealized characteristic of entropy,[10] it
might be true for any solution of the Fokker-Planck equation, so
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far as it exists. The present computer results for the laser have
provided evidence that this is not the case, as shown in Fig. 4.
Thus, the Glansdorff-Prigogine inequality can be violated for sto-
chastic systems with instability such as the laser.[11]

200t dp
dt
a=8
100+

t, 011 02 03 04 05 06 07 O8

-100 ¢

Fig. 4 The derivative in time of the calculated dissipation func-
tion (i.e., the entropy production rate) for the laser instability.
For a=4, the Glansdorff-Prigogine inequality is fulfilled 'all the
time, while for a=8 the curve crosses abscissa (which is unaltered
by going from the n=2 {dotted lines) to n=3 truncations), showing
that the instability action violates the said inequality.
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We can show by a more analytic means that a similar situation
occurs in superradiance when the atomic dipoles are set in ini-
tially at the point of full inversion with 0-fluctuations. It can
be said that the entropy production decreases rapidly to attain a
minimum value which is different from that corresponding to the
final equilibrium (or, steady-) state: instead, it increases once
and then decreases again, according to the real evolution criterion
(see Fig. 5). The "anomalous fluctuation' produced in such insta-
bility action could be characterized by this entropy production
increase or entropy overproduction. Hence, one might attribute the
so-called ''dissipative structure' formation to a kind of compensa-
tion effect for such an overproduction of fluctuations.

20

Pt

7 T

Fig. 5 The time behavior of the calculated dissipation function
(i.e., the entropy production) for the superradiance showing a mini-
mum point before Ty (time of the maximum intensity), another "entropy
production minimum'.
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In conclusion, the typical optical instabilities, the laser
and superradiance, can be characterized from a thermodynamic point
of view by saying that a unique principle governs the process, that
is the least dissipation principle of Onsager.

Acknowledgements

We would like to thank Professor M. Suzuki and Mr. T. Armitsu
for providing us with an account of their analyses before publica-
tion. Thanks are also due to Dr. K. Ikeda for a stimulating ’
discussion.

References

1. R. Graham, in Coherence and Quantum Optics, edited by L. Mandel
and E. Wolf (Plenum Press, New York, 1973) p. 851.

2. P. Glansdorff and I. Prigogine, Thermodynamic Theory of Struc-
ture, Stabiltiy and Fluctuations (Wiley-Interscience, London,
1971).

3. H. Hasegawa, Prog. Theor. Phys. 56, 44 (1976); 47, 1523 (1977);
58, No. 1 (1977); see also Phys. Lett. 604, 171 (1977).

4. G. Nicolis, in Advances in Chemical Physics, XIX, edited by
I. Prigogine and S.0. Rice (Wiley-Interscience, London, 1971)

p. 209.
5. L. Onsager, Phys. Rev. 37, 405 (1931).
6. Non-Equilibrium Thermodynamics Variational Techniques and

Stability, edited by Donnelly, Hermann and Prigogine (The
University of Chicago Press, Chicago and London, 1965).

7. H. Risken, in Progress in Optics, Vol. 8, edited by E. Wolf
(North-Holland, Amsterdam, 1970) p. 239.

8. R. Bonifacio, P. Schwendimann and F. Haake, Phys. Rev. A 4,

854 (1971).

9. R. Kubo, K. Matsuo and K. Kitahara, J. Stat. Phys. 9, 51 (1973);
M. Suzuki, Physica 844, 48 (1976); Prog. Theor. Phys. 57, 380
.(1977); T. Arimitsu and M. Suzuki, to be published (1977).

10. F. Hofflich, Z. Physik 226, 395 (1969).

11. This statement deserves a careful account of its implication,
which we point out here in order to avoid any misleading refer-
ence to the Glansdorff -Prigogine original expression,[2]:

X <0 . A
Juxu 0 (A)

As noted by these authors, the inequality guarantees that
(d/dt) (JyXy) < 0 in the near steady-state for which Jyu=LyuyXy
(Lp\,=L\,u and constant), but generally the l.h.s. of (A) cannot
be identified with the total time-derivative of any scalar
function of the potential nature. Therefore, one should look
at the quantity (d/dt)(JuXu), if at all concerned with the
time behaviour of the "entropy production'. (Note that the
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laser gives a typical example of the violation of (A) around
the unstable point, when Graham's potential 1nP is chosen as
the entropy.) In the present context, the 1.h.s. of (A) may
be replaced by the average jJu(axu/at)w dx, where J, =
(1/2)K3 Xy and X = (3/3xy)log(¥o/¥), showing that (A) is
always valid.[3] However, what we consider here is the total
derivative of & = fJuqu dx.
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